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Abstract 

This thesis is concerned with investigating the application of the Inverted REFLUX™ 

Classifier (IRC™) for separating positively buoyant particles from other negatively buoyant 

particles. This innovative technology was investigated here for the first time to recover 

valuable cenospheres, less dense than water, from the fly ash waste of a coal fired power 

station. Annually, millions of tonnes of fly ash generated from burning coal are discarded to 

the land surrounding power stations, causing long-lasting environmental and health issues. 

Fly ash contains valuables components such as cenospheres, unburnt carbon, metals and trace 

elements. The cenospheres are hollow micro-shells consisting of oxides of silicon and 

aluminium. These particles represent one of the most valuable components found in fly ash, 

but at low levels of order 1 wt.%. The particles offer superior properties such as high 

insulation, high strength, and low density, and hence are valued sometimes up to $ 2000 per 

tonne. They are positively buoyant in water, and hence wet gravity separation offers the 

potential for their separation from the negatively buoyant fly ash particles. In this study, wet 

gravity separation in an Inverted REFLUX™ Classifier was investigated to recover and 

concentrate cenospheres.  

 

The Inverted REFLUX™ Classifier (IRC™) consisted of 1-metre long parallel inclined 

channels located underneath a 1-metre long vertical liquid fluidized bed. Downwards 

fluidization was supplied through a distributor at the top for the purpose of washing high 

density slimes from the low density cenospheres. The inclined channels enhanced the 

segregation rate of the cenosphere particles leading to a throughput advantage over a 

conventional fluidized bed. Following preliminary experiments it was shown, using the 

correlation derived by Laskovski et al. (2006), the throughput advantage of the IRC™ was 

32. In other words, for a given separation performance, the feed rate per unit of vessel area to 

the IRC™ can be increased to a level 32 times higher than for a conventional fluidized bed. 

These preliminary studies were based on using a model feed, a mixture of commercial 

cenospheres and silica flour. Then, a real fly ash feed containing around 0.51 wt.% 

cenospheres was used. At a solids throughput of about 2.3 t/(m2 h), a product grade of 76 

wt.% and a recovery of about 42 wt.% were obtained, corresponding to an upgrade of about 

151. By increasing the product rate, the recovery of cenospheres increased to about 64 wt.%, 

while the upgrade was reduced to 33.  
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A more systematic study was then conducted using a new feed consisting of about 1 wt.% 

cenospheres, focussed on the role of the solids concentration in effecting enhanced 

segregation. Based on the study by Batchelor and Van Rensburg (1986), it was hypothesised 

that a bulk streaming phenomenon should develop in the inclined channels at sufficiently 

high cenosphere and fly ash concentrations.  Different feed solids concentrations from 10 

wt.% to 46 wt.% were used, for a fixed feed flow rate, fluidization rate, and volumetric split 

between the overflow and underflow. As the feed solids concentration increased from 10.1 

wt.% to about 38.1 wt.%, the recovery of the cenospheres increased from 61.7 wt.% to an 

optimum recovery of 89.9 wt.%, before declining rapidly to a recovery of 60.2 wt.% at a feed 

solids concentration of about 46.4 wt.%. At the optimum feed solids concentration of 38.1 

wt.%, the solids throughput was a remarkable 3.1 t/(m2 h), and the upgrade in the 

cenospheres concentration was 58.6. 

 

The overall throughput advantage at the optimum condition was found to be 54, based on a 

partition curve analysis of the separation size of the cenospheres. More detailed analysis 

indicated that the inclined channels delivered a throughput advantage of 18, hence it was 

concluded that a further throughput advantage of 3 was most likely due to the bulk streaming 

phenomenon. The sharpest size classification was also evident at the optimum feed solids 

concentration, providing the d25 = 31.5 µm, d50 = 36.5 µm, and d75 = 50.0 µm. The separation 

performance at the optimum feed solids concentration was further investigated at different 

feed flow rates and product split ratios, in order to provide the optimum operating conditions 

to be used in the pilot scale investigation. 

 

The potential to scale-up the process by a factor of 10 was investigated using a pilot scale 

device with cross-section 0.3 m × 0.3 m. The separation performance in the pilot scale IRC™ 

was compared with that obtained from the laboratory scale performance. The results were 

found to be consistent. At a solids throughput of about 4.1 t/(m2 h), a cenosphere recovery of 

about 80 wt.% and a high upgrade of 19 were achieved while at a lower product split ratio, a 

slightly lower recovery of 75 wt.% and a higher upgrade of 38 were achieved. This part of the 

study provides the necessary basis for justifying a full scale investigation of this technology. 

 

The potential benefits of a multi-stage arrangement were also investigated. A fly ash feed 

with the cenosphere grade of about 0.9 wt.% was subjected to a three-stage IRC™ separation. 
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At the end of the process, a very high grade product of about 97 wt.% (almost pure on a 

volume basis) was achieved. However, the overall three stage recovery fell to around 50 

wt.%, mainly due to the low separation efficiency in Stage 2 of the process. In fact, the 

second stage involved a very dilute feed, and hence a likely explanation is the lack of the bulk 

streaming phenomenon under these conditions. It is therefore concluded that the single stage 

separation offers the best option. 

 

A further fly ash feed containing larger cenospheres at an even higher cenosphere 

concentration was examined in the IRC™. At a high solids throughput of 4.9 t/(m2 h), the 

cenosphere recovery was found to be 93 wt.%, and product grade 80 wt.%. This final study 

demonstrated the remarkable separation performance that can be achieved, and the fact that in 

the presence of larger cenospheres high recoveries and upgrades are possible at even higher 

solids throughputs. The work was also consistent with the earlier findings which show the 

benefit of a higher cenosphere feed concentration in promoting the bulk streaming 

phenomenon.  

 

This study has investigated for the first time an entirely new technology for separating very 

low grade buoyant particles from a very high concentration of ultrafine high density particles. 

The approach is effectively an inverted application of the REFLUX™ Classifier. This thesis 

has therefore incorporated the analysis developed for the REFLUX™ Classifier, providing a 

clear basis for assessing this new, inverted, system. Through this approach it has been 

possible to infer the existence of hydrodynamic benefits that arise from operating at higher 

concentrations, and in turn elevated solids processing rates. Further investigation of the bulk 

streaming phenomenon within inclined systems is recommended in order to identify the 

precise onset of the phenomenon. This benefit has not previously been identified in the 

separation of cenospheres from fly ash. The overall findings from this study demonstrate a 

separation performance significantly better than achieved previously by any other technology 

to date. 
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1.1 Aim of Thesis 

Figure 1.1 shows SEM images of cenospheres and fly ash generated as by-products from a 

coal fired power station in Australia. A large proportion of fly ash waste has been discarded 

to lands around the power stations. The fly ash waste has the potential to cause long-lasting 

environmental problems as land availability for further disposal around some power stations 

has become scarce. If the useful particles present in the fly ash can be recovered and 

concentrated, this waste may be considered a resource, not a problem.  

 

A B 

Figure  1.1: SEM images on feed fly ash, (A) Floated cenospheres and (B) sinks coal fly ash 

using a sink-float funnel. The background material was ink used to hold the particles in their 

place and hence is not related to the fly ash particles. The length scales are 100 µm in both 

images. 

 

Cenospheres, hollow spherical particles, are one of the most useful components found in fly 

ash waste. The grade of cenospheres in fly ash has decreased recently due to the 

modifications made to burners of the power stations. Therefore the current method of 

cenospheres separation, scooping the particles from the surface of the ash ponds, is even less 

efficient. Moreover, in the conventional method, the cenospheres product is contaminated by 

the low density fine fly ash particles. Therefore there is a need for an efficient method for 

separation of cenospheres from fly ash.  

 

This thesis is mostly focused on an innovative method of recovery and concentration of the 

valuable cenospheres from fly ash waste referred to as the Inverted REFLUX™ Classifier 

(IRC™). As shown in Figure 1.2, this approach consists of a liquid fluidized bed located 
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vertically above a system of inclined channels. The high segregation rate through the inclined 

channels causes that the fine and low density cenospheres to return to the vertical section of 

the IRC™ for recovery via the product overflow. A fluidization water chamber is also 

installed at the top of the IRC™, distributing water in order to wash the fine and dense fly ash 

particles away from the cenosphere product. Therefore this innovative system can be 

potentially considered as an efficient method for concentration and recovery of cenospheres 

from fly ash.   

 

 
Figure  1.2: A schematic diagram of the Inverted REFLUX™ Classifier.  

 

It is noted that this study is focussed on the separation of cenospheres which are lower in 

density than water. In fact the term cenospheres, as applied in this study, is reserved for 

particles less dense than water. It is recognised, however, that there are hollow spheres of 

density higher than water, but these are not addressed in this study. 
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1.2 Background 

Fly ash is a waste produced as a by-product from burning coal in coal-fired power station 

units worldwide. It is reported that the production of coal ash worldwide is about 600 million 

tonnes per year with fly ash constituting approximately 80% of this (Joshi and Lothia, 1997). 

The production of fly ash in Australia is reported to be about 18 million tonnes per year 

(ADAA, 2005), and the production of fly ash in the USA was estimated to be around 52 

million tonnes in 2012 (ACAA, 2014). Even though many applications have been recently 

found for fly ash, about 60% of it continues to be discarded to lands surrounding the power 

stations (ADAA, 2005) and as a worldwide average only 16% of fly ash is reused (Joshi and 

Lothia, 1997). Owing to the presence of toxic trace elements and fine particles in fly ash 

waste, this waste can cause environmental and respiratory problems (Jankowski et al., 2006; 

Aziz et al., 2010; Tsiridis et al., 2012). 

 

Therefore a driving motivation behind studies that have focused on fly ash treatment involve 

firstly, minimizing the disposal cost and the area of land affected by this disposal, secondly, 

achieving a financial return from reusing this material, and finally, replacing scarce or 

expensive resources (Ahmaruzzaman, 2010). A significant portion of the fly ash waste is 

used in the cement industry. However, the power stations have been recently forced to retrofit 

low NOx burners. This modification has led to the production of fly ash with higher unburnt 

carbon content, reducing the use of the fly ash in cement, and other potential applications 

(Huang et al., 2003). Therefore the separation of unburnt carbons, magnetic particles and 

cenosphere particles is crucial. 

 

Cenospheres are one of the most valuable materials found in fly ash. While the density of ash 

materials in cenospheres is larger than 2000 kg/m3, the density of the cenospheres particles 

can be as low as 400 kg/m3 due to their hollow structures (Raask, 1985). Conversely, there 

are some hollow cenospheres which are denser than water, however, in practice, the ash 

particles which are lower in density than water have been collected as “cenospheres” (Raask, 

1968; Vassilev & Vassileva, 1996; Kruger, 1997). These hollow silica-alumina microspheres 

provide a range of superior properties, being low weight, chemically inert, good in packing, 

good insulators, offering excellent mechanical strength. Owing to these properties, 

cenospheres have a wide variety of potential applications including lightweight concrete, 

cement, light composite materials, filtering media and insulators (Lilkov et al., 1999; Blanco 
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et al., 2000; McBride et al., 2002; Chalivendra et al., 2003). As a result, cenospheres are 

typically valued in excess of $2000 per tonne. On the other hand, being very fine between 45 

and 150 microns (Raask, 1968) and light, cenospheres can  cause respiratory diseases 

(Fenelonov, 2010) if left in ash ponds and allowed to dry. 

 

Cenospheres are typically very fine with a low density between 400 kg/m3 and 900 kg/m3. In 

mineral processing, flotation is normally applied to the separation of fine particles. Here, 

cenospheres and fly ash have similar surface properties making flotation inefficient. Dry 

separation is also ineffective due to the significant difference between the density of 

cenospheres and fly ash and the density of air. Given a significant difference between the 

densities of cenospheres, fly ash and water, wet gravity separation is the most appropriate 

option for separation of these particles. 

  

In the conventional method of cenospheres separation, the coarse cenospheres particles are 

scooped from the top of the ash ponds. However, the settling velocity of fine fly ash particles 

is very low, causing contamination to the product. Furthermore, fine cenospheres are very 

difficult to recover as their rise velocities are significantly lower. The modifications on power 

stations burners have also resulted in a significant drop in the grade of cenospheres in fly ash 

to the order of 1% by mass. Therefore, the current method of cenospheres separation is 

uneconomic. An efficient method applied to separate cenospheres from fly ash needs to 

address the above mentioned problems. 

 

Settling and rise velocities of particles mostly depend on their size and density. These 

velocities are very small for fine particles and those having a slight density difference with 

respect to water. The velocity of a particle in a suspension can also be affected by the 

presence of other particles, defined as the suspension hindrance effect. The Richardson and 

Zaki equation (Richardson and Zaki, 1954a) can be accurately applied to estimate the 

hindered settling velocity of particles in one-component suspensions.  

 

There is an ambiguity in the hydrodynamic behaviour of multi-component suspensions. Asif 

(1997) and Masliyah (1979) studied such suspensions by considering the effective density of 

the suspensions. This led to a modified form of the Richardson and Zaki equation for the 

multi-component suspensions in Asif’s study, and a new equation dependent on the 

suspension density in Masliyah’s study. Owing to the slow segregation of particles 
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specifically in concentrated suspensions, methods for increasing the settling or rise velocity 

of particles need to be used. The most common method used to increase the velocity of 

particles is flocculation. Other approaches include centrifugal forces, and inclined settlers. 

 

Boycott (1920) reported that blood corpuscles settled quicker in a tilted tube compared to a 

vertical one. Based on this observation, many investigations have been carried out on inclined 

settlers (Zahavi and Rubin, 1975; Acrivos and Herbolzheimer, 1979; Herbolzheimer and 

Acrivos, 1981). These investigations led to the development of the lamellae thickener which 

has been used in solid-liquid separation. In order to increase the capacity of this method of 

separation, the use of multi-channel inclined separators was crucial. However the uniform 

and even distributions of feed through the inclined channels, required for obtaining the same 

quality of product from all channels, was very difficult. Use of a fluidized bed combined with 

the inclined settlers, referred to as the REFLUX™ Classifier addressed this difficulty. This 

new method of separation, the REFLUX™ Classifier, has been recently investigated in detail 

(Laskovski et al., 2006; Galvin and Liu, 2011; Galvin, 2012). 

 

The inclined channels used in the REFLUX™ Classifier increases the segregation rate of 

particles, resulting in a throughput advantage that is defined as the fluid velocity required to 

just retain a particle (with the size of d and the density of ρ) within the inclined channels 

compared to the terminal settling velocity of the same particle (Laskovski et al., 2006). This 

parameter can be maximized to 1 for conventional fluidized beds given the fluid velocity 

cannot overtake the terminal settling velocity of the finest target particle.  

 

Another phenomenon adding more complexity to the multi-component suspensions is the 

bulk streaming phenomenon (Whitmore, 1955; Weiland and McPherson, 1979; Fessas and 

Weiland, 1981; Fessas and Weiland, 1984) which can be used to increase the segregation 

rates of particles in the suspensions. This phenomenon results from the instabilities in the 

suspensions. The particles tend to gather together and form particle clusters, and hence 

significantly move quicker in the suspension (Batchelor and Van Rensburg, 1986) en-masse. 

This phenomenon was reported to be largely dependent on the particles size and density and 

also the volume fractions of the species in the suspensions. 
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1.3 Thesis Objectives 

In this study, an efficient novel method, an Inverted REFLUX™ Classifier (IRC™), has been 

used to recover and concentrate positively buoyant cenospheres in fly ash. Using the specific 

operating conditions, the streaming phenomenon is hypothesized to develop and lead to an 

increase in the particle segregation rates. In fact the separation of cenospheres from fly ash 

can be promoted using the combined effects of the fluidization, the bulk streaming motion 

and the inclined settling. 

Therefore, the objectives of this thesis are: 

1) To thoroughly characterize a typical fly ash and cenospheres in terms of chemical 

composition and surface morphology, and size and density distributions. 

 

2) To examine the potential of a laboratory scale IRC™ in recovering and concentrating 

positively buoyant particles. 

 

3) To apply this innovative method (i.e. the IRC™) to the separation of positively buoyant 

cenospheres from negatively buoyant waste fly ash. 

 

4) To examine the effects of different operating parameters on the separation of cenospheres 

from fly ash in the laboratory scale IRC™.  

 

5) To achieve an enhanced separation of cenospheres from fly ash using the combined effects 

of the Boycott and bulk streaming motion phenomena. 

 

6) To study scale up of this method of cenospheres separation in a pilot scale IRC™. 

  

7) To maximize the concentration of cenospheres in fly ash using multi-stage IRC™ 

processes. 

 

8) To examine the separation of cenospheres from different fly ash streams in the IRC™. 
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1.4 Outlines of Thesis  

This thesis aims to investigate a novel method, referred to the Inverted REFLUX™ Classifier 

to achieve the separation of cenospheres from fly ash. Chapter 2 provides a comprehensive 

literature review concerning the fundamentals of this study, including particle properties, 

particle settling, suspension hydrodynamics, gravity separation and fluidization. The chapter 

also introduces the recent developments in this area, specifically the methods for the 

enhancement of particle settling rate. Chapter 3 provides a detailed background of the bulk 

streaming motion phenomenon in multi-component suspensions. In this chapter, the inclined 

settling is then comprehensively discussed, introducing the innovative method of particle 

separation referred to as the REFLUX™ Classifier. The background and details of this novel 

method are outlined in this chapter.  

 

In Chapter 4, a typical fly ash and cenospheres feed are characterized, providing information 

about the surface properties and size and density distributions of the particles.  Chapter 5 

presents the preliminary experiments carried out to investigate the potential of the Inverted 

REFLUX™ Classifier in separating cenospheres from fly ash. Firstly, the potential of the 

IRC™ in separating positively buoyant particles are reported using a model feed, a mixture of 

commercial cenospheres and silica flour. Then the separation of cenospheres from real fly ash 

feed is investigated. This chapter concludes by examining the effects of different operating 

parameters on the separation performance, providing a clear basis for conducting a more 

rigorous study of the system.  

 

Chapter 6 is concerned with the effect of feed solids concentration on the recovery of 

cenospheres in the IRC™, the objective being to assess the potential for bulk streaming and 

hence concentration induced enhancement of the separation. The cenospheres size 

classification and the theoretical and actual throughput advantage of the IRC™ are also 

analysed in this chapter, to reveal the best performance of the IRC™ over a range of feed 

solids concentrations. The second aim of this chapter is to further explore the cenospheres 

separation process at different operating conditions while applying the optimum feed solids 

concentration.  

 

Chapter 7 investigates the cenospheres separation from fly ash using a pilot scale IRC™, 

about 10 fold larger in area than the laboratory scale. The results are compared with those 



9 
 

presented in the previous chapter to verify the scale up performance of the pilot scale IRC™. 

In Chapter 8, multi-stage separation of cenospheres from two different types of fly ash is 

examined, the goal being to achieve the highest possible product grade. Finally in Chapter 9, 

a fly ash feed containing larger cenospheres at a higher concentration is examined, and the 

separation performance is compared with the results of previous chapters. 

  

Chapter 10 provides a summary of all chapters, and is followed by the conclusions of this 

thesis. Some recommendations are made concerning future theoretical and experimental 

directions.  
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2.1 Introduction 

Regardless of variations in other properties such as size, shape, hydrophobicity, magnetic 

susceptibility or electrical conductivity, the most appropriate method to use for separating 

positively and negatively buoyant particles is a wet density-based separation (wet gravity 

separation) where the density of the liquid medium is between that of the two solid species 

being separated. Therefore in this chapter the fundamentals of wet gravity separation, 

fluidization and particle settling are introduced and discussed.  

 

The first step in describing particle-liquid systems is to study single particle settling in a 

Newtonian fluid and then extend this to more complicated cases involving large numbers of 

particles, such as occurs in sedimentation and fluidization (Rhodes, 1998).  

 

2.2 Isolated particle settling in a fluid 

2.2.1 Drag force 

When a particle is placed in a fluid it starts to accelerate due to the net weight force of the 

particle in the fluid, governed by the gravitational FW and buoyancy FB forces. As the 

velocity increases, the drag force FD also increases, resulting in the net force acting on the 

particle decreasing until it approaches zero. When there is no net force acting on the particle, 

there is no longer any acceleration, and hence the particle has reached its terminal settling 

velocity, ut (Gregory, 2005). A schematic diagram of these forces is shown in Figure 2.1.  
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Figure  2.1: Forces acting on a negatively buoyant spherical particle of diameter dp settling in 

a fluid at its terminal settling velocity ut. 

 

The drag force resisting the motion of a particle in a fluid consists of two parts, pressure (or 

form) drag and shear stress (or skin friction or viscous) drag. For a smooth sphere in a very 

slow steady flow or creeping motion, these are given by Stokes’ law (Stokes, 1851): 

 

Pressure drag force = πdpµur                           (2-1) 

 

Shear stress drag force = 2πdpµur                                      (2-2) 

 

Hence the total drag force is: 

 

Total drag force = 3πdpµur                               (2-3) 

 

where dp is the particle diameter, µ is the fluid viscosity and ur is the particle velocity relative 

to the fluid. This theoretical equation predicts the total drag force with less than 9 % error, for 

particles with a Reynolds number smaller than 1 (Rhodes, 1998). The Reynolds number of a 

particle depends on its size and velocity, and the fluid properties, defined as: 

 

Gravity 
Force (FW)

Buoyancy 
Force (FB)Drag Force 

(FD)

Particle Terminal 
Settling Velocity (ut)dp
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Rep = ρfurdp/µ                           (2-4) 

 

The drag coefficient is defined as: 

 

CD = R’/(1/2ρfur
2)                   (2-5) 

 

where R’ is the force per unit projected area of the particle, and for a spherical particle is 

equal to FD/(πdp
2/4). For a single sphere settling in a fluid under creeping motion conditions 

where viscous forces dominate over inertial forces, Stokes law can be applied to explicitly 

calculate the drag coefficient. At higher velocities, however, inertia becomes significant and 

no theoretical solution exists to relate the drag coefficient to the Reynolds number, hence the 

data from empirical correlations or standard drag curves should be used (Rhodes, 1998). 

Figure 2.2 shows the drag curve for spherical particles (Clift & Gauvin, 1970; Turton & 

Levenspiel, 1986; Rhodes, 1998). 

 

 
Figure  2.2: Standard drag curve for spherical particles in a fluid (Clift & Gauvin, 1970). 
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2.2.2 Particle terminal settling velocity 

For a particle falling through a fluid, based on Newton's Second Law of Motion, the force 

balance becomes, 

 

 FI + FD + FF = ma                             (2-6) 

 

where FI is the inertial force, FD is the fluid drag force, FF is the net weight force of the 

particle in the fluid, m and a are the particle’s mass and acceleration, respectively. At its 

terminal velocity, the particle is no longer accelerating (a = 0), and the inertial force is equal 

to zero (Rushton et al., 1996). Hence the Equation 2-6 can be written as: 

 

FD + FF = 0                                         (2-7) 

 

where FF = FW + FB = (ρp - ρf)Vg, V is the particle volume, ρp is the particle density and g is 

the gravitational acceleration. FW and FB are the gravity and buoyancy forces acting on a 

particle as shown in Figure 2.1. It is noted that in Equations 2-6 and 2-7 the downward 

direction is considered to be positive.  

 

There is no explicit equation to be used for calculating FD outside the creeping flow regime, 

and hence dimensional analysis is applied using empirical results. For an incompressible 

Newtonian fluid, the drag force depends on the particle diameter (dp), fluid density and 

viscosity (ρf and µ) and fluid velocity relative to the particle (ur). The drag force can be 

expressed using two dimensionless numbers, drag coefficient and Reynolds number.  

 

FD = 1/2CDAρfur
2                   (2-8) 

 

CD is the drag coefficient, a dimensionless number which is a function of the Reynolds 

number and particle shape and orientation. A is the cross-sectional area of the particle 

perpendicular to the direction of motion. Note that in a free fall or rise, the fluid velocity 

around the particles is equal to the free terminal settling velocity of the particle (Seville et al., 

1997). At low Reynolds numbers, combining Equations 2-7 and 2-8, gives the drag 

coefficient as being inversely related to the Reynolds number as shown below: 
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CD = 24/ Rep                   (2-9) 

 

As shown in Figure 2.2, the drag coefficient was also found to be constant at around 0.44 at 

high Reynolds numbers (Newton’s regime). Therefore, using Equations 2-7, 2-8 and 2-9, for 

spherical particles falling in the Stokes regime:  

 

ut = dp
2(ρp – ρf)g/18µ                (2-10) 

 

and in the Newtonian regime where CD = 0.44,  

 

ut = 1.74[dp(ρp – ρf)g/ρf ]0.5               (2-11) 

 

where ut is the particle terminal settling velocity. No theoretical equation exists for 

calculating CD and ut in the intermediate regime. For this regime, using the proposed 

relationship between ut and different parameters such as dp, ρp, ρf and µ, many correlations 

have been suggested for calculating the drag force and then the terminal settling velocity 

(Heiskanen, 1993). Table 2.1 shows the drag coefficient and terminal settling velocity for 

different regimes for a spherical particle. 

 

Table  2.1: Drag coefficient and terminal velocity for spherical particles in different flow 

regimes (Heiskanen, 1993; Rhodes, 1998). 

Regime Reynolds number Drag Coefficient, CD Terminal velocity 
Stokes Rep < 0.3 CD = 24/Rep = 24µ/(ρf dput) 

 
ut = (ρp - ρf )dp

2g/(18µ) 

Intermediate 0.3 < Rep < 500 
 

CD = 24/Rep + 0.44 
(Dallavale, 1948) 

ut = 0.153(ρp - ρf )5/7dp
8/7g5/7/µ3/7ρf

2/7 

Newton 500 < Rep < 2 × 105 CD = 0.44 ut = 1.74[(ρp - ρf)gdp/ρf ]1/2 

 

There are also several correlations in the literature for calculating the drag coefficient and the 

terminal velocity, which are valid for a wide range of Reynolds numbers, such as Equation 2-

12 proposed by Turton and Levenspiel (1986):  

 

CD = 24(1 + 0.173Rep
0.657)/Rep + 0.413/(1 + 16300Rep

-1.09)                      (2-12) 
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and the correlation of Zigrang and Sylvester (1981) which can be used to explicitly calculate 

the terminal velocity of particles written as: 

 

Rep = [(14.51 + 1.83(g(ρp – ρf) ρf)0.5 dp
1.5/µ)0.5 - 3.81]2                  (2-13) 

 

Equation 2-13 is valid for Rep ≤ 2 × 105.    

 

2.2.3 Other factors affecting the settling velocity 

In addition to the size and density of particles, there are several other factors which can also 

affect the settling behaviour of particles in a given fluid. These include particle shape, 

roughness, and wall effects. 

 

2.2.3.1 Particle shape and size 

The shapes of particles affects the drag force and hence the particle settling velocity. For non-

spherical particles, the drag force also depends on the orientation of particles. The sphericity 

is a parameter indicating how close the shape of a particle is to a sphere. Based on Wadell 

(1933), the sphericity can be defined as: 

 

      𝜓𝜓 = surface area of a spherical particles with the same volume as the particle
surface area of the particle                      (2-14) 

       

The effect of the shape on the drag force is significantly more in the Newton’s and 

intermediate regimes than that in the Stokes’ regime. In the Stokes’ regime, non-spherical 

particles fall through the fluid in an orientation in which their longest surface is parallel to the 

oncoming fluid, while in the Newton’s regime they fall with their longest surface 

perpendicular to the oncoming fluid (Rhodes, 1998).  

 

A variety of particle shape exists, most of which are irregular. Different definitions can be 

used to characterize the size of such particles. Which definition should be used depends on 

the intended purpose. One of the most common ones is the volume-equivalent spherical 

diameter, dv, defined as the diameter of a sphere with the same volume as the particle:   

 

dv = (6V/π)1/3                             (2-15) 
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where V is the particle volume and dv is independent of the particle orientation. This 

definition can be useful when the particle volume is an important factor in controlling its 

behaviour. In the case of particle settling, the volume of the particle determines the net 

gravity-buoyancy force on the particle, an important consideration.  

 

Another commonly used size definition is the surface-area equivalent spherical diameter, ds, 

defined as the diameter of a sphere with the same surface area S as the particle: 

  

ds = (S/π)1/2                             (2-16) 

 

where ds is independent of the particle’s orientation. For a non-porous particle, the surface 

area controls the skin friction drag, so it affects the settling velocity of particles, especially in 

the Stokes regime. Therefore ds is an important definition in studying the hydrodynamic 

behaviours of particles. For porous particles, it becomes important to distinguish between 

internal and external surface area, as only the external surface area directly controls fluid 

drag. The internal porosity will, however, be significant in determining the weight of the 

particle, depending on whether it is filled with gas or liquid.  

 

The Sauter diameter (dsv) is defined as the diameter of a sphere with the same ratio of particle 

volume to surface area, given by:  

 

dsv = (6V/S) = (dv
3

 /ds
2)                (2-17) 

 

This diameter conserves the ratio of body forces (proportional to volume) and drag forces 

(proportional to surface area) and so is often important in applications involving a balance of 

these two forces, such as in fluidization. 

 

The other important definition of size is the Stokes’ diameter defined as the diameter of a 

sphere with the same density and settling velocity as the particle. It is defined as: 

 

dSt = [18µut/(ρp – ρf)g] 1/2                (2-18) 
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where ut is the particle terminal velocity. This definition is an important factor in the 

applications involving the hydrodynamic behaviour of the particle such as in fluidized beds 

(Seville et al., 1997). 

 

Systems often contain a wide size range of particles, so it is very important to accurately 

measure the size distributions as particles with different sizes may behave differently. The 

size distributions can be reported based on number, mass or volume. The distributions are 

also presented in two different forms, frequency distributions and cumulative distributions 

(Seville et al., 1997; Rhodes, 1998). The sieve and laser scattering machine are two common 

methods for measuring particles size distributions, providing the mass-based and volume-

based size distributions, respectively. These two size distributions should be the same if all 

particles have a constant density. 

 

Particles of different size can show quite different hydrodynamic behaviours, so it can be 

problematic trying to characterize a broad size distribution by a single average size. 

Nevertheless, this is often done in order to reduce complexity. Different definitions of 

average particle size can be used. The simplest one, the arithmetic mean, is defined as the 

summation of particles’ diameters divided by the total number of particles. Another important 

one is the geometric mean defined as dg = [dp1
n1dp2

n2dp3
n3… dpi

ni] 1/N. 

 

To take the effect of particle shape into account when studying particle motion in a fluid, a 

shape factor (χ) is defined. It is defined as the ratio of the resistance forces on the particle and 

on a sphere with the same volume and velocity settling in the Stokes’ regime (Seville et al., 

1997). Hence: 

 

χ = FD / (3πµutdv)                (2-19) 

            

There are also some figures and correlations which can be used for directly calculating the 

drag force that applies to non-spherical particles (Militzer et al., 1989; Haider & Levenspiel, 

1989; Clift et al., 1978). For instance, Figure 2.3 shows how particle sphericity affects the 

drag coefficient for isometric particles. 
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Figure  2.3: Drag curves for non-spherical particles falling in a fluid as a function of particle 

sphericity, ψ. The volume equivalent spherical diameter dv is used to calculate CD and Rep 

(Rhodes, 1998). 

 

One correlation to calculate the drag coefficient of non-spherical particles is that suggested 

by Haider and Levenspiel (1989): 

 

CD = 24/Rep[1 + (8.1716e-4.0655ψ)Rep
0.0964+0.5565ψ] + 73.69e-5.0748ψRep/(Rep + 5.378

 e6.2122ψ )                         (2-20) 

 

where Rep is the particles Reynolds number and ψ is the sphericity.  

 

2.2.3.2 Particle surface roughness  

Another factor which should be considered in studying particle sedimentation is particle 

surface roughness. The effect of roughness is most significant in controlling the transition of 

the boundary layer from laminar to turbulent. This delays the detachment of the boundary 

layer from the rear of the particle, thus allowing more pressure recovery in the flow which 

can result in a form drag reduction of over 80 %. For a smooth sphere, the transition occurs at 

the Reynolds numbers between about 2.5 × 105 and 5 × 105 (Graf, 1984). As the particle 
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surface roughness increases, the transition occurs earlier and so the reduction in the drag 

coefficient occurs earlier (Hoerner, 1958). Figure 2.4 shows the effect of particle surface 

roughness on the early occurrence of the transition to the turbulent boundary layer regime and 

the drag coefficient reduction. Prior to this transition, the surface roughness has a less 

dramatic effect on the drag coefficient. In the creeping flow regime, the literature is unclear 

as to whether particle surface roughness has a significant effect. Some workers report a 

decrease in drag coefficient with increasing roughness (Selberg & Nicholls, 1968; Sivier & 

Nicholls, 1969), whereas others report no effect (Lanchester, 1907; Arnold, 1911). The 

effects, if any, of surface roughness on the drag force are hard to quantify due to the 

difficulties in measuring the surface roughness (Graf, 1984).  

 

 
Figure  2.4: Drag coefficient versus Reynolds number for particles with different surface 

roughness (Hoerner, 1958), where Δ = Ditto, Behind the turbulent screen,  = NACA, 

through resting air, = NACA, Variable-density tunnel, × = Ditto, Surface roughness 0.03, ● 
= Hoerner, In open water, and + = In wind tunnel with surface roughness of 0.003. 
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2.2.3.3 Container walls 

Container walls act to reduce the rate of particle settling. When particles are settling in a 

container, the displaced fluid moves in the opposite direction to the particles. Hence there is a 

higher particle-fluid relative velocity. The presence of the container walls also increases the 

shear gradient and hence increases the shear force acting on the particles.  

 

When a particle is falling along the axis of a tube or pipe, a factor is defined to correct the 

settling velocity considering the effects of the wall. This wall factor (fw) is the ratio of the 

particle settling velocity in the tube or pipe (utD) to that in an infinite fluid (ut∞). Several 

correlations for calculation of the wall factor in a wide range of Reynolds numbers proposed 

by Faxen (1923), Munroe (1888-89) and Francis (1933) are respectively indicated below: 

 

fw = 1 – 2.1(dp / D), Rep ≤ 0.3, dp/D ≤ 0.1 (2-21) 

 

fw = 1 – (dp/D)1.5, 103 ≤ Rep ≤ 104, 0.1 ≤ dp/D ≤ 0.8 (2-22) 

 

fw = (1 – (dp/D))2.25, Rep ≤ 0.3, dp/D ≤ 0.97 (2-23) 

 

where dp and D are the particle and tube diameter, respectively. 

 

2.3 Hindered settling 

The settling velocity of particles in a suspension is different to that of an isolated particle in 

an infinite fluid. In this situation, whilst the particles may not be touching, the small distance 

between the particles affects their behaviour in the suspension. The reduced settling velocity 

of particles in a suspension is called the hindered settling velocity. The hydrodynamics of 

particles in settling suspensions has been studied closely (Zimmels, 1988, 1985; Happel & 

Brenner, 1965). Some of the mechanisms include:  

 

1. The decreased cross-sectional area available for the displaced fluid to move upward 

forces it to flow more quickly, leading to an increase in the shear force acting on the 

particles. 
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2. The narrower inter-particle gaps for the fluid flow also increases the shear 

gradients, which increases the drag force acting on the particles. 

 

3. Changing the hydrodynamic diffusion defined as the motion caused by the particles 

interactions (Davis, 1996; Zimmels, 1988, 1985).  In a pulp with a high solids 

concentration, collisions occur which dissipate energy and cause divergence in the 

settling paths. This causes the particles to settle more slowly (Heiskanen, 1993; 

Seville et al., 1997). 

 

These hindered settling effects are sometimes discussed in terms of the suspension acting as a 

fluid with a higher effective density and viscosity than the pure liquid. This analogy works 

well when considering a large individual particle settling in a suspension of fine particles. 

However, there is considerable debate in the literature as to whether this is a valid perspective 

when considering the settling of a particle in a suspension of other particles of similar size 

(Di Felice & Gibilaro, 1988; Clift et al., 1987; Gibilaro et al., 1987; Jean & Fan, 1986; 

Gibilaro et al., 1986; Epstein & Leclair, 1985; Reed & Anderson, 1980). 

 

2.3.1 Modified Stokes’ law 

Stokes’ law can be still applied to slow settling particles in a concentrated suspension by 

applying the concepts of an effective suspension density and viscosity: 

 

µe = µ/f(ɛ)                 (2-24) 

 

ρsusp = ɛρf + (1 – ɛ)ρp (2-25) 

 

where ɛ is the voidage or volume fraction of the fluid, ρf and ρp are the densities of fluid and 

solid, respectively, and f(ɛ) is a function modifying the viscosity. Applying the suspension 

effective viscosity and density to Equation 2-9, the drag coefficient is calculated as: 

 

CD = 24µe/(ur ρsusp dp)  (2-26) 

 

For a particle falling through a concentrated suspension, using the force balance Equation 2-6 

together with Equations 2-24, 2-25 and 2-26: 
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ur = ut ɛ f(ɛ) (2-27) 

 

where ur is the settling velocity of a particle relative to the fluid, influenced by the presence 

of the other particles in the suspension, or the relative hindered settling velocity, defined as up 

– uf. Therefore, in the Stokes regime the following equation has been proposed (Rhodes, 

1998; Haider & Levenspiel, 1989): 

 

ur = gdp
2(ρs – ρf)(ɛ) f(ɛ)/(18µ)                                  (2-28) 

 

2.3.2 Richardson and Zaki equation 

Considering batch settling in a cylinder or tube, the total flux should be equal to zero, and 

hence: 

 

up(1 – ɛ ) + uf(ɛ) = 0 (2-29) 

 

Considering ur = up – uf, and applying Equation 2-28: 

 

up = ut ɛ2f (ɛ) (2-30) 

 

Theoretically, the viscosity function was calculated by Einstein (1906) to be ɛ2.5 for a 

suspension of neutrally buoyant particles with less than 10 vol.% solids (Rhodes, 1998). 

Alternatively, the semi-empirical correlations derived by Thomas (1965) (Eqn. 2-31) and 

Gibilaro et al., (2007) (Eqn. 2-32) can be used to calculate the effective viscosity of 

suspensions.  

 

µe/µ = 1 + 2.5 φ + 10.05 φ2 + 0.00273 exp(16.6 φ)              (2-31) 

 

µe/µ = (1 – φ)-2.8                         (2-32) 

 

where µe is the suspension effective density, and φ is the solids volume fraction of 

suspensions.  For a non-fluctuating system with negligible particle-particle interactions, 

Richardson and Zaki (1954a) experimentally found that the hindered settling velocity is 
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related to the voidage or solids volume fraction and unhindered terminal settling velocity 

with a power n related to the Reynolds number and the container diameter (D): 

 

up = utεn = ut(1 – φ)n                            (2-33) 

 

where ε is the voidage, φ is the solids volume fraction of the suspension and ut is the 

unhindered terminal settling velocity. As shown in Table 2.2, for particles with diameter of dp 

the index n depends on the particle’s Reynolds number and the container diameter.  

 

Table  2.2: n values for the Richardson-Zaki equation (Richardson & Zaki, 1954a; Richardson 

& Zaki, 1954b). 

Rep at terminal velocity Value of n 
Rep ≤ 0.2 4.6 

0.2 < Rep < 1 (4.35 + 17.5 dp / D) Rep
 -0.03 

1 ≤ Rep < 200 (4.45 +  18 dp / D)  Rep
 -0.1 

200 ≤ Rep < 500 4.45 Rep
 -0.1 

500 ≤ Rep 2.4 
 

More recently, Khan and Richardson (1989) proposed a general correlation for the 

calculation of n at any Reynolds numbers as below: 

 

(4.8 – n )/(n – 2.4) = 0.043Ar0.57[1 – 2.4(dp/D)0.27] (2-34) 

 

Ar = [ρf (ρp – ρf )gdp
3/µ2]  (2-35) 

 

where Ar is the Archimedes number, and dp and D are the particle and vessel diameters. 

 

2.3.3 Other studies on hindered settling 

For a suspension containing identical particles, a modified form of Equation 2-33 can be used 

to describe the slip velocity of a species. However, it is more complex for a suspension of 

particles with different densities. Some models have been proposed for such suspensions 

(Asif, 1997; Masliyah, 1979). In both these studies, the effective density of suspension based 

on the total solids concentration was defined and considered in calculating the velocity of 

particles in the suspensions. This led to a new form of the Richardson and Zaki equation 

introduced in Asif’s study as: 
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ur = ut[(ρp – ρsusp)/(ρp – ρf)]n-1                          (2-36) 

 

where ut is the particle free-settling terminal velocity, ur is the velocity of the particle relative 

to the fluid in the suspension with a local bulk density of ρsusp, and ρp is the particle density. 

 

Masliyah (1979) also developed a general equation to calculate the slip velocity of a species 

in a multi-component suspension by considering the suspension effective density and 

viscosity as two important factors,  

 

ur = upi – uf = gdi
2f(φf )(ρpi – ρsusp)/18µ                         (2-37) 

 

where upi and uf are the ith particle species velocity and the local fluid interstitial velocity 

relative to a stationary point, respectively. ρsusp is the suspension density calculated as ∑ (φpi 

ρpi) + φf ρf  where φf and φpi are the fluid and ith species volumetric concentrations. f(φf) is a 

factor related to the particle concentration, defined by (Richardson & Zaki, 1954b).  

 

f(φf ) = (φf)2.7                 (2-38) 

 

It is noted that φf is the volume fraction of the fluid, which is the same parameter as ɛ used in 

Equation 2-33.  

 

The velocity of the ith component in the concentrated suspension is calculated as (Masliyah, 

1979), 

 

upi = g φf 2.7 /18 µ [di
2 (1 – φpi) (ρpi – ρsusp) – dj

2 φpj (ρpj – ρsusp)]                     (2-39)  

 

There is still quite an ambiguity in the literature in predicting the hindered settling velocity of 

particles in a multi-component suspension. In particular, the equations mentioned predict 

completely different species velocity in a suspension containing both positively and 

negatively buoyant particles. In such suspensions, as the heavy particles settle, the displaced 

water moves upward and this enhances the rise velocity of the light particles, which is 
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obviously in contradiction with the model of Richardson and Zaki (1954a, 1954b). Moreover, 

for a suspension containing solids denser than water, increasing the suspension pulp density 

leads to a rise in the effective density of the suspension and hence increases the buoyancy 

driving force of the light particles (Asif, 1997; Masliyah, 1979). On the other hand, the 

increased effective viscosity of the suspension hinders the rise velocity of the light particles.  

 

To illustrate the issues, consider a mixture of 100 µm particles of two species with density 

800 kg/m3 and 2000 kg/m3 respectively, suspended in water. Assume that the volume fraction 

of the light and heavy particles in the suspension are 2 %, and 25 %, respectively. From 

Equation  2-13, the terminal rise velocity of the light species is 1.04 m/s. Based on Equation 

2-33, assuming n = 4.6, the hindered rise velocity of the light particles is calculated to be 0.24 

m/s. Now, using Equation 2-36 proposed by Asif (1997), the rise velocity of the light species 

is 41.6 m/s, whereas Equation 2-39 proposed by Masliyah (1979) predicts this velocity to be 

only 1.46 m/s. So both Masliyah’s and Asif’s models predict the rise velocity of light 

particles in the suspension would be larger than the particles’ terminal velocity (although they 

differ in how large the increase is), whilst the Richardson-Zaki equation predicts this velocity 

to be lower than the terminal velocity.  

 

There is little information in the literature to provide a comparison between the experimental 

data and the models predictions for systems containing particles with different densities, 

particularly, for mixtures of negatively and positively buoyant species. For suspensions 

containing negatively buoyant species with similar densities, Equation 2-33 was found to be 

valid in predicting the experimental data (Lockett & Al-Habbouby, 1973), while for a system 

of different densities species (both heavier than the fluid), the experimental data could only 

be predicted by considering the difference between the particles and suspension densities 

(Eqn. 2-39) (Richardson & Meikle, 1961). More detailed consideration of these issues is 

presented and discussed in Chapter 6 alongside experimental data for the fly ash-cenosphere 

system.  

 

Another complication that can emerge in such systems is when the particles of a particular 

species congregate together, forming plumes with an enhanced rise or settling velocity. This 

effect, referred to as “Bulk Streaming Motion”, is thoroughly reviewed in Chapter 3. 
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2.4 Fluidization 

When a fluid flows upwards through a bed of negatively-buoyant particles, initially the bed 

remains in a packed state with the particles remaining in permanent contact with one another. 

However, as the fluid velocity increases, eventually the drag forces exceed the attractive 

forces between the particles, and the particles become fluidized. These two hydrodynamic 

phenomena, the packed bed and fluidized bed, are shown in Figure 2.5. 

 

 
Figure  2.5: A packed bed (left hand side) and a fluidized bed (right hand side). 

 

2.4.1 Packed bed 

When the fluid velocity is not sufficient to lift the particles, the bed remains in a packed bed 

state. There are many applications which involve packed bed behaviour. A fluid passing 

through a filter cake is one of the most common applications.  In such a process, knowing the 

relationship between the flow rate and pressure drop ∆P is often important. Different 

correlations have been proposed, usually based on the Darcy study (Darcy, 1856). For 

laminar flow through a randomly packed bed of particles, the Carman-Kozeny equation can 

be used (Kozeny, 1927, 1933; Carman, 1937): 
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(-ΔP)/H0 = K3 [(1 – ɛ)2/ɛ3]µusSv
2 (2-40) 

 

where H0 is the height of the packed bed, us is the superficial fluid velocity, ɛ is the bed 

voidage, µ is the fluid viscosity, Sv is the surface area per unit volume of particles, calculated 

to be 6/dp for monosized spherical particles, and K3 depends on the particle shape and surface 

properties, and is found to be about 5. Hence for a bed of monosized spheres with a diameter 

of dp, the above equation becomes: 

 

(-ΔP)/H0 = 180[(1 – ɛ)2/ɛ3]µus/dp
2 (2-41) 

 

An equation for predicting the pressure drop of a turbulent flow through a randomly packed 

bed of monosized spheres is (Rhodes, 1998): 

 

(-ΔP)/H0 = 1.75[(1 – ɛ)/ɛ3]ρfus
2/dp

 (2-42) 

 

Replacing dp with dsv, Equations 2-41 and 2-42 can also be applied to systems with non-

spherical particles of varying size.  The Ergun Equation combines the two and can be used to 

calculate the pressure drop across a wide range of Reynolds numbers, from laminar through 

to turbulent flow (Ergun, 1952): 

 

(-ΔP)/H0 = 150[(1 – ɛ)2/ɛ3 ]µus/dsv
2 + 1.75[(1 – ɛ)/ɛ3 ]ρfus

2/dsv                  (2-43) 

 

As expected, the effect of fluid viscosity is not significant in the turbulent regime (i.e. the 

second term), while it is important in the first term which is related to the laminar regime. By 

using this equation, the total frictional pressure loss is calculated. To obtain the total pressure 

drop, the hydrostatic pressure drop should be added. The hydrostatic pressure loss depends on 

the height of the bed and fluid density. This can become significant in liquid systems. 

 

2.4.2 Fluidized beds 

As the fluid velocity through a bed of particles is increased, eventually the drag force matches 

the net weight of the particles, after which the particles lift and become supported by the fluid 

flow and the bed is said to be fluidized. With further increases in fluid velocity, other 

phenomena such as channelling, spouting or slugging can occur (Yang, 2003). However, 
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these are rare in liquid-fluidized systems (Rhodes, 1998; Kunii & Levenspiel, 1991), so are 

not discussed further here.  

 

Based on the force balance written for the bed, the pressure drop through the fluidized bed is 

equal to: 

 

ΔP’/H = (1 – ɛ)(ρp – ρf)g               (2-44) 

 

The fluid velocity needed to achieve incipient fluidization of a bed of particles is called the 

minimum fluidization velocity Umf. One method for determining this velocity experimentally 

is to measure the pressure drop over the column at different superficial fluid velocities. The 

velocity, at which the pressure drop in the chamber stops increasing and becomes constant, is 

the minimum fluidization velocity. Figure 2.6 shows such a plot of pressure drop through a 

bed versus the superficial velocity. Line FG shows the fluidization region while the points B 

and B’ reflect the extra force initially needed to overcome the inter-particle forces in 

compacted powders. The curve ACDEFG indicates a normal fluidization curve which first 

levels off at the minimum fluidization velocity. It is noted that partial segregation occurs 

when a wide range of particles size is involved, leading to the partial fluidization shown as 

the curves AC’EFG and AC”EFG. 
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Figure  2.6: Pressure drop vs. fluid velocity illustrating common behaviours and the location 

of the minimum fluidization velocity (Yang, 2003). 

 

According to Figure 2.6, when increasing the fluid velocity through a packed bed of particles, 

the pressure drop increases to a maximum point, and then levels off when the bed starts to 

fluidize. At the minimum fluidization velocity, the pressure drop calculated using Equations 

2-43 and 2-44 should be equal. Therefore using these equations, a formula for the minimum 

fluidization velocity can be derived (Rhodes, 1998): 

 

Ar = 150(1 – ɛmf)2 Remf /ɛmf
3  + 1.75(Re2

mf) /ɛmf
3             (2-45) 

 

Assuming ɛmf = 0.4, 

 

Ar = 1652 Remf + 24.51 Remf
2 (2-46) 

 

where 

 

Ar = [ρf (ρp - ρf )g dsv
3/µ2]  (2-47) 

 

Remf = (Umf dsv ρf)/ µ (2-48) 
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It is noted that theses equations can be used to calculate the minimum fluidization velocity 

only if the voidage at minimum fluidization is known. There are numerous correlations in the 

literatures for predicting the minimum fluidization velocity. The following correlation can be 

used for the calculation of the minimum fluidization velocity for Reynolds number between 

0.01 and 1000 (Wen & Yu, 1966): 

 

Remf = 33.7[(1 + 3.59×10-5Arv) 0.5 – 1]              (2-49) 

 

where Arv is calculated based on dv, the volume equivalent spherical diameter. In gas 

fluidization, the above equation is more suitable for particles larger than 100 µm, and the 

correlation proposed by Baeyens and Geldart (1974) can be used to calculate the minimum 

fluidization velocity for the particles smaller than 100 µm. 

 

Umf = (ρp – ρf) 0.934g0.934 dsv
1.8/(µ0.87ρf

0.066) (2-50) 

 

Figure 2.7 shows what happens after minimum fluidization in both solid-gas and solid-liquid 

fluidized beds (Kunii & Levenspiel, 1991). As the fluid velocity increases, the bed initially 

may expand uniformly (smooth or “particulate” fluidization). However, in gas fluidized 

systems, the regime of fluidization usually changes to bubbling behaviour, then turbulent 

fluidization and eventually pneumatic transport (Yang, 2003).  In narrow vessels, slugging 

behaviour can also occur. It is noted that there is usually no bubbling fluidization for liquid-

solid systems except in rare cases involving very dense particles and/or low density liquids 

(Rhodes, 1998; Kunii & Levenspiel, 1991). 
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Figure  2.7: (a) Packed bed, (b) Minimum fluidization, (c) Particulate fluidization, (d) 

Bubbling fluidization, (e) Axial slugging, (f) Flat slugging, (g) Turbulent fluidization, and (h) 

Pneumatic transport (Kunii & Levenspiel, 1991). 

 

2.4.3 Density definitions in fluidization 

The particle density used in fluidization correlations should be the apparent density, defined 

as the ratio of the particle mass to the volume that is “seen” by the surrounding fluid. So the 

total volume used in calculating the density should include the internal pore volume. 

Therefore a method such as gas pycnometry which does not measure pore volume will 

measure the so-called skeletal or true density of the particle, which is greater than the 

apparent density of porous particles. It is noted that the density measured by the water 

pycnometry method depends on how well the water wets the particles and whether water is 
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given enough time to penetrate into the pores of the particles. If it does completely penetrate, 

then it gives the same result as the gas pycnometry method. Different definitions can be seen 

as below (Rhodes, 1998): 

 

        Apparent density =  mass of the particle and liquid inside the particle’s pores
hydrodynamic volume of the particle        

(2-51) 
 

        Absolute (true or skeletal) density =  mass of particle
volume of the solid phase excluding the pores

 

(2-52) 

 

Another density is the bed density defined as: 

 

       Bed density =   mass of the particles in a bed
volume of the bed

 

(2-53) 

 

which includes the inter-particle voidage, as well as the intra-particle voidage. Thus bed 

density is always lower than the apparent and true densities. 

 

2.4.4 Particle entrainment (elutriation) 

Entrainment and elutriation are two terms used to describe the removal of particles from a 

bed by the fluid. As previously mentioned, a particle falling in a fluid accelerates until it 

reaches its terminal settling velocity at which point the forces on the particle are balanced. 

Now if the fluid velocity in the upward direction is higher than the settling velocity of the 

particle then the fluid entrains the particles and carries them in the upwards direction. The 

bursting of bubbles at the bed surface can be another cause of particle elutriation (Yang, 

2003). Some correlations for the calculation of the entrainment rates in gas-solid fluidized 

beds have been proposed by Geldart et al. (1979) for particles larger than 100 µm, and by 

Zenz and Weil (1958) for particles smaller than 100 µm. However, bubbling fluidization is 

not a feature of most liquid-fluidized systems and so is not considered further in this thesis. 
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2.5 Particle segregation and dispersion 

Particles with different properties such as density and size tend to separate from each other. 

This phenomenon referred to as particle segregation is very important in both mixers and 

separators. In separators, segregation is used in an attempt to separate particles based on 

differences in their properties (usually density is the property of most interest). This process 

is opposed by dispersion or mixing phenomena.  

 

Williams (1990 & 1976) proposed four different general mechanisms for segregation in non-

fluidized systems. Trajectory segregation occurs when particles are projected horizontally. 

Percolation is the tendency of fine particles to fall down through the gaps between larger 

particles. Large particles can also rise to the surface of a bed due to vibration. Elutriation 

segregation occurs when fine particles are entrained and carried to the surface of a bed by a 

fluid moving upwards through the interstitial gaps between larger particles.  

 

As the interstitial fluid velocity is increased, the bed of particles eventually becomes fully 

fluidized, and dispersion and segregation phenomena must be considered. As previously 

discussed, in a liquid fluidized bed increasing fluid velocity generally gives uniform or 

smooth expansion of the bed. In these cases the empirical Richardson and Zaki equation 

(Eqn. 2-33) can be used to predict the height and porosity of the bed. However, the behaviour 

of liquid fluidized beds containing particles with different sizes or densities can be quite 

complex with the possibility of segregation occurring.  

 

Dispersion is a phenomenon that promotes mixing and thus opposes segregation. It is 

analogous to the diffusion process, where species naturally move from high to low 

concentration regions, as a result of the random small-scale movements caused by inter-

particle collisions and interaction with the fluid. In a gas-solid fluidized bed, dispersion is 

dominant due to the agitation caused by bubbles. However, in liquid-solid fluidized beds it is 

possible for segregation to become significant enough that useful separations can be 

performed on the basis of differences in particle size and/or density.  

 

In a mixture of species with different sizes and densities, each species tends to segregate and 

form a mono-component zone. In a general binary system, two mono-component zones of 

each species and one transient zone containing both species may be formed. The distribution 
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of the species in the mixed zone is controlled by the balance between dispersion and 

segregation of each species, and this is what controls the equilibrium concentration profile 

(Galvin et al., 2006). The balance between dispersion and segregation at steady state was 

proposed as (Kennedy & Bretton, 1966): 

 

Di dφi/dz′ = Uiφi                (2-54) 

 

where Ui is the local segregation velocity, φi is the local volume fraction of species i, dφi/dz′  

is the local concentration gradient and Di is the dispersion coefficient and z′is the distance 

from the base of the vessel. The local segregation velocity of species i was proposed by Asif 

and Petersen (1993) as: 

 

 Ui = Umi (1 – φni)                           (2-55) 

 

where Umi is the maximum possible segregation velocity occurring when species i is 

immersed in a mono-component zone of the other species. φni is calculated as φi /φmi when φi  

and φmi are the species i local concentration and its concentration in the mono-component 

zone, respectively. When φni is approaching zero, one particle of species i is present in a 

mono-component zone of other species and hence has the maximum segregation velocity. On 

the other hand, when φni is approaching 1, one particle of species i is in a mono-component 

zone of the same species and hence no segregation occurs (Galvin et al., 2006).  

 

Batchelor (1988) proposed that the dispersion coefficient could be calculated as: 

 

D = α′r us                 (2-56) 

 

where r is the particle radius, us is the fluid superficial velocity and α′ is an adjustable 

parameter varying between 8 and 12 depending on the species volume fractions (Davis & 

Hassen, 1988). Galvin et al. (2006) used a simple analysis based on the mean free path 

between particles to predict the dispersion coefficient. They suggested that the dispersion 

coefficient should be proportional to dpuf/φ, where uf is interstitial fluid velocity, φ is the 

volume fraction of solids, and dp is the particles diameter. So they proposed the dispersion 

coefficient as: 
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D = αdpuf/φ                  (2-57) 

 

where α is an adjustable parameter. Based on this equation, the dispersion coefficient varies 

through the fluidized bed as the interstitial fluid velocity varies, whereas Equation 2-56 

predicts a constant dispersion coefficient in a given system.  

 

By applying Equations 2-55 and 2-57 to Equation 2-54, the volume fractions of each species 

through the fluidized bed can be calculated. Figure 2.8 shows the experimental data and the 

model prediction of Patel et al. (2008) and Galvin et al. (2006) for the segregation in a two-

component suspension at different fluid superficial velocities.    

 

 
Figure  2.8: Particle segregation in a fluidized bed at six different fluidization velocities in 

increasing order from a to f. The open and closed symbols show the volume fractions of low 

density and high density particles, respectively. Lines show model predictions  

(Galvin et al., 2006). 
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One of the very interesting phenomena in fluidization is phase inversion (Moritomi et al., 

1982). When a mixture of small dense particles and large low-density particles are fluidized, 

initially the small dense ones form a layer at the base of the bed while the large light particles 

tend to be in the upper section of the bed.  By increasing the fluid velocity, dispersion occurs 

and a well-mixed zone containing both species emerges. Further increasing the fluid velocity 

leads to the reformation of the segregated zones, but this time with a (much more dilute) layer 

of large light particles at the base and the layer of small dense particles in the upper zone 

(Galvin et al., 2002). Figure 2.9 illustrates this phenomenon. 

 

 
Figure  2.9: Photos of the phase inversion which occurred in a binary mixture of small dense 

and large light particles as the fluid velocity increased from 0.012 m/s to 0.042 m/s  

(Galvin et al., 2002). 

 

In fact in a mixture of fine and coarse particles forming a suspension with total solids fraction 

of φ, the slip velocities of both species are the same. Initially if the mixing was to cease, then 

the fine particles would move downward and the coarse particles move upward compared to 

the vessel i.e. in this case, the slip velocity of fine particles is greater than that of the coarse 

ones. However once inversion has occurred, if mixing were to cease, then the slip velocity of 
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the coarse particles would be greater. Therefore the slip velocity models such as those 

proposed by Richardson and Zaki (1954b) and Di Felice (1995) which are dependent only on 

the volume fractions of solids encountered limitations in predicting the phase inversion 

phenomenon in the fluidized beds (Asif, 1998). Some more generalized models have been 

proposed by considering the effective density of the suspension and its influence on each 

species’ settling behaviour (Masliyah, 1979). Later Asif (1997) and then Galvin et al. (1999) 

further empirically investigated the effect of the suspension density, and proposed the 

following equation: 

 

F’’ = (up – uf)/ut = [(ρp – ρsusp)/(ρp – ρf)]n-1             (2-58) 

 

where F’’ is the hindering factor defined as the ratio of the slip velocity and the terminal 

velocity. For systems containing different density particles, this model was found to provide 

some explanation of the phase inversion phenomenon. 

 

2.6 Fine particle beneficiation technologies 

Sedimentation processes, which depend on the settling velocity of the particles, are relatively 

low throughput, decreasing as the separation sizes decreases. Generally, froth flotation has 

been applied to the treatment of particles smaller than 150 µm. However, gravity separators 

have been developed to target these fine particles. Working with gravity separators has 

several advantages over froth flotation. Firstly, particle density is a more reliable indicator of 

average particle composition than the surface composition. Values locked inside gangue 

material will not be “seen” by flotation, but still influence the particle density. Secondly the 

density of a particle remains almost constant whereas a particle’s surface properties can vary 

with the chemical environment and vary due to oxidation, etc. Further, gravity separation can 

be applied at much higher throughput when the target particle size exceeds about 100 µm. 

However, below this size the throughput declines markedly (Honaker & Forrest, 2003). 

 

The settling velocity of particles in a given fluid depends only on particle size and density. 

For two particles with the same density, the larger one settles faster, whereas for particles 

with the same size, the denser one settles faster. So for a suspension of particles with different 

sizes and densities, fine particles with high densities can have the same settling velocity as 
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some of the coarser low-density particles. The size ratio of particles with different densities, 

which have the same free settling velocities, is known as the free settling ratio: 

 

dp2/dp1 = [(ρp1 – ρf) / (ρp2 – ρf)] n              (2-59) 

 

where n = 0.5 for the Stokes regime (small particles), n = 1 for Newtonian regime (large 

particles) and 0.5 < n < 1 for the intermediate regime (intermediate sized particles) 

(Heiskanen, 1993). When this factor is larger than 2.5, positive or negative, gravity separation 

is relatively easy (Wills, 1997). In a system containing both positively and negatively 

buoyant particles, the free settling ratio becomes negative, reflecting the movements of the 

species in opposite directions. In theory, a perfect separation of species can be achieved in 

such a system with a fluid density between the species’ densities. However the misplacement 

of fine particles is inevitable, especially when the absolute value of the free settling ratio is 

less than 2.5. 

 

2.6.1 Gravity separation methods 

Many different gravity separation techniques have been developed to process particles and 

separate them. An overview of these separation techniques can be found in Burt (1985) and 

Wills (1997). Jigs, pinched sluices and Reichert cones are gravity separators which can be 

used efficiently for coarse particle separation (Wills, 1997). Spirals are another gravity 

concentrator and have been used for many years in different fields such as separating heavy 

mineral sands. However, Sanders (2007) reports that this separator is essentially ineffective 

for particles smaller than 125 µm. 

 

Float-sink processes, which are generally run as batch systems, are the simplest of the gravity 

separation methods, offering a high efficiency and sharp separation at any given density. 

Here, the particles with a density higher than the fluid sink and particles less dense than the 

fluid float. In theory, this method of separation only depends on the density of the particles, 

not their size. However, in practice, the small particles have low settling or rising velocities, 

hence this approach can be very slow. Further, the ultra-fine particles increase the viscosity 

and hence decrease the particle settling velocity. Therefore this method of separation is 

inefficient for separation of fine particles if they have only a short residence time. 
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Dense medium cyclones are used widely in the coal and mineral industries. The high 

centrifugal force provided by these cyclones make them a powerful method for separating 

fine particles compared to other methods of gravity separation. However applying this 

method to the separation of very fine particles becomes problematic as it becomes difficult to 

effectively separate the medium particles for re-use. They can be also used for classifying 

particles based on their density and/or size, and also for dewatering (Sander, 2007). 

 

A fluidized bed classifier (also called teeter bed or hindered bed classifier) is a vessel which 

separates particles based on their hindered settling velocity. Two distinct zones are formed in 

the vessel: there is a lower fluidized zone with a high concentration of particles and also an 

upper zone with low concentration. Particles with high settling velocity move downward and 

exit in the underflow and particles with lower settling velocity are entrained into the 

overflow. These devices are typically used for size classification. However they can be used 

for density separation if the feed particle size range is narrow. Specifically, if the diameter 

ratio of the largest low density particle to the smallest high density particle is less than the 

free settling ratio, then theoretically a density separation can be achieved. Otherwise, 

misplacement of particles is inevitable. In reality, there is always some extent of 

misplacement of coarse low density particles into the high density underflow and vice versa 

(Heiskanen, 1993).  

 

2.6.2 Particle size classification 

To show particle size classification, one approach is to plot the recovery of the particles as a 

function of the particle size, forming the so-called partition curve. A sample partition curve is 

shown in Figure 2.10 presenting the important parameters such as d25, d50 and d75 defined as 

the particle sizes with 25 %, 50 % and 75 % probability of entering the product respectively. 

From these, the imperfection I = (d75 – d25)/(2d50), an indication of the separation sharpness, 

can be also calculated (Wills, 1997). 
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Figure  2.10: A simple plot of a partition curve. 

 

2.6.3 Enhanced gravity separation methods 

The velocity of fine particles is much lower in more concentrated suspensions. Therefore to 

increase the separation efficiency in terms of throughput and separation sharpness, methods 

to increase the settling rates are commonly used. One of the most effective methods for 

increasing the sedimentation rate is to operate gravitational separators using a centrifugal 

force. This approach can increase the body force by more than 100 times normal gravity. 

Three examples include centrifugal jigs, centrifugal films and centrifugal teetered beds (Cole 

& Dunne, 2012). Recently, a centrifugal REFLUX™ Classifier has been studied and applied 

to the separation of particles (Galvin & Dickinson, 2013).  

 

Flocculation is another common method used to increase the settling rate of fine particles. 

However the flocculants need to selectively flocculate only one of the species to be effective 

in particle-particle separations, and hence their usage in beneficiation is limited. Other 

important phenomena include the bulk streaming effect comprehensively discussed by 

Batchelor and Van Rensburg (1986), and inclined settling based on the observation made by 

Boycott (1920). These play a significant role inside the inverted REFLUX™ Classifier, so 

are covered in Chapter 3. 
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2.7 Summary 

In this chapter, the concepts of particle settling and gravity separation were reviewed. The 

effects of different parameters such as particle size, surface roughness and sphericity on the 

terminal settling velocity of particles have been described. Then the behaviour of particles in 

a concentrated suspension was reviewed, introducing the concept of hindered settling 

velocity. The mechanisms involved in hindered settling were discussed and different models 

proposed for its calculation including the commonly-used Richardson and Zaki equation. It 

was found that there is still confusion in the literature surrounding how to predict the 

hindered settling velocity of multi-component suspensions, particularly those containing 

mixtures of both positively and negatively buoyant particles. This chapter also briefly 

reviewed packed bed and fluidization behaviour. The segregation, dispersion and phase 

inversion phenomena that occur in fluidized beds were discussed, including the predictive 

models. This chapter concluded with a brief mention of some of the different methods of fine 

particle separation currently used commercially. The methods for increasing the 

sedimentation rate were noted, including the subject of the next chapter, inclined settling and 

the bulk streaming formation. 
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3.1 Introduction 

This chapter studies two important hydrodynamic phenomena that can be used to increase 

particle segregation rates. The first is the bulk streaming motion phenomenon, the tendency 

of particles to gather together and move en masse. These particles can form a streaming 

motion leading to an increase in their settling rates. The conditions under which this 

streaming phenomenon develops are discussed, with regime maps presented for two specific 

cases.  

 

Inclined settling is the second phenomenon reviewed in this chapter, applicable for increasing 

particle segregation rates. Using inclined surfaces, the effective area for sedimentation 

increases. The particles settle a short distance onto settle the surface, before sliding down en 

masse with other settled particles. In the case of positively-buoyant particles the motion 

proceeds in the upwards direction. 

 

New developments in these areas are reviewed, including discussion of how these 

phenomena potentially combine and contribute to the separation performance inside a 

REFLUX™ Classifier.  

 

3.2 Bulk streaming motion  

3.2.1 Evidence for bulk streaming motion  

As previously discussed in Chapter 2, there is confusion concerning the hydrodynamic 

behaviour of suspensions containing different density particles. More specifically, three 

different models were shown to provide completely different predictions of the particle 

velocity in a mixture of negatively and positively buoyant particles. Thus many researchers 

have focused on the influence of suspension concentration on the settling or rise velocity of 

mixtures of particles with different densities. One of the earliest studies was that of Whitmore 

(1954), which investigated a system containing a suspending fluid with a density of 1.0558 

g/cm3, falling-spheres with a density of 1.1881 g/cm3 and a particle size of 96 µm, and 

suspended-spheres of the  same size as the falling-spheres and the same density of suspending 

fluid. They found that for total solids concentrations below about 10 vol.%, increasing the 

concentration of the suspended-spheres causes a decrease in the segregation rate of the 

falling-spheres. However, above 10 vol.%, the settling rate increases significantly. This 
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behaviour was attributed to hydrodynamic forces between the particles creating instabilities 

in the suspension. These instabilities led to the formation of vertical streams, and hence 

increased the settling velocities due to pluming effects. There is, however, a limit to this 

effect. Relative settling rates defined as a ratio of the falling-sphere velocity in the presence 

of the suspended-spheres to that in the absence of the suspended-spheres peaked at a total 

solids concentration of about 37 vol.%. Beyond this, the dense packing of the system starts to 

become significant. Figure 3.1 shows the variation of the falling-sphere velocity as a result of 

increasing the concentration of the suspended-spheres. 

 

 
Figure  3.1: The variation in the settling rate of the falling-spheres as a function of the 

concentration of the suspended-spheres. Mixture made up of methyl-methacrylate polymer 

(falling-spheres) and polystyrene (suspended-spheres) in aqueous solutions of lead nitrate 

(Whitmore, 1954). 

 

Weiland and McPherson (1979) extended Whitmore’s study, examining the presence of a 

positively-buoyant phase and its effects on settling suspensions. They suggested that the 

presence of a large number of positively-buoyant particles can induce significant density 

convection in the suspensions. A schematic diagram of the settling pattern in their system is 

shown in Figure 3.2. The effect of positively buoyant particles on the sedimentation rate of 

heavy particles was also reported to be more significant than the effect of neutrally-buoyant 
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particles reported in Whitmore’s study. Both these studies used a measurement technique 

which was capable of causing convection in the suspensions, and hence potentially led to 

inaccuracy in their conclusions (Fessas & Weiland, 1981).  

 

 

 
Figure  3.2: Settling patterns of a suspension containing positively and negatively buoyant 

particles (Weiland & McPherson, 1979). 

 

Fessas and Weiland (1981) investigated the effects of buoyant particles on the sedimentation 

of heavy particles using a method that caused no disturbance to the suspension behaviour. 

They coated particles with a fluorescent dye and measured the behaviours by illuminating 

with ultraviolent light. Fessas and Weiland qualitatively observed the formation of clusters in 

the suspensions, moving up and down, forming a pathway for other clusters to move and 

hence forming a chain of clusters in the suspensions. This interesting behaviour can induce a 

bulk convective effect and hence increases the rate of settling. Figure 3.3(a) shows the 

velocity of heavy particles in the presence of positively-buoyant particles relative to that in 

the absence of the positively-buoyant particles (UH/U0
H). The system used in their study 

contained an aqueous solution of thallium formate with a density of 2.24 g/cm3 as the 

suspending fluid, negatively-buoyant and positively-buoyant particles with densities of 2.96 

g/cm3 and 1.4 g/cm3 and Sauter mean size of 100 µm, and 107 µm, respectively.   

 

t 
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(a) 

 
(b) 

Figure  3.3: The dependence of (a) negatively-buoyant particle relative settling rate on the 

concentration of positively-buoyant particles φL, and (b) light particle settling rate on the 

concentration of heavy particles φH (Fessas and Weiland, 1981 & 1982).  

 

In 1982, they extended this work further and suggested that the effects of the buoyant 

particles are much more significant when the density of the heavy particles is closer to the 

density of the fluid (Fessas & Weiland, 1982). Also, larger buoyant particles are much more 

effective than small ones in increasing the settling rate of the heavy particles. As shown in 

Figure 3.3(b), the rise velocity of positively-buoyant particles could also be increased by the 

presence of a heavy species (Fessas & Weiland, 1982).  

 

Table 3.1 summarises the studies in which enhanced settling velocities in bi-dispersed 

systems has been observed. According to these studies, at low total solids concentrations, the 

effect of the second species is to decrease the settling velocity of the other species, 

presumably due to standard hindered settling mechanisms. Only at higher total solids 
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concentrations are the particles in close enough proximity for the clustering and streaming 

phenomena to occur.  

 

Table  3.1: Properties of the systems in which an enhancement in the settling or rise velocity 

of species was reported (Batchelor & Van Rensburg, 1986). 

 
 

However, although streaming is often suggested as the cause of the enhanced settling rate, 

most of these studies do not actually provide any details about such structures or the 

mechanisms behind their formation (Batchelor & Van Rensburg, 1986). Fessas and 

Weiland’s study (1984) was the only one reporting the appearance of vertical fingers or 

streams, referred to as “lateral separation”. They described these fingers as vertical streaming 

columns 3.5 mm in diameter containing mostly the less populous species. These were 

reported to move through the high concentration of the more populous species, and thus 

result in a significant buoyancy driving force and a bulk movement in the suspensions. They 

were also the first ones reporting such hydrodynamics behaviour for bi-dispersed suspensions 

of negatively-buoyant particles with different densities. Figure 3.4 shows a photo of this 

phenomenon which occurs in such suspensions (Weiland et al., 1984). Thus prior to 

Batchelor and Van Rensburg’s study in 1986 there was a lack of information about the 

mechanisms behind this phenomenon and the critical conditions under which it may develop.  
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Figure  3.4: Streaming structures observed in a suspension containing negatively-buoyant 

particles with different densities. It is noted that properties of these systems are indicated in 

Table 3.1 (Weiland et al., 1984). 

 

3.2.2 Conditions for the development of bulk streaming motion 

Batchelor and Van Rensburg (1986) investigated the mechanisms behind settling velocity 

enhancement in concentrated bi-disperse suspensions. Their preliminary results showed and 

confirmed that for a suspension containing two types of particles between 10 and 100 µm in 

size at specific concentrations, uniformly dispersed, and settling under gravity, the particles 

of each species tend to gather together and move as streams. They referred to this 

phenomenon as bulk streaming motion and presented photographs to show its origin and 

details.  

 

They examined different case studies in detail to investigate the conditions under which bulk 

streaming motion develops. Four dimensionless numbers were defined to specify different 

suspensions. The ratio of species radii (λ = d1/d2), the ratio of their reduced densities γ = (ρ2 – 

ρf)/( ρ1 – ρf), and the volume fractions of each species (φ1 and φ2). They studied two cases, 

firstly the systems with constant λ and γ and various φ1 and φ2, and secondly for constant φ1 

and φ2 they examined different λ and γ values. The instability caused by small disturbances to 
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the statistically homogenous bi-dispersed suspension was found to be the reason for the bulk 

streaming motion. Regime maps were suggested for each case showing the instability in the 

suspension which led to an enhancement in the rate of particles settling or rising. It should be 

noted that owing to the random nature of the streaming structures that emerge, this 

phenomenon was very difficult to quantify. Therefore all the conclusions were taken using 

from a sequence of photographs and visual observations for two specific cases (Batchelor and 

Van Rensburg, 1986).   

 

Case 1: In the first case, λ = 1, and γ = -1, hence the system contained two species of the 

same size, but with positively buoyant and negatively buoyant species relative to the 

suspending fluid. In this case, at the end of a settling test in a vessel, two layers formed, a 

layer of light particles at the top and a layer of high density particles at the bottom of the 

vessel. As shown in Figure 3.5, they qualitatively defined four different classes of 

streaming/clustering behaviour. Blobs with a tail and a good photographical contrast (Figure 

3.5a) were shown to occur when the volume fractions of both species were large and nearly 

equal. Blobs with good contrast and columns with good contrast are shown in Figures 3.5b 

and 3.5c. Streaming columns with poor contrast are shown in Figure 3.5d. Good contrast 

indicates that the streams formed primarily from one species. Poor contrast indicates that the 

stream or cluster is difficult to recognise as it still contains significant concentrations of both 

species (Batchelor & Van Rensburg, 1986).  
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Figure  3.5: Photographs of the four different types of internal structures or streams observed 

by Batchelor & Van Rensburg (1986) which they classified as: a) blobs with tail and a good 

photographical contrast; b) blobs and a good contrast; c) columns with head and a fair 

contrast; and d) streaming columns with poor contrast. 

 

The regime map reported for Case 1, which is a system containing both positively and 

negatively buoyant particles, is shown in Figure 3.6. When the initial volume fractions of 

species are larger in a suspension, it is more likely to form blobs consisting mostly of one 

species, which shows a good separation. This behaviour leads to a significant buoyancy 

driving force. If the volume fractions of solids are small and the system is still unstable, the 

structures or streams formed in the suspension are classified as columns showing a poor 

separation. For stable systems, no coherent streaming structure is formed, although the small 

cluster formation may still exist in some cases. The classification called “marginally 

unstable” means that the formation of structures or streams is unclear and contrast is poor. In 

such systems, a slight increase in the mean velocity of the suspension may happen.  

 

 

a b 

c d 
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Figure  3.6: The regime map proposed by Batchelor and Van Rensburg (1986) to show 

instabilities for a suspension containing positively and negatively buoyant particles when λ = 

1, and γ = -1. System types:  indicates unstable systems, ▼ indicates the systems studied by 

Fessas and Weiland (1981 & 1984) classified as being marginally unstable and ○ indicates 

the stable region. 

 

Case 2: The second case studied by Batchelor and Van Rensburg (1986) was the systems 

with species volume fractions of 0.15 for each one, and λ and γ varied. The regime map 

associated with this case is shown in Figure 3.7.  
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Figure  3.7: Regime map showing the () unstable, (■) marginally unstable and (○) stable 

systems when φ1 = φ2 = 0.15 (Batchelor & Van Rensburg, 1986).  

 

A theoretical parameter (I’) was defined to indicate the stability in the suspensions.  

 

I’ = (δφ1u1/ δφ1 - δφ2u2/ δφ2)2 + 4 φ1φ2 (δu1/δφ2) (δu2/δφ1)             (3-1) 

 

where u1 and u2 are the velocity of species which depends on φ1, φ2, λ and γ. 

 

I’ = 0 defines the critical condition. For I’ < 0, the system was found to be unstable while for 

I’ > 0, it was found to be stable. This parameter was found to approach a positive limit when 

either φ1 or φ2 approaches zero, which means that near the abscissa and ordinate in Figure 3.6 

the system is stable and no streaming effect develops. For Case 1, λ = 1 and γ = -1, I’ was 

calculated to be zero when φ1 and φ2 approach a specific values around 0.09. This point 
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clearly lies on the stability boundary in Figure 3.6. When γ > 0, I' becomes zero for larger 

values of φ1 and φ2 compared to the case when γ < 0. In fact Figure 3.7 shows that the 

instability can also occur for some positive values of γ. 

 

As a conclusion, the instability in a suspension was found to lead to the formation of streams 

and hence an increase in the species’ settling velocity relative to the case where the other 

species was not present. This instability was shown to depend on four determining 

parameters, φ1, φ2, λ and γ. The interaction between these four parameters defines a parameter 

I’ that determines the boundary between the unstable and stable conditions in suspensions. 

The theoretical prediction of critical conditions for instability using parameter I’ was found to 

be consistent with the observations (Batchelor & Van Rensburg, 1986). 

 

3.2.3 Similar phenomena to bulk streaming  

3.2.3.1 Clustering and streaming in a gas-solid fluidized bed 

A phenomenon similar to bulk streaming motion in liquid-solid systems can also be seen in 

gas-solid fluidized beds, where it is referred to as cluster formation (Lim et al., 1995). 

Particles tend to gather together under specific hydrodynamic conditions, which gives 

completely different behaviour in terms of mass, heat and momentum transfer. Grace and 

Tuot (1979) related the formation of clusters to unstable dispersions of solid in the gas. Also 

in the bubbling regime of a fluidized bed, the bubble formation was reported to provide the 

mechanism for clustering phenomenon or instability (Cocco et al., 2010). There is not much 

information about the mechanism of this phenomenon in other fluidization regimes. The 

diameter of clusters was found to be related to their gravity and drag forces introduced to 

them (Horio et al., 1992). In fact when the solid particles move as a bulk in the suspension, 

their velocity increases due to a lower drag force compared to when they move as individual 

particles (Helland et al., 2007; Manyele et al., 2002). Figure 3.8 shows images of clusters 

formed in a solid-gas fluidized bed. 
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Figure  3.8: Formation of particles clusters in a gas-solid fluidized bed (Li et al., 1991). 

 

3.2.3.2 Shear thinning behaviour of concentrated suspensions  

Another phenomenon that bears similarities to bulk streaming is the shear thinning behaviour 

that occurs in concentrated suspensions. As shown in Figure 3.9, in concentrated suspensions 

which are in rest, or at low shear rates, the Brownian motion is dominant resulting in a 

random particles structure. In this random structure, the viscosity of the suspensions is 

independent of the shear rate. At high shear rates, the hydrodynamic interaction between the 

particles dominates the Brownian motion, and hence flow structures such as strings or sheets 

may develop. In these flow-structured suspensions, the viscosity is significantly lower than in 

the randomised-structured suspensions. Shear thinning behaviour occurs as a result of the 

transition between these two regimes, as the strings or sheets start to develop in the 

suspensions.  
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Figure  3.9: Shear thinning behaviour developed in a concentrated suspension at high shear 

rates (Rhodes, 2007). 

 

3.3 Inclined settling 

Inclined settling, first noted by Boycott (1920), provides an alternative method for increasing 

particle settling rates. Boycott observed that blood corpuscles settled much faster in an 

inclined tube rather than a vertical one. In one of his observations, after 20 hours, the clear 

proportion of the blood suspension was reported to be 4% in a vertical tube while 35% in the 

tube inclined about 45°. Since his observation, this effect is often referred to as the “Boycott 

effect”. At that time, this phenomenon was interpreted to depend on the vertical height of the 

suspension. Since Boycott’s observation, many investigations have been conducted to 

examine and analyse this method for increasing particle settling rates. It has practical 

application in the field of gravity settlers. Gravity settlers with inclined plates have a much 

higher effective area for sedimentation and hence increased capacity per unit footprint area 

occupied.  

 

One explanation for the Boycott effect is that it is due to the ease of passage of the displaced 

water through the clear liquid zone beneath the downward facing wall of the inclined surface 

(Lundgren, 1927, 1928). In 1949, Kinosita reported an enhancement in velocity up to about 
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100 times larger than that in a vertical container due to convection near the sedimentation 

boundaries, and assumed that this convection was the reason for the Boycott effect.   

 

Many models have been proposed to predict the settling rates in inclined channels, but all 

have used some assumptions about the interface shape. Ponder (1925) and then Nakamura 

and Kuroda (1937) proposed the first models to predict inclined settling. Their model was for 

an inclined and rectangular tube, as shown in Figure 3.10 (a). In their models, the clear water 

emerging from the suspension was assumed to join the water layer (h) above the horizontal 

interface. In other words, there was no layer of water underneath the upper wall of the vessel 

considered. At time t, the thickness of the clear water layer was h(t), and after dt, the 

thickness of the clear water layer increases to h + dh. They proposed this thickness increases 

with time as: 

 

h = (B + A sinΩ) [1 – exp(-u (sinΩ) t/A)]               (3-2) 

 

where Ω is the inclination angle relative to the vertical, A is the width of the tube, B is the 

height of the suspension in the tube compared to its upper corner, and u is the settling 

velocity in a vertical tube. 

 

The above equation estimates the upper limit for the sedimentation rate obtained in an 

inclined vessel. Later a lower and more accurate sedimentation rate was predicted by 

inserting an empirical coefficient into the above equation (Graham & Lama, 1963; Vohra & 

Ghosh, 1971). More recently, as shown in Figure 3.10 (b), the thin layer of clear water 

underneath the downward facing wall (h’) was considered and combined with the clear water 

above the interface (h), leading to a more complex model for predicting the sedimentation in 

inclined vessels (Zahavi & Rubin, 1975).  

 



58 
 

 
(a) 

 
(b) 

Figure  3.10: (a) Inclined settler related to the PNK theory (Hill et al., 1977), and (b) Inclined 

settling considering a more complex clear water-suspension interface  

(Zahavi & Rubin, 1975). 

 

The settling of particles within inclined devices is best described using two dimensionless 

numbers: the Grashof number is the ratio of the (buoyant) gravity force to the viscous force, 

and the Reynolds number is the ratio of inertial force to the viscous force (Acrivos & 

Herbolzheimer, 1979; Davis et al., 1982). Ponder (1925) and Nakamura and Kuroda (1937) 

studied inclined sedimentation based on the geometrical and kinematic aspects and have 

suggested the velocity of the particles in an inclined container compared to that in a vertical 

one, known as the PNK theory, is: 

 

U’/u = (1 + (B/A) sin Ω))                 (3-3) 

 

where U’ is the settling velocity in an inclined container, u is the settling velocity in a vertical 

container, B is the vertical height of suspension, A is the space between the plates and Ω is the 

angle of inclination with respect to the vertical. The validity of this approach has been 

examined in several studies. According to these investigations, this equation can be used to 

predict the settling velocity of particles in an inclined channel with the following 

characteristics (Acrivos & Herbolzheimer, 1979):  

 

- Mono-disperse suspensions  

- Uniform suspension concentration 

- Low particles Reynolds number giving laminar flow   
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- Large ratio of sedimentation Grashof number to Reynolds number  

- The interface between clear fluid and suspension remains stable 

 

The Grashof number and Reynolds numbers are defined by: 

 

Gr = l3 g ρf (ρs – ρf) φ0/µ2                 (3-4) 

 

Re = ρf l ut/µ                               (3-5) 

 

where l is defined as the characteristic length of macroscale motions which Hill et al., (1977) 

reported to be equal to the vertical height of the suspension (B), φ0 is the initial volume 

fraction of solids in suspension, and ρf and ρs are the liquid and solid densities, respectively. 

The particle terminal settling velocity is shown by ut and defined as equation 2-10. So the 

ratio of Grashof number to Reynolds number is calculated as: 

 

Λ = l2 g (ρs – ρf) φ0 / (µ ut)                           (3-6) 

 

In terms of the two dimensionless numbers which are usually used to explain the settling 

behaviour in a tilted container, a Grashof number equal to zero indicates non-convective 

flow. As the Grashof number increases the sedimentation time shortens. Further research on 

the settling rate of particles in a container with different shapes and orientation demonstrated 

that the settling velocity of particles in an inclined container may be several time faster than 

that in a vertical container due to the enhanced convection (Hill et al., 1977).  

 

Most studies of inclined settling have been for mono-dispersed suspensions (Probstein et al., 

1977; Probstein & Hicks, 1978; Herbolzheimer & Acrivos, 1981). Poly-dispersed 

suspensions, containing particles which are denser than the fluid, settling on an inclined 

surface have been studied by Davis et al., (1982) and Schaflinger (1985).  

 

A theoretical investigation of such systems to show the sedimentation in inclined channels 

was conducted (Davis et al., 1982; Davis & Gecol, 1996). For simplicity, the hindered 

settling velocity of particles was assumed to be given by the settling velocity calculated by 

Stokes law multiplied by a parameter related to total solids fraction in the suspension. The 
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settling behaviour of N distinct particle types was firstly calculated and then extended to a 

continuous size and density distribution. Several regions of different concentration were 

formed in the tilted container. All species exist in the lowest region. The next region does not 

contain the particles with highest settling velocity (i.e. N – 1 species are in this region, N – 2 

species in the next region and N – 3 species in the next). In the highest region, only particles 

with the lowest settling velocity can be seen. In addition sediment appears on the upward 

facing surface, and water exists in the higher region and beneath the downward facing plate. 

Therefore, the concentration of each species in each region was measured so that the settling 

velocity of the particles could be calculated. The schematic representation of this method for 

N = 3 is shown in Figure 3.11.  

 

 
Figure  3.11: A simplified model for predicting the particles settling velocity in an inclined 

container (Davis et al., 1982). 

 

More recently, studies have focused on the operational aspects and applications of inclined 

settling, examining the effects of operating conditions on their performance. It has been 

found that for a suspension containing light and heavy particles, the efficiency of the 

separator depends mostly on the feed rate, the ratio of the underflow rate to the feed rate, 

referred to as the split ratio, the solid content in the feed and degree of inclination. Because of 

hindered settling, increasing the feed solids content decreases the recovery. Also beyond an 

optimum feed rate, the recovery enhancement decreased with increasing feed rate. The degree 

of inclination also has a significant effect on the recovery and concentration of particles in the 
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underflow (Masliyah et al., 1989). When an inclined settler was used to classify particles, 

recycling the underflow stream was found to increase the separation efficiency.  A recycle 

stream is advantageous where the fine particles have the chance to be recovered from a 

coarse stream. These experiments were conducted in a rectangular settler for a dilute 

suspension of polystyrene bead particles and clearly showed the benefits of the recycle 

stream (Zhang & Davis, 1990).  

 

Increasing the effective area and decreasing the distance of settling were reported as two 

reasons for the enhancement of sedimentation rate in inclined containers (Davis & Gecol, 

1996). Unlike many separation processes, at a constant feed rate, the efficiency of 

classification (defined here as the mass of fine particles in the fine fraction divided by that in 

the coarse fraction) was shown to increase by increasing the feed solids concentration. At a 

higher feed solids concentration, there is a higher hindered settling effect and hence a lower 

particle settling velocity is obtained. Therefore fine particles are less likely to enter the 

underflow, leading to an increase in the efficiency. Also by increasing the fraction of slower 

settling particles in the feed, more hindered settling occurs which results in a higher 

proportion of slow settling particles reporting to the overflow. In conclusion, if the aim is to 

separate slow settling particles from faster settling particles, the efficiency can be improved 

by increasing the solid content of the feed (Davis & Gecol, 1996). Figure 3.12 shows a 

diagram of their inclined settler used to classify a suspension of four different species. 
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Figure  3.12: A continuous inclined settling of a suspension with four different species. Qo 

was adjusted such that only the two smallest species could be carried to the overflow  

(Davis & Gecol, 1996). 

 

Studies on inclined settlers led to the development of the lamella thickener, used in solid-

liquid separation. Of course there remained a problem in scaling-up the system to ensure the 

delivery of a uniform feed to multiple inclined channels, essential for achieving a sharp 

overall separation. The REFLUX™ Classifier, which incorporates a fluidized bed system, 

and overflow weirs across each channel, addressed this problem. 

 

3.4 REFLUX™ Classifier 

In 2000, Nguyentranlam and Galvin investigated the development of an innovative method of 

particle separation based on density and size. They aimed to develop a classifier operating at 

higher throughput that provided a better separation compared with conventional fluidized 

beds. They examined the combination of the high segregation rate obtained in inclined 

channels with the separation achieved in conventional fluidized bed technology. Their 

preliminary results and their simple model showed the large potential of the system for 

classifying particles based on their density and size.  
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Galvin and Nguyentranlam (2002) extended their previous work by investigating the 

influence of parallel inclined channels on a fluidized bed as shown in Figure 3.13. The 

inclined channels were placed at different vertical positions. Interestingly, the inclined system 

prevented the solids from being elutriated into the overflow. Suspensions with different 

concentrations could be formed even at superficial velocities higher than the particle terminal 

settling velocity. Therefore this novel system is also capable of processing higher feed 

throughputs when compared to conventional fluidized beds. In this system, relatively dense 

particles settle down onto the channels and slide down the upward facing surface of the 

inclined plates and return to the bed. However, relatively light particles are not captured by 

the channels and are elutriated from the bed. A continuous feed to the lamella plates leads to 

mixing, ensuring that the entrained fine particles in the lower zone can be separated and 

returned to the channels. This self-recycling effect led to the term “REFLUX™” and hence 

the separator was named the REFLUX™ Classifier (RC™).  

 

 
Figure  3.13: A fluidized bed with a system of inclined channels installed at its different 

vertical positions (Galvin & Nguyentranlam, 2002). 

 

In order to find a relationship between the segregation through the inclined channels and the 

fluidization in the fluidized bed, a first-order model was developed for a simplified system as 

shown in Figure 3.14(a). They used a few assumptions such as having a uniform velocity 

profile through the channel, and perfect mixing between the solids that slide down on the 

upward facing plate and the suspension in the fluidized bed in order to simplify the analysis 

(Galvin & Nguyentranlam, 2002).  
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(a) 

 
(b) 

Figure  3.14: (a) A schematic of a simplified system containing an inclined channel and a 

fluidized bed (Galvin & Nguyentranlam, 2002), and (b) a more complex analysis of the 

system (Doroodchi et al., 2004). 

 

The kinematic study on the bed expansion in a liquid fluidized bed connected to an inclined 

channel was theoretically and experimentally extended using mono- and bi-dispersed 

suspensions (Doroodchi et al., 2004). As shown in Figure 3.14(b), in their theoretical model, 

they assumed different zones of suspension formed through the channel, and considered the 

effects of the suspension length up through the inclined channel. In 2005, a fluidized bed 

coupled with inclined channels was used to for the first time to examine the classification of 

particles in a continuous steady-state process with both overflow and underflow removal. The 

aim was to achieve a sharp separation at a high feed solids concentration (Doroodchi et al., 

2005). This system named the REFLUX™ Classifier provided a higher segregation rate due 

to the enhanced sedimentation area given by the inclined channels. A full scale version of this 

system was then successfully trialled for beneficiation of coal in the size range of 0.25-2.0 

mm. The separation performance was found to be equivalent to that at the pilot scale in terms 

of d50 and Ep (Galvin et al., 2005).  
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3.4.1 The Laskovski et al. correlation 

Laskovoski et al. (2006) studied the semi-batch elutriation behaviour of particles from the 

RC™ and fitted their data to an empirical model that covered a wide range of experimental 

conditions (Eq. 3.7). This study was the first to provide a detailed assessment of the 

separation efficiency of a REFLUX™ Classifier with multiple inclined channels. A 

schematic diagram of the RC™ is shown in Figure 3.15. 

 

 
(a) 

 

 
(b) 

Figure  3.15: (a) A representation of the REFLUX™ Classifier as set up for semi-batch 

fractionation tests. In semi-batch tests, there is no underflow removal and no feed addition 

other than the initial batch of feed solids (Laskovski et al., 2006) & (b) A schematic diagram 

of the REFLUX™ Classifier showing its main dimensions (Li et al., 2014). 

 

First an expression for describing the theoretical throughput advantage (F’) was developed 

based on the segregation area of the inclined plates. Increasing the number of plates whilst 

keeping the total size of the unit constant, reduces the plate spacing z and thus increases the 

aspect ratio L/z and also the effective segregation area of the inclined channels. A kinematic 

approach was used to find the theoretical relationship between the throughput advantage and 
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aspect ratio L/z. This is an alternative expression to the PNK theory (Equation 3-3), given 

below as Equation 3-7. 

 

F’ = 1+ (L/z) cosθsinθ                  (3-7) 

 

where θ is the angle of inclination with respect to the horizontal. L and z are the length of the 

plates and the perpendicular distance between the plates, respectively. Equation 3-7 gives the 

increase in effective settling area compared to the area provided by a conventional fluidized 

bed with the same cross-section in the vertical section.  

 

Equation 3-7 predicts that the throughput advantage should be able to be increased 

indefinitely by adding more plates to reduce the plate spacing z. However, not all particles 

that settle on the surface necessarily slide all the way back into the vertical section. As 

discussed later in Section 3.4.2, the high shear forces in narrow channels increase the 

tendency of particles to be resuspended (Acrivos & Herbolzheimer, 1979; Rampall & 

Leighton, 1994) and so there is a limit to the benefit of increasing the aspect ratio. Beyond 

this limit the particles tend to be hydraulically conveyed to the overflow, and hence the 

separation size decreases. Therefore the term “segregation efficiency” was introduced as a 

measure of how close the performance is to the theoretical throughput benefit predicted by 

the simple theory behind Equation 3-7.  

 

The actual throughput advantage can be defined as the ratio of the superficial fluid velocity 

up through the fluidized bed and the terminal velocity of the largest particles reporting to the 

overflow. In a conventional fluidized bed, this ratio is equal to 1 (Callen et al., 2007). The 

segregation efficiency η is then defined as the ratio of the actual throughput advantage to the 

theoretical throughput advantage predicted by Equation 3-8 (Laskovski et al., 2006): 

 

Segregation efficiency η = (U/ut)/F’                           (3-8) 

 

F’ is the theoretical throughput advantage and U/ut is the actual throughput advantage. The 

Buckingham-Π dimensional analysis theorem was used to find a general expression for 

segregation efficiency. This efficiency is predicted to be a function of the particle Reynolds 

number, Froude number, the aspect ratio, and the d50. However, when Laskovski et al. (2006) 
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fitted their experimental data, the influence of the Froude number was found to be 

insignificant. The general correlation they found for predicting the segregation efficiency is: 

 

η = 1/ (1 + 0.133Rep
1/3 cosθ (L/z))                (3-9) 

 

Hence using equations 3-7, 3-8 and 3-9, the actual throughput advantage is: 

 

U/ut = [1 + cosθ sinθ (L/z)]/[1 + 0.133 Rep
1/3 cosθ (L/z)]           (3-10) 

 

In the limit as the aspect ratio approaches infinity, the actual throughput advantage 

approaches:  

 

U/ut = 7.5 Rep
-1/3                           (3-11) 

 

Although the re-suspension of particles decreases the segregation efficiency, the performance 

of the separation based on the density becomes more effective. Using the force balance on a 

particle suspended in a fluid given by equation 2-7, and applying the correlations for CD 

(Table 2.1) for Stokes’ and Newton’s regimes, and CD = 18.5/ Rep
0.6 proposed by Vance and 

Moulton (1965) for the intermediate regime, the proportionality of terminal settling velocity 

as a function of particles size and density is given by equation 3-12. Then using equation 3-

11, the proportionality of the superficial velocity required to achieve a separation as a 

function of particle density ρs and size dp in the RC™ can predicted by Equation (3-13): 

 

ut ~  (ρs – ρf)1/(2 – n) dp
 (1 + n)/(2 – n)                          (3-12) 

 

U ~ (ρs – ρf)2/(6 – 3n) dp
 n/(2 – n)                           (3-13) 

 

where n depends on the particle Reynolds number (n = 1 for Stokes’ law regime, 0.6 for 

intermediate regime, 0 for Newton’s regime). For a conventional fluidized bed, the 

superficial velocity is directly related to the terminal velocity U ~ ut, and ut and dp are related 

by ut ~ dp
(1+n)/(2-n). Hence, the dependence of superficial velocity on the particles size in the 

RC™ is less than that in a conventional fluidized bed. Table 3.2 summarises the dependency 

of superficial velocity on the particles size in a conventional fluidized bed and also the 

REFLUX™ Classifier for different regimes. This table shows that the separation efficiency 
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depends less on the particle size (Laskovski et al., 2006). It is clear that for Rep > 508.4, the 

superficial velocity in the RC™ is independent of particle size, which is used as an 

advantageous phenomenon in processes in which the aim is a separation based on particle 

density. 

 

Table  3.2: The dependency of the superficial velocity in fluidized beds and the REFLUX™ 

Classifier on particles size at different regimes (Laskovski et al., 2006). 

Regime Conventional fluidized bed REFLUX™ Classifier 

Rep < 1.9 (n = 1) U ~ ut ~ dp
2.0 U ~ dp

1.0 
1.9 < Rep < 508.4 (n = 0.6) U ~ ut ~ dp

1.1 U ~ dp
0.43 

Rep > 508.4 (n = 0) U ~ ut ~ dp
0.5 U ~ dp

0.0 
 

The potential of the REFLUX™ Classifier using an aspect ratio of about 200 for 

beneficiation of a minerals sand feed was studied by Zhou et al. (2006). At a throughput of 21 

t/(m2 h),  a recovery of minerals about 97% was obtained. A very high product concentration 

of about 100% for the particle size between 90 and 180 µm was also achieved. This work 

experimentally showed that in separating particles with a same size range but with different 

densities, a REFLUX™ Classifier with a high aspect ratio provided a more efficient 

separation. This finding was compatible with the Laskovski’s findings that in a system with a 

high aspect ratio, re-suspension of low density particles facilitates separation based on 

density and decreases the influence of particles size.  

 

3.4.2 Elutriation models for laminar high-shear flow in narrow channels 

Galvin et al., (2009) developed a theoretical model of the elutriation behaviour of particles in 

the REFLUX™ Classifier when the channels are narrow enough to promote laminar flow. 

Assuming a laminar flow in a channel, the local velocity of the fluid introduced to the particle 

(u) is measured by Equation (3-14) (Bird et al., 1976): 

 

u = 6Ux (1 – x/z)/z                (3-14) 

 

when U is the superficial velocity, x is the particle distance from the upward facing plate, and 

z is the channel spacing. At the critical condition for elutriation to occur, the local velocity 

would be equal to the terminal velocity of the particle. When the flow through the channels is 

laminar, near the wall (x<<z), the velocity gradient is approximately linear,  
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u = 6Ux/z                         (3-15) 

 

so particles resting on the inclined plates experience a local flow velocity u proportional to 

their diameter (Figure 3.16). It was assumed that a particle will elutriate when the tangential 

component of its settling velocity, utʹ, is less than the local velocity. This condition causes the 

power-law dependence of elutriation velocity on particle size to decrease by one. Hence the 

elutriation velocity should become more sensitive to particle density. In particular, for 

particles in the intermediate settling regime where the dependence of ut on particle diameter 

is only ~ 1.1 (Table 3.2), the dependence of elutriation velocity on size in a laminar flow field 

is predicted to drop to close to zero, making the separation almost entirely dependent only on 

particle density. These predictions were confirmed experimentally in semi-batch elutriations 

tests where it was found that narrow channels leads to a remarkable suppression of the 

influence of particle size on the separation density, as shown in Figure 3.17 (Galvin et al., 

2009). Figure 3.17 also shows that the dependence of elutriation velocity on the particles size 

in a conventional elutriator is significantly large. So, a wide size range of particles of a given 

density are conveyed within a narrow range of hydraulic velocities.  It should also be noted 

that the high shear rate through the inclined channels facilitates the flowability of the 

suspension and hence assists to prevent channel blockages. Also a more uniform flow is 

obtained through the narrow channels due to the larger pressure drop (Galvin et al., 2009). 

Later work confirmed that these benefits of narrow channels were also conferred in 

processing fine particles (Walton et al., 2010) and continuous steady-state separations 

(Galvin et al., 2010).  
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Figure  3.16: (a) The parabolic velocity profile for laminar flow in a narrow channel gives (b) 

a near linear velocity field close to the wall, such that the local conveying velocity u 

experienced by particles is approximately proportional to their size (Galvin et al., 2009). 

 

 
(a) 

 
(b) 

Figure  3.17: The dependency of elutriation velocity on the particles size for (a) a 

conventional elutriator and (b) a REFLUX™ Classifier with 1.77 mm spacing  

(Galvin et al., 2009). 

 

 

(a) (b) 
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Galvin and Liu (2011) developed a more accurate model of particle elutriation by including 

the effect of the shear-induced lift force. According to this model, not only does the local 

flow velocity need to exceed the tangential component of the particle’s settling velocity, but 

there must also be a shear-induced lift force that is large enough to lift the particle off the 

surface.  

 

 
Figure  3.18: The equilibrium condition for a particle in a channel subjected to a laminar flow 

(Galvin & Liu, 2011). 

 

As shown in Figure 3.18, the critical lift force (Lf) should be also equal and opposite to the 

component of the particle’s net weight force acting perpendicular to the plate (Fn). They 

proposed an equation for the calculation of lift force as: 

 

Lf = 0.0567Rep
0.8ργ2dp

4                (3-16) 

 

where γ is the shear rate calculated by differentiating equation 3-14: 

 

γ = 6U (1 – 2x/z)/z                (3-17) 

 

 ut´ 
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Based on equations 3-16 & 3-17 narrowing the channels increases the shear rate, leading to 

an increase in the lift force introduced to the particle. Therefore the vertical component of the 

lift force (Lf) would increase in this case, and hence the particle is more easily elutriated 

(Galvin & Liu, 2011). 

  

3.5 Combined effects of Inclined Settling and Bulk Streaming Motion 

The batch settling behaviour of concentrated bi-dispersed suspensions of positively and 

negatively buoyant particles in an inclined settler was studied by Law et al. (1988).  They 

measured the variation of bed height for each component versus time to indicate the velocity 

of each species, as shown in Figure 3.19. The heavy particles were dyed in order to be 

visually distinguished from the white light particles.  

 

They carried out a comprehensive experimental and theoretical investigation on settling and 

rising velocity of suspensions at different concentrations of light and heavy particles in either 

vertical or inclined settlers. The Boycott effect was investigated by changing the inclination 

angle of the channels. They found that total solids concentration less than 16 vol.% hindered 

the settling and rising velocities of particles (Figure 3.19a). They were also the first to 

provide a photographical evidence of the bulk streaming motion phenomenon in systems with 

total solids concentrations greater than 35 vol.% (Figure 3.19b). 
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(a) 

 
(b) 

Figure  3.19: A system of light (white) and heavy particles (pink) in an inclined vessel at 

volume fractions of (a) 0.08 for each one, and (b) 0.20 and 0.15 for light and heavy ones, 

respectively (Law et al., 1988). 

 

They adopted the PNK theory for the bi-dispersed systems, and found it worked well in 

predicting the experimental data when the total solids concentration were lower than 16 

vol.%, while for higher concentrations, they assumed that an additional mechanism of the 

bulk streaming motion phenomenon should be considered.  

 

MacTaggart et al., (1988) extended the initial work of Law et al. (1988), by evaluating the 

influences of both Boycott and streaming phenomenon on separation of particles in two 

systems. They investigated the effects of the vessel’s dimensions, inclination angles and 

initial solids concentrations on the separation performance. The properties of the system used 

in their study are indicated in Table 3.3. Both phenomena were reported to affect the settling 

and rising velocity of the heavy and light particles, depending on the channel geometry, 

particle and fluid properties and the degree of inclination. A sample of their results is shown 

in Figure 3.20. This figure shows the velocity of light particles at different inclination angle 

compared to their terminal velocity (uθlb/u0
lm) at different concentrations of heavy particles. It 
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was found that by increasing the inclination angle from vertical, the light particle velocity 

increases and reaches a peak depending on the initial concentration of the species. At an 

inclination angle of 20° from the vertical, at the heavy particle concentrations of 10 vol.%, 15 

vol.% and 20 vol.%,  uθlb/u0
lm of about 2 times, 4 times and 5 times were achieved. These 

enhancements reflect the combined effects of the inclined settling and the bulk streaming 

motion. It is noted again that the enhancement in particle velocity was reported to be different 

for various systems.  

 

Table  3.3: Properties of the system and geometrical dimensions of the vessels used to 

examine the combined effects of Boycott and bulk streaming motion phenomenon  

(MacTaggart et al., 1988). 

 Particle species Suspending fluid 
 

 
Polystyrene 

(PS) 
Polymethyl methacrylate 

(PMMA) 
Aqueous NaCl 

System 1    
ρ (g/cm3) 1.05 1.186 1.120 
dp (cm) 0.0241 0.0231 - 

µ (g/(cm s)) - - 0.0141 
System 2    
ρ (g/cm3) 1.050 2.835 1.23 
dp (cm) 0.0438 0.0133 - 

µ (g/(cm s)) - - 0.1543 
Geometry Spacing (cm) Width (cm) Length (cm) 
System 1 4 6 80 
System 2 3 8 80 

 

This work (MacTaggart et al., 1988) was the first to investigate the combination of bulk 

streaming motion phenomenon and the Boycott effect on the sedimentation of a bi-dispersed 

suspension. The works of Law et al. (1988) and MacTaggart et al. (1988) were both on batch 

systems. There are no published studies of how the Boycott and bulk streaming motion 

effects influence continuous processes. There are also no data or theories to specify the 

critical concentrations under different operating conditions required for the streaming 

phenomenon to develop in an inclined settler. 
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(A) (B) 

Figure  3.20: Dependency of the light particles’ velocity relative to their terminal velocity 

(uθlb/u0
lm) on the angle of inclination θ of the channel for different initial concentrations of 

heavy particles φhb (MacTaggart et al., 1988). 

 

Note that when bulk streaming occurs in an inclined channel, the concentrations of particles 

near the upward and downward facing plates are not the same as their initial concentrations. 

The study (MacTaggart et al., 1988) showed that the channel’s dimensions played a strong 

role in determining whether bulk streaming motion occurred, which may reflect the effect of 

various concentrations near the walls for vessels with different dimensions.    

 

3.6 The Potential for separating cenospheres from fly ash in an Inverted REFLUX™ 

Classifier 

Figure 3.21(a) shows a schematic diagram of an Inverted REFLUX™ Classifier (IRC™). 

The inverted REFLUX™ Classifier can potentially provide some advantages over the 

standard REFLUX™ Classifier when it comes to the recovery of positively buoyant particles. 

Feed enters into the vertical section of the IRC™, where most of the cenospheres and some 

fine fly ash will rise towards the product exit, and most of the heavy fly ash particles and 

some fine entrained cenospheres are carried downwards to the inclined channels section. A 
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bed of low density particles can form in the upper part of the vertical section. Here wash 

water entering uniformly from the top of the IRC™ washes the unwanted entrained high-

density material back into the underflow. The strong segregation rate in the inclined channels 

helps prevent the loss of any entrained fine cenospheres by returning them to the fluidized 

bed section of the IRC™ from where they can find their way back up to the low-density 

product. Therefore in this thesis, owing to the low density of the cenospheres relative to 

water, the performance of an inverted REFLUX™ Classifier was investigated.  

 

 
(a) 

 
(b) 

Figure  3.21: (a) A schematic diagram of an Inverted REFLUX™ Classifier and (b) bulk 

streaming motion phenomenon hypothesised to occur for   negatively buoyant fly ash and  

positively buoyant cenospheres. 

 

The concentration of positively buoyant cenospheres in fly ash is of the order of about 1 wt.% 

or about 2 vol.%. So according to the literature, it seems this would not be sufficient to 

trigger the bulk streaming phenomenon. However in a continuous process, the reflux of 

captured buoyant particles back into the vertical section has the potential to increase the 

concentration of cenospheres inside the IRC™. In addition the very large density difference 

between fly ash and cenospheres can also increase the likelihood of streaming, despite the 

Tailings

Fluidization/Wash 
Water

Feed

Product
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low feed concentrations. A simple representation of the phenomenon hypothesised to occur 

for a mixture of fly ash and cenospheres is presented in Figure 3.21(b).  

 

3.7 Summary 

In this chapter, two important effects that enhance the settling velocity of particles in 

suspensions were reviewed. First, in concentrated bi-disperse suspensions of particles of 

positive and negative buoyancy, there is a tendency for particles to move as a stream or 

viscous finger, referred to as bulk streaming motion. The origins of this phenomenon were 

explained by Batchelor and Van Rensburg (1986). This phenomenon was found to develop at 

specific species concentrations due to instabilities in the suspensions. However, whilst an 

empirical regime map was developed, there is a lack of any well-developed theory for 

making predictions about when this phenomenon will occur. This makes it hard to predict 

whether it will occur in a continuously operated inverted REFLUX™ Classifier, where 

conditions are quite different to previous studies of vertical batch settling.  

 

The second important phenomenon reviewed is the enhanced settling that occurs in inclined 

channels, the Boycott effect. Developments on the inclined settling area were explained, 

introducing an innovative method of particle separation called the REFLUX™ Classifier. 

This method was shown to be very effective in separating particles based on their size and 

density. In particular, density-based selectivity is greatly enhanced when the channels are 

narrow enough for high shear laminar flow fields to develop. The development of theories 

that predict this effect was also outlined.  

 

There has been a limited amount of work studying batch systems which shows that the bulk 

streaming and Boycott effects can both act together. However, there is no published research 

on the conditions under which these two phenomena can occur together in continuous 

processes.  Finally the potential benefits of an Inverted REFLUX™ Classifier in separating 

positively and negatively buoyant particles were described. Whether these benefits do allow 

good separations to be achieved in an inverted REFLUX™ Classifier is the focus of the rest 

of this thesis.  
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4.1 Introduction 

This chapter briefly provides a detailed characterization of the fly ash and cenosphere 

particles. A typical fly ash feed sample was characterized in terms of surface morphology, 

elemental composition, density and size distribution, providing more detail of the fly ash feed 

properties and their possible effects on the separation performance.   

 

4.2 Experimental  

4.2.1 Experimental procedure 

Fly ash feed samples were sourced from a power station in Australia.  

 

4.2.1.1 Cenosphere grade 

Standard sink-float funnels of 1 L volume were used in order to determine the portion of 

cenospheres (defined as particles of density less than water) in a fly ash sample. A sink-float 

separating funnel is shown in Figure 4.1a. This method of analysis was used with great care 

to prevent any significant errors in the results. The initial entrainment (rafting) of fine fly ash 

and black unburnt carbon particles into the floats portion is shown in Figure 4.1b. To 

minimize this, during the first few hours of settling the floats layer in the funnels was gently 

agitated several times using a stirring rod in order to facilitate the release of the entrained 

particles, but without being vigorous enough to cause major re-mixing. The sinks layer of fly 

ash and unburnt carbon particles and the floats layer of clean cenosphere product are shown 

in Figures 4.1c and 4.1d, respectively. The separated sinks and floats were placed in an oven 

to be dried, and the grade of cenospheres in the fly ash was calculated using the mass of dried 

samples. The grade of cenospheres in a raw fly ash feed sample (i.e. the fly ash before 

agitation in the mixing tank and use in any runs) was measured to be 1.41 wt.%. 
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Figure  4.1: (a) A sink-float funnel, (b) a top view photo of the sink-float funnel showing the 

entrained fly ash and unburnt carbon particles with the cenospheres, (c) the released fly ash 

and unburnt carbon particles, and (d) obtained clean cenospheres at the end of the sink-float 

test. 

 

4.2.1.2 Particle size 

A subsample from sink and float portions was obtained for measuring the particle size 

distributions, using laser light scattering via the Mastersizer 3000. This equipment measures 

the volume-based size distributions of particles in a wet condition. A sieve shaker (Analysette 

3) was also used to measure the mass-based size distributions of particles in a dry condition. 

It is noted that for particles of constant density over the size range, and for particles of strong 

sphericity, these two size distributions should be equivalent.  

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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4.2.1.3 Particle density 

The density of the particles was also measured using a gas pycnometer. The measured density 

of particles using this method can be completely different to that measured by water 

pycnometry when the particles are porous. The pycnometer measures the occupied volume of 

the particles and then calculates the density. The gas pycnometer measures the volume of the 

particles including the volume of the accessible pores while in water pycnometry, the water 

may not penetrate as far into the pores due to the viscosity and resistance that arises from 

capillary forces, and hence a larger volume of particles will be measured. Therefore the 

density measured by the water pycnometer is equal to or smaller than that measured by the 

gas pycnometer. The density of a fly ash sample was measured to be 1895 kg/m3 and about 

1500 kg/m3 using the gas and water pycnometry methods, respectively. It should be noted 

that many of the fly ash particles contain fully enclosed air pockets, and hence their densities 

are below that of alumina-silicates. Further, for the purpose of this study the particles that 

have a density below that of water are deemed to be the cenospheres. 

 

4.2.1.4 Feed semi-batch fractionation 

As part of the feed analysis, a novel approach was adopted to quantify the density distribution 

of the feed. A REFLUX™ Classifier (RC™) with parallel inclined channels located above a 

liquid fluidized bed was used to fractionate the fly ash feed into different flow fractions with 

a narrow range of density. Note that this mode is very different to the IRC arrangement 

adopted in this study for recovering and concentrating the cenospheres on a continuous basis. 

The inclined section consisted of 23 stainless steel plates forming 24 channels with 

perpendicular spacing of 1.77 mm. Channels with close spacing are known to separate 

particles on the basis of their density, suppressing the effects of particle size (Galvin et al, 

2009; Galvin & Liu, 2011). The vertical section located below the inclined section is 1 m 

long with a cross sectional area of 100 mm × 60 mm. The fluidization water was introduced 

from the base of the vertical section. The fractionation process is run under semi-batch 

conditions. Figure 4.2 shows a simple representation of the semi-batch REFLUX™ Classifier 

process. 
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Figure  4.2: A simple representation of a semi-batch REFLUX™ Classifier process.  

 

The REFLUX™ Classifier (RC™) was used in its traditional form under batch conditions to 

elutriate the fly ash feed into several overflow fractions. A sample of the feed was added to 

the RC™. Different fluidization water rates were used to generate the flow fractions in an 

increasing trend. At the lowest fluidization rate, cenospheres and very low density fly ash 

particles were carried up through the lower vertical section and then through the inclined 

channels, reporting to the overflow. This process was continued until there were negligible 

particles reporting to the overflow. By increasing the fluidization rate, a second flow fraction 

of higher density was produced. This approach was repeated several more times. On 

completion the remaining particles in the vessel were used to form the densest flow fraction. 

The sink-float test was then applied to Overflow 1 in order to separate cenospheres from the 

fine fly ash particles. These overflow samples were then fractionated based on their size 

using the sieve shaker (Analysette 3) for 30 minutes at an amplitude of 2. It is noted that in a 

more accurate analysis, prior to dry sieving, a wet size separation at 38 µm was conducted on 

the overflows because the presence of slimes in the flows can lead to the formation of 

aggregates and hence generates errors in dry sieving. Each size fraction obtained from each 

flow fraction was placed in a gas pycnometer in order to measure the average density.  

 

Overflow

Feed slurry

Fluidization 
water

70° 
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4.3 Results and Discussion 

A data set characterizing a typical feed is presented in this section.  

 

4.3.1 Morphology and compositions 

A Scanning Electron Microscope (SEM) was used to examine the surface morphology of the 

particles in a fly ash sample. There were three main components observed. Figures 4.3a and 

4.3b show the white spherical cenospheres which are hollow inside. It is the air trapped inside 

the hollow cenospheres that makes these particles positively buoyant in water. Some 

cenospheres were broken and hence heavier than water and therefore were lost to the 

underflow tailings of the IRC™. The shell thickness of the cenospheres was observed to be 

less than 10 µm. 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure  4.3: (a) A spherical cenosphere (Length Scale = 10 µm), (b) a broken cenosphere 

(Length Scale = 20 µm), (c) an unburnt carbon particle and (d) heavy particles in fly ash 

(silica, alumina, calcium and unburnt carbon). In (c) & (d), the length scales shown are 200 

µm. 
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Another component in the fly ash is unburnt carbon, black irregular particles, exhibiting 

porosity as shown in Figure 4.3c. In wet conditions, if there is insufficient time for the water to 

penetrate inside the pores, these particles can float. In these experiments the feed slurry was 

mixed for several hours, ensuring the particles were fully wetted. Thus the black particles 

initially present in the floats samples decreased with time. The last component observed in the 

fly ash is the white dense particles mainly consisting of silicon dioxide, aluminium oxide and 

calcium oxide. Figure 4.3d shows these particles and the black unburnt carbon in the fly ash.  

 

Energy-Dispersive X-ray Spectroscopy (EDS) analysis was also carried out to show the 

chemical characterization of each component in the fly ash sample. Figure 4.4a shows that 

the black particles mostly consisted of carbon with small portions of other elements.  Figures 

4.4b and 4.4c show the elements in two different dense fly ash particles, illustrating that there 

is significant variation in the ratio of silica and alumina. In Figure 4.4d, the cenospheres are 

shown to also be mainly made of silica and alumina. It is because of this similar composition 

of the fly ash and cenospheres that flotation is ineffective for their separation. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure  4.4: X-ray spectroscopy component analyses of (a) unburnt carbon particles, (b) dense 

fly ash particles, (c) silicate fly ash particles and (d) cenosphere particles. 

 

4.3.2 Feed fractionation using the semi-batch REFLUX™ Classifier  

Table 4.1 lists the data for the double fractionation (by size and flow) of a fly ash feed 

sample. Using the semi-batch REFLUX™ Classifier process, the feed sample was divided 
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into 10 flow fractions (Overflow 1 to 10). Additionally Overflow 1 containing cenospheres 

and low density fly ash was divided into two fractions using the sink-float test. Each fraction 

was then sieved to 4 size intervals (-38 µm, -90 +38 µm, -180 +90 µm and +180 µm). The 

densities of all 44 portions were then measured using the gas pycnometer. The sample 

densities were found to range from 770 kg/m3 for cenospheres up to 2420 kg/m3. Table 4.1 

presents the mass fractions and densities of all portions, providing a better description of the 

size and density of the fly ash feed. Table 4.2 uses an interpolation method (Iveson et al., 

2015) to obtain the density and size distribution. It is noted that the mass of solids in some 

fractions was very small leading to slight errors in measuring their density. The presence of 

porous particles in the feed which as previously mentioned may show different hydrodynamic 

behaviour in wet and dry conditions can also produce slight inconsistencies in the 

fractionation data.  

 

Table  4.1: Double fractionation data of a typical fly ash feed sample  

(Preliminary experiment). 

Size (µm) +180 -180 +90 -90 +38 -38 
 
 

Overflow 

Mass 
Fraction 
(wt.%) 

Density  
 

(g/cm3) 

Mass 
Fraction 
(wt.%) 

Density  
 

(g/cm3) 

Mass 
Fraction 
(wt.%) 

Density  
 

(g/cm3) 

Mass 
Fraction 
(wt.%) 

Density  
 

(g/cm3) 
1-floats 0.07 0.85 0.87 0.78 0.40 0.77 0.00 - 
1-sinks 0.05 1.39 0.26 1.13 0.13 1.09 0.01 1.56 

2 0.02 1.53 0.09 1.14 0.15 1.04 1.48 2.21 
3 0.00 - 0.02 1.08 0.07 1.06 2.37 2.15 
4 0.02 1.31 0.36 1.36 1.34 1.63 6.53 2.10 
5 0.01 1.56 0.44 1.79 1.56 1.87 5.52 2.16 
6 0.17 1.72 0.90 1.44 2.15 1.65 3.25 2.07 
7 0.32 1.90 1.06 1.60 2.23 1.75 2.37 2.07 
8 0.79 1.95 2.57 1.73 4.23 1.86 1.80 2.03 
9 1.46 2.42 12.07 2.14 15.69 2.08 1.85 2.24 

10-remains 1.54 2.03 7.67 1.84 12.71 1.90 3.26 2.11 
 
 

Table  4.2: Interpolation of data in Table 4.1 to obtain the density distribution  

(Preliminary experiment). 

Density (kg/m3) 700-1000 1000-1500 1500-2000 2000-2200 2200-2500 
 
 

Size (µm) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

+180 0.07 0.08 1.68 1.06 1.57 
-180+90 0.87 1.55 13.30 5.63 4.99 
-90+38 0.40 0.84 25.26 8.65 5.56 

-38 0.00 0.00 0.70 22.72 5.05 
Total 1.34 2.47 40.94 38.06 17.17 



88 
 

 

Figure 4.5 shows the cumulative yield defined as the total amount of solids collected in the 

product at different density cut points. This figure shows that about 60 wt.% of the particles 

have a density higher than 2000 kg/m3. The fraction of particles less dense than 1000 kg/m3 

in the fly ash sample was as small as 1.3 wt.%, corresponding to the cenosphere grade in the 

fly ash sample measured earlier using the sink-float method.  

 

The separation of cenospheres from this fly ash feed in the IRC™ is examined in Chapter 6. 

Note that the cenospheres grade here may be overestimated as the water was not given 

sufficient time to penetrate inside the pores of particles, and hence some broken cenospheres 

and porous particles floated due to the air trapped inside their pores (please see Figures I.16 

& I.21). In contrast, in the main separation experiments in future chapters the feed was 

always well mixed for at least 4 hours before each experiment, thus giving time for the water 

to penetrate inside the particles’ pores. Therefore the grade of cenospheres measured here is 

expected to be higher than that in the IRC™ runs.  

 

 
Figure  4.5: Cumulative yield at different density cut points (preliminary experiment). 
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A more accurate fractionation run was conducted to divide the feed into 13 overflows. The 

first overflow containing cenospheres and fine fly ash was divided into sinks and floats 

fractions. The slimes are more likely to be present in first overflow. Therefore the fraction 1-

sinks and fractions 2-10 were wet split at 38 µm first and then particles larger than 38 µm 

were subjected to the dry sieving (-75, -150+75 and +150). Thus, the dry sieving was more 

accurate.  The same procedure as the preliminary run was used to generate results. Tables 4.3 

and 4.4, and Figure 4.6 present the fractionation results which are believed to be more 

accurate than the previous one. Again the mass of particles less dense than water 

corresponded to the cenospheres concentration in the fly ash measured in Section 4.2.1.1. 

 

Table  4.3: Double fractionation data of a typical fly ash feed sample (main experiment). 

Size (µm) +150 -150+75 -75+38 -38 
 
 

Overflow 

Mass 
Fraction 
(wt.%) 

Density  
 

(kg/m3) 

Mass 
Fraction 
(wt.%) 

Density  
 

(kg/m3) 

Mass 
Fraction 
(wt.%) 

Density  
 

(kg/m3) 

Mass 
Fraction 
(wt.%) 

Density  
 

(kg/m3) 
1-floats 0.15 810 0.89 780 0.38 780 0.02 830 
1-sinks 0.07 1310 0.28 1050 0.18 1020 1.10 2180 

2 0.01 1330 0.05 1070 0.08 1050 3.92 2230 
3 0.01 1220 0.08 1070 0.12 1100 4.29 2150 
4 0.01 1200 0.12 1110 0.18 1180 5.67 2130 
5 0.35 1640 1.99 1500 3.20 1640 12.31 2070 
6 0.71 1820 2.62 1700 3.15 1800 5.16 2090 
7 0.49 1880 1.59 1750 1.34 1830 1.30 2110 
8 0.81 1920 2.82 1820 2.76 1840 2.01 2100 
9 0.80 1980 4.44 1870 3.65 1880 1.96 2120 
10 0.49 2030 2.94 1930 3.48 1930 1.35 2170 
11 0.65 2290 5.73 2110 5.45 2090 1.50 2310 
12 0.39 2520 2.48 2470 2.91 2370 1.05 2580 

13-remains 0.07 1860 0.09 1680 0.11 1950 0.23 2440 
 

Table  4.4: Interpolation of data in Table 4.3 to obtain the density distribution  

(main experiment). 

Density (kg/m3) 700-1000 1000-1500 1500-2000 2000-2200 2200-2600 
 
 

Size (µm) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

Mass 
Fraction 
(wt.%) 

+150 0.15 0.20 2.99 0.76 0.92 
-150+75 0.89 1.53 15.72 3.67 4.32 
-75+38 0.38 1.64 17.56 3.43 3.99 

-38 0.02 2.88 2.88 29.85 6.24 
Total 1.43 6.25 39.14 37.71 15.47 
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Figure  4.6: Cumulative yield at different density cut points (main experiment). 

 

The difference between the results obtained from the preliminary and main fractionation is 

associated with the particles finer than 38 µm, suggesting that the wet size separation 

produced more accurate fractionation results.   

 

4.3.3 Particle size and density 

The volume-based size distribution measured by the laser scattering method (Malvern 

Mastersizer 3000) and the mass-based distribution generated from sieving (Analysette 3) 

should be identical if there is no size-dependence in the density distributions of the particles, 

and the particles are reasonably spherical. The cumulative size distributions of the 

cenospheres and fly ash based on the mass and volume measurements are shown in Figure 

4.7. The close agreement between the mass-based and volume-based size distributions of the 

floats cenospheres can suggest that there is very little size-dependence in the variation of 

density of these particles. The mass-based distribution of the sinks fly ash particles is also 

similar to the volume-based distribution. It is noted that for each sample, the sieve shaker was 

stopped every 15 minutes to examine the quantity of material below 38 microns. Sieving was 

0.1

1.0

10.0

100.0

0.0 500.0 1000.0 1500.0 2000.0 2500.0 3000.0

C
um

ul
at

iv
e 

yi
el

d 
(w

t. 
%

)

Density (kg/m3)

Feed grade = 1.4 wt.%



91 
 

continued until the mass variation was less than 2%. The required sieving time for the 

cenospheres and fly ash particles was found to be about 30 mins and 120 mins, respectively. 

It is also worth noting that comparing sizes measured by screening with those measured by 

light scattering is fraught with difficulty and assumptions. Hence no firm conclusions can be 

drawn other than that if there is any size-dependent variation in density, then it is not large. 

 

 
Figure  4.7: The mass-based and volume-based fractions of cenospheres and fly ash less than 

a given particle size. 

 

The cenosphere particles were then divided into three different density intervals (+900, -

900+800 and -800 in kg/m3) using water-acetone mixtures of different densities (Noda et al., 

1982). Cenospheres less dense than 900 kg/m3 formed around 80 wt.% of the cenospheres. 

Figure 4.8 shows the size distributions of the cenospheres for these three density intervals are 

almost the same.  
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Figure  4.8: The volume-based size distributions of cenospheres particles at different density 

intervals in kg/m3. 

 

4.4 Conclusions 

A typical fly ash feed sample was characterized in several ways. SEM images revealed that 

cenospheres, unburnt carbon and dense particles (i.e. silicon dioxide, aluminum oxide and 

calcium oxide) were the three main components of the fly ash. The elemental composition of 

these three components was measured by the EDS method, showing the same chemical 

compositions for cenospheres and fly ash. Furthermore, a double fractionation test was 

conducted on a fly ash feed sample, providing more detail on the size and density of particles 

in the feed.   

 

In the next Chapter, as a preliminary study, the separation of cenospheres from dense silica in 

the IRC™ is investigated first, and then the potential of the IRC™ for separating cenospheres 

from real fly ash feed is examined. 
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5.1 Introduction 

This chapter reports the results of preliminary experiments to study the potential of an 

Inverted REFLUX™ Classifier (IRC™) to upgrade and recover positively buoyant particles. 

This innovative enhanced gravity separation method combines a set of inclined channels 

mounted below a downwards fluidized bed. Initially a model feed is used, consisting of a 

mixture of commercial cenospheres and dense silica. Then this method is applied to the 

separation of cenospheres from real fly ash sourced from a coal-fired power station in 

Australia. The effects of different operating conditions such as fluidization water rate, feed 

rate and split ratio on the separation performance in the IRC™ are also examined. The 

analysis includes measuring the size partition curves.  

 

5.2 Background 

Gravity-based separation in water is the most obvious method for recovering cenospheres 

since the cenospheres are positively buoyant and the fly ash negatively buoyant. Considering 

the densities of cenospheres and fly ash as roughly 800 kg/m3 and 2000 kg/m3 respectively, 

equation 2-59 predicts that the free settling ratio will vary from around 5 down to 2.2 for 

Newton’s through to Stokes’ regimes respectively, indicating that there is potential for 

effective wet gravity separation (Wills, 1997). However, ultrafine fly ash will tend to split 

with the water, and hence tend to cause significant contamination of the rising cenospheres. 

Moreover, the rise velocity of the fine cenospheres is very low, meaning that long residence 

times are required for effective separation and also that many cenospheres are easily trapped 

beneath settling higher density solids.  

 

As previously discussed in Chapter 3, the system of inclined channels used in the 

REFLUX™ Classifier increases the rate of segregation, leading to a throughput advantage 

over conventional fluidized beds (Laskovski et al., 2006). For a cenosphere 50 µm in 

diameter and 800 kg/m3 in density, the particle Reynolds number is 0.014 (Equation 2-13), 

and hence the theoretical maximum throughput advantage at large aspect ratios is U/ut = 31 

(Equation 3-11). Thus the RELFUXTM Classifier has the potential to permit a feed rate some 

31 times greater than a conventional fluidized bed, for the same separation. However, even 

with this large throughput advantage, in the standard REFLUX™ Classifier there will still be 
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a strong tendency for ultrafine, high density, silica to split to the overflow and contaminate 

the cenosphere product.   

 

An Inverted REFLUX™ Classifier configuration can potentially reduce contamination of the 

overflow cenospheres by ultrafine silica through the washing action of the fluidization water 

entering through the top distributor, thus improving the cenosphere grade. This inverted 

fluidization will also have the tendency to entrain the low density cenospheres downwards; 

however, within the inclined channels, the cenospheres segregate strongly from the flow, 

returning to the upper fluidized bed zone and ultimately to the product overflow. Thus the 

Inverted REFLUX™ Classifier theoretically provides a powerful approach to both recover 

and to concentrate the positively buoyant cenospheres. The purpose of this chapter is to 

experimentally investigate the potential of this novel device, the Inverted REFLUX™ 

Classifier, in recovering and concentrating cenospheres, first from a model feed and then 

from real fly ash.  

 

5.3 Experimental 

5.3.1 Experimental equipment 

Figure 5.1 shows an Inverted REFLUX™ Classifier (IRC™), a system of parallel inclined 

channels installed underneath a liquid fluidized bed. As shown in Figure 5.1, the Inverted 

REFLUX™ Classifier consists of a 1 m long vertical zone with a cross sectional area of 86 

mm × 100 mm. A wash-water distributor with the same cross section as the vertical section of 

the IRC™ and a height of 110 mm is placed at the top. The chamber is narrowed down to a 

discharge port with a diameter of 20 mm. As shown in Figure 5.2, the fluidization water 

chamber includes 14 holes in each face (56 holes total), each with a diameter of 1 mm, to 

provide an even washing process. The inclined section, which is also L = 1 m long, has an 

angle of θ = 70° with respect to the horizontal. It consists of 7 stainless-steel plates, each with 

a thickness of 0.7 mm, forming 8 channels of perpendicular spacing of z = 9.5 mm.  

 

The feed enters 300 mm above the junction between the vertical and inclined zones. It was 

crucial the product rate be controlled via a pump given this flow rate was relatively low, 

hence natural fluctuations would have potential sampling implications for the short term 

recoveries. It was also important to ensure the system was full at all times, and in fact under 
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positive pressure, otherwise there was a risk the level of material in the system could decrease 

below the outlet, resulting in no product. Naturally, there needs to be one degree of freedom 

in the system to allow for natural fluctuations. This was achieved by incorporating an upper 

vent connected to the tailings line. Thus the rates of the feed, overflow product and a portion 

of the underflow tailings (Tailings 1) were all controlled by specific peristaltic pumps. The 

flow rate of fluidization water from the mains was adjusted using a valve and measured using 

a rotameter. The vent tube from the tailings discharge was extended to a level above the 

device, resulting in a positive internal system pressure. If tailings were observed via the vent, 

then the system had to be full, with a hydrostatic head at the product discharge equal to the 

vent elevation above the unit. The required discharge rate of the tailings via the vent was 

arbitrary. The primary requirement was that a flow occurred via the vent. Nevertheless, it was 

desirable that significant tailings discharged via the main underflow line, thus allowing the 

coarser particles to discharge immediately. If the coarser particles were forced to discharge 

via the elevated vent, sediment could develop and cause a blockage in the elevated line. It is 

noted that sufficient upwards flow was required in the tailings line to the vent to prevent 

unrecovered cenospheres from blocking the line. 

 

The Tailings 1 and Tailings 2 streams were combined, and then a sample of the combined 

stream was taken and analyzed in order to determine the composition of underflow tailings in 

the process. In general the rate of Tailings 1 was usually adjusted so that the excess Tailings 2 

stream to the vent was roughly the same flow rate as the fluidization water.  

 

Two pressure transducers were used in the vertical section of the IRC™ to measure the 

density of the suspension. The signal provides some indication of whether the system is 

operating at steady state, and the density value also indicates the likely grade of the product.  
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Figure  5.1: A schematic representation of the Inverted REFLUX™ Classifier used in this 

study. 

 

  
Figure  5.2: The fluidization water distributor with 4 water inlets to the chamber and 14 holes 

in each face of the distributor. 

Fluidization 
Water

Product 
(Overflow)

Tailings 1 
(Underflow 1)

Feed

70°  

Distributor

Channel Perpendicular 
Spacing = 9.5 mm

300 mm

Differential Pressure  
Transmitter

Open to 
Atmosphere

Tailings 2
(Underflow 2)

Feed Pump

Underflow Pump

Overflow Pump

Rotameter

Water inlet 

Discharge port 



99 
 

 

5.3.2 Feed preparation 

In the preliminary work a model feed, a mixture of silica flour (Sibelco, 400 G) and the 

7040S grade of Q-Cell commercial cenospheres (Potters industries), was prepared in a 

mixing tank with a volume of 1200 L. About 35 wt.% of the supplied cenospheres were 

actually measured to be denser than water (Li et al., 2014). This composition reflects the fact 

that most commercial products are contaminated with unwanted dense particles, due to the 

fundamental difficulty of desliming these products to remove these very fine dense particles 

using existing technologies. It is emphasized that only the cenospheres lower in density than 

water are the focus of interest in this thesis. Thus it was crucial to establish this fact 

concerning the model feed, given the performance of the separation experiments is measured 

in terms of the recovery of the particles of density lower than water. Thus the concentration 

of the positively buoyant cenospheres in the model feed was adjusted to be 0.51 wt.%. The 

feed total solids content of the slurry was diluted significantly, and measured to be about 8.3 

wt.%.  

 

In the preparation of the model feed, two important issues were considered and carefully 

addressed. The first one was the low tendency of the very buoyant cenospheres to wet and 

mix in water, and the second one was the high tendency of the dense fine silica particles to 

settle and form very firm sediments at the bottom of the feed tank. To address the first issue, 

the cenosphere and silica particles were kept mixed for several hours before each experiment 

to ensure an appropriate homogenous feed in the tank. Regarding the latter issue, the bottom 

of the mixing tank was checked for any sediment before starting the experiments to verify 

that proper mixing was occurring in the tank.  

 

In the second part of these preliminary studies, a real fly ash feed was used. The feed fly ash 

was sourced from an Australian coal-fired power plant. The grade of the cenospheres defined 

as the ratio of the cenosphere mass to the total solids mass in the feed was nominally 0.53 

wt.% and typically 30 wt.% of the cenospheres were finer than 50 µm. For this work, about 

350 kg of dry solid fly ash was mixed with almost 650 kg of water in a mixing tank, forming 

around 850 L of slurry with a solids content of 30-35 % by mass. A single tank supplied 

enough uniform feed for 3 h of continuous operation, which was more than enough time to 

reach steady state. 
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5.3.3 Experimental procedure 

The feed slurry was withdrawn via a vertical tube located near the inner wall of the tank, with 

its entrance elevated 100 mm off the base of the tank. This approach was essential given the 

strong tendency for the fly ash to sediment and pack tightly causing blockages when the flow 

or mixing ceased. The feed was pumped into the vertical section of the IRC™, about 300 mm 

above its junction with the inclined section.  

 

As previously mentioned, two pressure transducers fitted to the vertical fluidized bed section 

of the Inverted REFLUX™ Classifier measured the average suspension density above the 

feed inlet, providing useful information for monitoring the state of the system. It is noted that 

solids sometimes entered the pressure transducer tubes, causing some inaccuracies in the 

pressure readings. However the relative fluctuations of these values could be still used to 

indicate whether the experiment was at steady state. Another indication of how close the 

system was to steady state was to monitor the solids fraction of the product. This was done by 

regularly collecting samples in a measuring cylinder and then comparing the heights of the 

sediment layers formed after a given time. No significant changes in the volume fractions 

gives some indication that steady state has been reached. The time required to reach steady 

state depended on the experimental operating parameters such as the feed cenosphere and 

total solids concentrations, and the product and feed rates. In general, 2 h was usually 

sufficient. After reaching steady state, timed samples of the overflow product, underflow 

tailings, and the feed were collected, dried, weighed and then analyzed.  

 

During an experiment, the overflow and underflow streams were collected in separate 

buckets, which were later re-combined to use as feed in a subsequent experiment. To keep the 

feed particle size and grade constant for these later experiments, the following precautions 

were taken. First samples of the product and the tailings streams were always collected over 

the same time period.  Secondly, dried samples were never returned to the feed tank, as a 

precaution in case aggregation had occurred during drying. Finally, before removing the 

excess water that had been added as fluidization during a previous experiment, the overflow 

and underflow buckets were left for a few days to settle until a clear intermediate layer of 

water was observed between floating cenospheres and sunken fly ash. The excess water was 

then carefully withdrawn from this layer using a small tube. 
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5.3.4 Samples analysis for grade and recovery 

5.3.4.1 Gas pycnometry method 

The density of the dry samples was measured using gas pycnometry (Micromeritics AccuPyc 

1330). This machine calculates the sample density ρsolids by measuring the sample’s occupied 

volume, divided by its dried weight. An accurate determination of the proportion of 

cenosphere floats and fly ash sinks material in each sample requires a sink-float separation 

(Section 5.3.4.2). These measurements are tedious and time-consuming, so in some of the 

early work, a quick approximate method was used to estimate the separation performance 

based only on the average density of each sample measured using gas pycnometry. This 

method was based on assumed densities of the dense fly ash component (ρs) and the 

cenospheres (ρc). The grade Xc and the recovery of cenospheres (R) were estimated as:  

 

Xc = (ρsolids – ρs)/(ρc – ρs) × ρc/ρsolids                (5-1) 

 

R = (Xc Msolid)product /(Xc Msolid)feed                (5-2) 

 

where Msolid is the mass of solids in the relevant stream sample. 

 

The reason this approach is only an approximation is because the density of each sinks and 

floats fraction varies between streams. For instance, the density of the fly ash (sinks fraction) 

that appears in the overflow is typically lower than the density of the fly ash that appears in the 

underflow, especially when the portion of the fly ash in the overflow is relatively small. A 

sensitivity analysis was therefore applied, by calculating the product grade and cenosphere 

recovery using a range of different assumed fly ash densities, to quantify this uncertainty.  

 

The reason for using the above approximate method to calculate grades and recoveries was 

because of the much faster analysis time compared to carrying out tedious sink-float 

separations (Section 5.3.4.2). All that needed to be done was to dry each sample and measure 

its density using gas pycnometry, which could be done within 24 h of the experiment being 

completed. In contrast sink-float analysis took almost 5 days until accurate results were 

known. 
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5.3.4.2 Sink-float separation method 

The more accurate sink-float approach was also used to measure the composition of each 

stream. In this method of analysis, the samples were left in 1 L separating funnels for 24 h 

(Figure 5.3). In the preliminary experiments involving the model feed, owing to the high 

tendency of silica particles to form hard sediments in the funnels, small batches of these sinks 

particles were regularly discharged from the base of the funnels. After 24 h, most of the 

heavy particles were separated from the floating light particles. Some fine cenospheres were 

entrained to the sinks fraction where they were seen floating to the surface, and so these were 

collected and returned to the float phase. After this step the sinks and floats fractions were 

dried and weighed. The floats fraction is usually referred to as the “cenosphere” fraction of 

the sample, and the sinks component as the “fly ash” fraction. As noted in Chapter 1, in 

practice, not all cenospheres are lower in density than water. Some hollow particles can still 

be higher in density than that of water. However, in this thesis, the cenospheres are defined as 

those particles that are lower in density than water. This definition is consistent with the sink-

float method used to formally identify and hence quantify the grade of the cenospheres. 

 

The sink-float procedure was repeated for the feed, product and tailings streams. From these 

measurements the grade in each stream was calculated, and then using the cenosphere masses 

in each stream, the recovery of cenospheres determined. This sink-float approach was very 

time consuming and hence was reserved for only a few runs in this preliminary phase of the 

research.  
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Figure  5.3: Separating funnels used for sink-float measurements of the grade of cenospheres 

in product, tailings and feed samples.  

 

5.3.5 Mass balance reconciliation technique 

Given that perfect steady state is more a goal than a reality, and given the inevitable errors 

that occur during sampling and analysis, there is always a discrepancy between the inlet and 

outlet masses in each density/size interval. In this study, a standard method of mass balance 

reconciliation was used in order to minimize these errors and hence quantify more accurately 

the recovery and the grade. A Simplex algorithm was used to achieve a least squares data 

adjustment according to material balance requirements and an objective function based 

around the data adjustment (Galvin et al., 1995). Previous work by Galvin et al. has 

demonstrated the potential for data improvement. The consistency of the raw data was then 

indicated by a comparing the outlet and inlet masses, and the required adjustment to the raw 

data. This procedure, shown in Appendix A, includes all raw and reconciled data.  

 

5.3.6 Particle size measurement 

In the set of runs analyzed by the sink-float test, small samples from all streams were taken 

and subjected to particle size measurement using laser light scattering (Malvern Mastersizer 

2000). This machine measures the volume fraction of particles in each size interval. The 

volume frequency size distribution was then calculated by dividing the volume percentage 

Floating 
cenospheres 

Sunken fly ash 
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(vol.%) by the interval width (Δd). Mass balance data reconciliation was also applied to the 

size distributions of the float fraction of each stream. By using these reconciled size 

distributions, the recovery of the cenospheres as a function of the particle size was calculated 

resulting in the size partition curve. This result provides a clear measure of the size separation 

performance of the process. A sample partition curve was shown in Figure 2.10. 

 

5.4 Results and Discussion  

When the mixture of cenospheres and fly ash enters into the IRC™, most of the positively 

buoyant cenospheres naturally move upwards and exit via the product discharge line. The 

fluidization water washes away a significant amount of the dense fine particles that would 

otherwise be entrained with the exiting overflow product. However, the net downwards flow 

in the vertical section does carry some of the slow-rising fine cenospheres down into the 

inclined section. Here the enhanced segregation rate through the inclined channels, as 

previously mentioned, captures most of these particles and returns (refluxes) them back up 

into the fluidized bed section. Therefore the use of the inclined channels and the fluidization 

chamber potentially leads to an increase in the recovery and the product grade, respectively. 

 

Results are presented first for the preliminary experiments conducted on the model 

cenosphere/silica feed. Then the results are presented from the initial experiments using a real 

fly ash feed. The effects of fluidization water rate, feed rate and the product rate on the 

separation performance in the IRC™ are investigated. The main reason for the low recovery 

in the process is explored by studying the size separation in the IRC™. Also the evidence of 

density classification of cenospheres and fly ash is given. As previously noted, in this study, 

the product grade and cenosphere recovery were calculated based on mass-balance reconciled 

data. Therefore error bars are defined using a comparison between the results calculated from 

the balanced data and raw data. 

 

5.4.1 Model feed  

In the initial work, the Inverted REFLUX™ Classifier (IRC™) was used to process a model 

feed consisting of a mixture of silica flour with an average density of about 2670 kg/m3 and 

the 7040S grade Q-cell commercial cenospheres with an average density of about 470 kg/m3. 

The portion of the commercial “cenospheres” that floated in water was found to be about 68 
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wt.% with an average density of about 382 kg/m3. The density of the sink fraction was 

measured to be 1472 kg/m3. In this section, the floated particles (float fractions of 

commercial cenospheres) and sunken particles (silica flour and the sink fractions of 

commercial cenospheres) are simply named “cenospheres” and “silica” respectively. The size 

distributions of the cenospheres and silica in the feed of Run 1 are shown in Figure 5.4. All 

particles were finer than 100 µm, with the silica having a large fraction less than 10 µm in 

size, whereas there were almost no cenospheres less than 10 µm in size.  

 

 
Figure  5.4: The volume frequency size distributions of the cenospheres and silica fractions in 

the model feed of Run 1 (raw data).  

 

Table 5.1 shows the experimental data for different runs conducted on the model feed. The 

sink-float test was used to measure the product grade and cenosphere recovery. Feed slurry 

with about 8.3 wt.% solids and with a nominal cenosphere grade of 0.51 wt.% was prepared 

and fed into the device. In this set of experiments, the feed and wash water fluxes were kept 

constant at about 7.0 m3/(m2 h) and 0.87 m3/(m2 h), respectively, with the overflow flux 

varied from 0.07 up to 0.63 m3/(m2 h). So the underflow flux varied in a narrow range from 

7.24 to 7.8 m3/(m2 h). All flux values quoted here and in the following chapters are calculated 
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by dividing the volumetric flow rates by the horizontal cross-sectional area in the vertical 

section of the IRC™. 

 

Note that the free rise velocity of cenospheres of size 75 µm and density 300 kg/m3 is 

calculated to be about 7.23 m/h (Equation 2-13). This means that all cenospheres smaller or 

denser than the respective values given above can potentially be entrained by the downwards 

flux of feed in the vertical section of the IRC™. 

 

Table  5.1: Experimental parameters and results obtained from the four runs using the model 

feed. Note that the mass of cenospheres in the tailings samples, all samples of Run 4 and the 

feed sample of Run 3 were too small for the gas pycnometry method to measure their density. 

 Run 1 Run 2 Run 3 Run 4 
Feed Cenospheres Density (kg/m3) 353 391 - - 
Feed Cenosphere Grade1 (wt.%) 0.66* 0.58 0.56 0.27 
Feed Solids Concentration (wt.%) 8.6 8.3 8.3 8.3 
Feed Flux (m/h) 7.0 7.0 6.4 7.0 
Wash Water Flux (m/h) 0.87 0.87 0.87 0.87 
Overflow Product Flux (m/h) 0.37 0.17 0.07 0.63 
Overflow Cenospheres Density (kg/m3) 257 271 261 - 
Product Cenosphere Grade1 (wt.%) 70.6 85.3 82.7 64.5 
Tailings Cenosphere Grade1 (wt.%) 0.35 0.23 0.28 0.19 
Cenospheres Recovery2, RVc (vol.%) 68.6 67.0 61.4 N.A. 
Cenospheres Recovery1, RMc (wt.%) 60.6 59.6 49.8 31.3 
Equation 5-3: RVc = (ρcF/ρcP)RMc 83.2 86.0 - - 
d50 (µm) 21.5 29.0 26.0 - 
I 0.19 0.21 0.21 - 
1 Calculated using cenospheres masses obtained from the sink-float method.  
2 Calculated from reconciled volume fraction size distributions using two- product formula. 
* The grade of cenospheres in the feed for Run 1 was measured using a sample taken at the beginning of the run, 

whereas other feed grades are based on feed samples collected at the same time as the steady state product and 

tailings flows. 
 

5.4.1.1 Separation at different product fluxes 

In this set of experiments, the separation of positively buoyant cenospheres from silica 

particles was examined in the IRC™ at three different product fluxes of 0.37 m3 /(m2 h), 0.17 

m3 /(m2 h) and 0.07 m3 /(m2 h) (i.e. Runs 1, 2 and 3). The resulting overflow product grade 

and recovery are shown in Figures 5.5. As expected, increasing the overflow product rate 

resulted in a decrease in grade and increase in recovery. The grade decreased from around 80 
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wt.% down to about 71 wt.%, but there was an increase in cenosphere recovery from 50 wt.% 

up to about 61 wt.%. The reduction in grade is presumably due to the increased entrainment 

of fine silica as the overflow flux increases.  

 

It is noted that the grade and recovery values plotted in Figure 5.5 were calculated using the 

mass-balance reconciled experimental data. The error was found to be negligible for the 

grade values and hence is only showed for the recovery values. The error bars show the span 

of the three recovery values that can be calculated using the raw experimental data for the 

mass of solids in the feed, tailings and product (i.e. recovery = P/F, (F – T)/F and P/(P + T)). 

Sample calculations are shown in Appendix H.  

 

 
Figure  5.5: Product grade and cenosphere recoveries obtained at different overflow product 

fluxes for the model feed at constant feed and wash water fluxes of 7.0 m3/(m2 h) and 0.87 

m3/(m2 h), respectively (based on balanced data). The error bars show the span of calculated 

recoveries based on the raw measurements of feed, product and tailings masses. 

 

Figure 5.6 shows the size distributions of the cenosphere floats fractions in the product, 

tailings and feed for Run 2 with a product flux of 0.17 m3 /(m2 h). As clearly shown, the 

cenospheres in the tailings are much finer than that in the product. Most of the cenosphere 

losses were in the fine sizes, with around 50 vol.% of cenospheres in the tailings smaller than 
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20 µm.  As mentioned above, only the largest cenospheres with rise velocities greater than 

7.23 m/h can segregate directly to the product stream (in the absence of hindered settling). 

The majority would initially be entrained downwards and be carried downwards into the 

inclined channels. It is only the high segregation rate in the channels that allows most of these 

particles to be captured and returned to the vertical section, from where dispersion eventually 

enables them to start to force their way out via the product stream. However, this mechanism 

is clearly not sufficient to capture the particles below 20 µm in size. The free rise velocity of 

these cenospheres (for example those with a density of 300 kg/m3 and size of 10 µm) is only 

0.13 m/h (Eqn. 2-13), and thus they would require a throughput advantage of 7/0.13 = 54 to 

be captured in the channels. Using Equation 3-11, the throughput advantage of the IRC™ for 

this size and density of cenospheres is calculated to be only 24, which is much less than the 

required 54. It is noted that for the next section involving real fly ash and cenospheres with a 

density closer to water, the separation of fine particles would be even more difficult.  

 

 
Figure  5.6: Floats volume frequency size distributions in the product, tailings and feed 

streams from Run 2 on the model feed at a product flux of 0.17 m3/(m2 h). Raw data 

measured using Malvern 2000. 
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The cenosphere volume-based size distributions from each run were then material-balance 

reconciled and used to calculate the partition of cenospheres to the product stream as a 

function of their size. These partition curves are shown in Figure 5.7, and the calculated cut 

sizes and imperfections are given in Table 5.1. These show the volume-based recovery of 

different size fractions of cenospheres, which clearly show the poor performance below 20 

µm in size. The recoveries based only on cenospheres larger than 20 µm in size, were about 

78.0 vol.%, 76.4 vol.% and 69.0 vol.%,  while the  recoveries based on the entire size range 

were only around 69 vol.%, 67 vol.% and 61 vol.%, for Run 1, 2 and 3, respectively 

(decreasing overflow product flux).  

 

Note that the volume-based recovery (partition number) was calculated using the particle 

volume-based size distributions, whereas the mass-based recovery reported in Figure 5.5 was 

calculated directly from the sample solids masses and calculated cenosphere grades. The 

density of cenospheres in the product is lower than in the feed (Table 5.1), as expected due to 

their higher rise velocities. This explains why the calculated volume-based recovery is 

usually larger than the estimated mass-based recovery (Table 5.1). Equation 5-3 shows how 

the volume-based recovery is theoretically related to the mass-based one: 

 

RVc = (ρcF/ρcP)RMc                  (5-3) 

 

where RVc and RMc are the volume-based and mass-based recoveries, respectively, ρcF and ρcP 

are the average density of cenospheres in the feed and the product. However, as shown in 

Table 5.1, this over predicts RVc compared to the value calculated from the Malvern size 

distribution data. This may reflect differences between the apparent volumes measured by 

light scattering compared with the skeletal volumes measured by gas pycnometry. 
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Figure  5.7: Partition of cenospheres to the product stream for experiments with the model 

feed at a volumetric flux of 6.7 m3/(m2 h) and slurry with 8.3% solids by mass. Curves based 

on material-balanced data. 

 

A final experiment was performed using a model feed, but this time with a feed cenosphere 

grade of only 0.27 wt.%, which may be the case for some low grade raw fly ash feeds. In this 

experiment (Run 4), the feed and wash water fluxes, and the feed solids fraction, were set to 

the same levels used previously, but a higher product flux of about 0.63 m3/(m2 h)  was used 

to increase the recovery of cenospheres. These conditions resulted in a product grade of 64.5 

wt.%, but a recovery of only 31.3 wt.% . Hence although the inverted REFLUX™ Classifier 

has been shown to be effective at separating mixtures of positively and negatively buoyant 

particles, the recovery was much lower when processing feed with very low cenosphere 

grades. Assuming no difference in the feed particles size compared to the previous runs, this 

result suggests possible benefits from using feeds of higher grades, a hypothesis explored 

later in this thesis.  

 

In the next section, the potential of this innovative method for separating cenospheres from 
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5.4.2 Fly ash feed 

This section concerns the separation of cenospheres from real fly ash feeds using the IRC™. 

The separation of cenospheres from fly ash was first studied at a very high feed solids 

concentration to maximize the solids processing rate. Then the role of the fluidization wash 

water on the process was examined by conducting an experiment with no fluidization water. 

Then in the main part of this section, the effects of different operating conditions on the 

separation process are investigated. The experimental results are reported firstly on the 

effects of fluidization wash water flux; then, two studies are reported showing the effects of 

increasing the feed volumetric flux. The first of these additional studies involved a volumetric 

product flux set at 20 % of the feed flux, while the second involved a volumetric product flux 

set at 40 % of the feed flux. Finally, the effects of the volumetric split ratio (P/F), defined as 

the ratio of the product flux to the feed flux, on the separation performance is presented in 

detail. For this set of experiments, reported recoveries are based on both the entire size range 

and for a specified target size range (for example, greater than 50 µm), to show the losses of 

ultrafine cenospheres in the IRC™. Table 5.2 shows the experimental conditions for all 

experiments discussed in this section. 

 

Table  5.2: Experimental parameters in different runs on real fly ash feed (based on raw data). 

 

Feed 
Cenosphere 

Grade (wt.%) 

Feed Solids 
Concentration 

(wt.%) 

Feed 
Flux 
(m/h) 

Product 
Flux 
(m/h) 

Wash Water 
Flux (m/h) 

Volumetric 
Split Ratio 

(%) 
Run 5 1.2 50.1 6.7 0.18 0.87 2.6 
Run 6 0.93 49.3 6.6 0.36 0.87 5.5 
Run 7 0.81 49.1 7.0 0.70 0.87 10.0 
Run 8 0.73 51.1 7.0 0.68 0.00 9.8 
Run 9 0.49 30.1 7.0 0.70 0.87 10.0 

Run 10 0.60 31.3 7.0 1.4 0.87 20.0 
Run 11 0.51 32.0 7.7 2.7 0.87 34.5 
Run 12 0.71 32.0 6.4 2.8 0.35 43.6 
Run 13 0.71 32.1 6.4 2.8 1.7 43.5 
Run 14 0.78 32.1 6.3 2.7 2.8 42.2 
Run 15 0.65 35.1 3.6 0.75 0.87 20.9 
Run 16 0.50 34.8 13.9 2.8 0.87 20.3 
Run 17 0.65 35.0 3.8 1.4 0.87 37.6 
Run 18 0.61 35.4 9.8 2.1 0.87 21.4 
Run 19 0.72 34.6 9.9 4.5 0.87 45.1 
Run 20 0.72 35.3 12.6 5.3 0.87 42.2 
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5.4.2.1 Separation at a high solids concentration 

In Runs 5-7, a very concentrated feed slurry with about 50 wt.% fly ash solids was used. The 

feed flux was about 7.0 m3/(m2 h) in all experiments. As shown in Figure 5.8, at three 

different product fluxes of about 0.18, 0.36 and 0.70 m3/(m2 h), and fluidization water flux of 

about 0.87 m3/(m2 h), product grades of around 77 wt.% were achieved. However, as shown 

in Figure 5.9 the recovery of the cenospheres was very low at around 30 wt.% in all three 

experiments, reflecting the dominant negative effects of the high feed suspension viscosity on 

the process. 

 

5.4.2.2 Zero-fluidization water effects 

Figure 5.8 and Figure 5.9 also present the cenosphere grade and recovery obtained in Run 8, 

which had similar conditions to Runs 5-7 except without any fluidization water. A very poor 

grade of about 1.8 wt.% was achieved showing the very important role of the fluidization 

water in washing the fine fly ash particles away from the product. The recovery of 15.2 wt.% 

was also very low, reflecting the dominant negative effect of high suspension viscosity. The 

lack of the effective mixing needed to separate cenospheres from fly ash in the device is also 

the other reason for the low cenosphere recovery in this experiment (Run 8). As a result, it 

was decided to use a lower feed solids concentration in subsequent experiments.   
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Figure  5.8: Product grade obtained at different product fluxes in the IRC™ at feed solids 

concentration of about 50 wt.% (Runs 5-8). 

 

 
Figure  5.9: Cenosphere recovery for entire size range obtained at different product fluxes 

(Runs 5-8) in the IRC™ at feed solids concentration of about 50 wt.% based on reconciled 

data. 
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5.4.2.3 Effects of different operating conditions 

A feed slurry containing around 0.53 wt.% cenospheres and 30 – 35 wt.% solids was prepared 

and used in Runs 9 – 20. The densities of the cenospheres floats and fly ash sinks fractions 

were measured to be about 775 kg/m3 and 1873 kg/m3 respectively, using gas pycnometry. 

The size distributions of cenospheres and fly ash sinks in the feed slurry are shown in Figure 

5.10. The majority of the fly ash sinks particles is finer than 100 µm, while the cenospheres 

are mostly between 20 µm and 200 µm. Note that there are small peaks in the cenosphere 

floats fraction less than about 10 µm, most likely due to entrainment of very fine dense 

particles during the sink-float test.    

 

 
Figure  5.10: The volume frequency size distributions of the floats and sinks fractions in the 

fly ash feed slurry of Runs 9-20 as measured by a Malvern Mastersizer Model 2000 

 (raw data). 

 

In this section (Runs 9-20) the first two sub-sections focus on the effects of fluidization water 

and feed fluxes on the separation process. In these parts, four sub-plots are presented in each 

of the Figures. These plots show (A) the product solids flux, (B) the product solids density, 

(C) the product grade of cenospheres, and (D) the recovery of the cenospheres. The product 
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solids flux and product solids density data were measured experimentally and curves fitted 

through the data using the error minimization technique (formulas shown on the related 

graphs). These curves were then used to calculate the cenosphere grade and recovery values as 

continuous curves. It is noted that the curves were used to present the trends of data more 

clearly and to provide further data points under different operating conditions. 

 

Additional estimates of the cenosphere grades and recoveries were also calculated using 

Equations 5-1 and 5-2 directly from the raw gas pycnometry data, based on the assumption 

that the cenosphere density was ρc = 775 kg/m3 and performing a sensitivity analysis by 

varying the assumed product’s fly ash density (ρs = 1600 to 1830 kg/m3). All raw data and 

sample calculations are presented in Appendix B and H. 

 

In the last part of this section, the effect of the split ratio (P/F) on the separation process was 

examined using the accurate sink-float test, incorporating more detail on the particles size 

classification. 

 

5.4.2.3.1 Influence of fluidization rate  

The fluidization rate, defined as the flux of water applied through the distributor for the 

purpose of washing the slimes from the final product, was found to have a significant effect on 

the separation of the cenospheres in the Inverted REFLUX™ Classifier. Figure 5.11 (A-D) 

shows the effects of the fluidization wash water flux on the system performance, with the feed 

total volumetric and solids mass fluxes fixed at about 7.0 m3/(m2 h) and 2400 kg/(m2 h) 

respectively, and the overflow volumetric flux set at 40 % of the feed flux (Runs 11 – 14). 

From Figure 5.11A it is evident that the rate of product solids decreases exponentially as the 

wash water flux increases, reflecting the removal of unwanted ultrafine fly ash, and increasing 

losses of cenospheres. The average solids density of the product also decreases (Figure 5.11B), 

approaching the value of 775 kg/m3, which is the nominal density of the clean cenospheres. 

 

The smooth curves through data sets A and B were combined with the feed flux of the 

cenospheres, the clean cenosphere density of 775 kg/m3, and the assumed density of the 

overflow fly ash, to calculate cenosphere grade and recovery curves using Equations 5.1 and 

5.2 (Figure 5.11, subplots C and D respectively). It is evident that the cenosphere grade 

improved dramatically as the fluidization wash water flux increased. However, the recovery 
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decreased significantly. The sensitivity of the results to the assumed fly ash density in the 

overflow product was assessed by recalculating the performance using different fly ash density 

values. This uncertainty of fly ash density had little effect on the grade. However, as the 

recovery is directly calculated from the cenosphere grade and the total mass of solids in the 

product, a slight error in the grade curve can generate a large error in the recovery curve. So 

the effect of the uncertainty in the fly ash density on recovery was significant. 
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Graph B. 

 
Graph C. 
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Graph D. 

Figure  5.11: The influence of fluidization water on (A) product solid flux (B) product solid 

density (C) grade of cenospheres in product (D) recovery of cenospheres in product. Note 

that at the fluidization water flux of about 0.35 m3/(m2 h), the measured average solids 

density was about 1630 kg/m3 (Graph B), so it makes no sense to calculate grades or 

recoveries based on an assumed fly ash density of 1600 kg/m3. 
 

5.4.2.3.2 Influence of the feed rate 

The separation performance in the Inverted REFLUX™ Classifier was also investigated 

using two different ratios of the product rate to the feed rate. Clearly, a doubling of the feed 

rate results in a doubling of the feed cenosphere rate and hence there is, in principle, a need to 

double the product rate to maintain recovery.  

 

Case 1. Split ratio = 0.2 

Figure 5.12 (A-D) shows the effects of changes in the volumetric feed flux, with fixed 

fluidization flux of 0.87 m3/(m2 h), and a volumetric overflow flux set at 20 % of the 

volumetric feed flux (Runs 10, 15, 16 and 18). Once again, the first two graphs are based on 

precise experimental measurements, with smooth curves fitted. The other two graphs are 

again calculated from the first two graphs, with the usual assumptions applied to the 

0

20

40

60

80

100

0.0 0.5 1.0 1.5 2.0 2.5 3.0

R
ec

ov
er

y 
(w

t.%
)

Fluidization water flux (m3/(m2 h))

Curve fit - ρs=1800
ρs=1600
ρs=1700
ρs=1800
ρs=1830



119 
 

cenosphere and fly ash densities. It is evident that at low feed flux the product solids flux 

reporting to the overflow was negligible; however, the product flux suddenly increased once 

the feed flux increased above a critical level. This result is attributed to the effects of a fixed 

wash water fluidization flux, which generates a strong downwards net volumetric flux at low 

feed rates and so results in low product solids flux levels. The cenosphere grade is clearly 

very high at low feed fluxes due to the dominant effects of the wash water flux over the 

relatively low product flux. However, as expected, the grade declines with increasing feed 

flux.  

 

Two important factors, the fluidization water flux and the fluid velocity through the inclined 

channels, control the cenosphere recovery in the Inverted REFLUX™ Classifier. At a low 

feed rate and consequently a low product rate, the downwards fluidization water dilutes the 

upper zone. Under these conditions, the product rate is insufficient to recover all of the 

cenospheres, leading to a drop in the cenosphere recovery. By increasing the feed rate and the 

product rate, the role of the fluidization water in controlling the recovery decreases, allowing 

more cenospheres to be recovered. However, by further increasing the feed rate, the local 

fluid velocity through the inclined channels increases, resulting in more of the cenospheres 

being entrained to the underflow tailings stream. Therefore, interestingly, a strong optimum is 

apparent in the cenosphere recovery. This reflects the dominant effects of the fluidization 

wash water at low feed fluxes, and the limited residence time at high feed fluxes. 
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Graph A. 
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Graph C. 

 
Graph D. 

Figure  5.12: The investigation of feed flux variation (with ratio of product volumetric flux to 

feed volumetric flux set equal to 0.2) on (A) product solid flux (B) product solid density (C) 

grade of cenospheres in product (D) recovery of cenospheres in product. 
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Case 2. Split ratio = 0.4 

Figure 5.13 (A-D) shows the third series of results. This series is similar to that shown in 

Figure 5.12, except that the volumetric overflow flux of the product was set at 40% of the 

volumetric feed flux (Runs 11, 17, 19 & 20). Once again, at low volumetric feed flux values, 

the product solids flux was low due to the dominant effects of the fluidization wash water. As 

volumetric feed flux increased, the product solids flux increased rapidly to much higher levels 

than in the other experiments. Thus, in this case the grades were generally lower and the 

recoveries higher. These conditions make good sense in first stage processing where the goal 

should be to elevate the cenosphere grade to a satisfactory level, while insuring maximum 

recovery. 

 

 

 

 

 

 

 

 

 

 



123 
 

 
Graph A. 
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Graph C. 

 
Graph D. 

Figure  5.13: The investigation of feed flux variation (with ratio of product volumetric flux to 

feed volumetric flux set equal to 0.4) on (A) product solid flux (B) product solid density (C) 

grade of cenospheres in product (D) recovery of cenospheres in product. 
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5.4.2.3.3 Influence of the split ratio 

The experiments in this part (Runs 9-11) were analyzed using the sink-float test in order to 

obtain a more accurate measurement of the system performance. The system was fed at a 

solids flux of about 2300 kg/(m2 h), corresponding to a volumetric feed flux of 7.0 m3/(m2 h). 

At a low split ratio (P/F) (Run 9), a product grade of 76 wt.% was achieved, corresponding to 

an upgrade of 151. This is a remarkable result from a single separation stage. However, the 

recovery of the cenospheres was considered too low at 42 wt.%. By increasing the split ratio 

(Run 11), a significantly higher recovery of 64 wt.% was achieved, but at a much lower 

upgrade of 33. In another experiment with the same operating condition as in the last two 

cases, but at a moderate split ratio (Run 10), an upgrade of about 126 and a recovery of about 

49 wt.% were achieved. The variation of grade and recovery of cenospheres with the split 

ratio is shown in Figure 5.14. When the product flux is increased, slow settling fly ash 

particles are entrained resulting in a decrease in the grade of cenospheres in the product. At 

the same time, slow floating cenosphere particles will convey with the product stream, 

increasing the recovery of the cenospheres. 

 

 
Figure  5.14: Grade and recovery of cenospheres at different split ratios (Runs 9-11). 
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5.4.2.4 Variation in recovery with particle size 

The recovery values presented in the last section were based on particles covering the full size 

range. If these recoveries were reported with respect to a target particle size range of, for 

example, greater than 50 µm, the values would be significantly higher. To examine the drop in 

cenosphere recovery with particle size, the experiments in the previous section were analyzed 

in detail in terms of size classification.  

 

In all cases most of the losses were found to be attributed to ultrafine (less than 50 µm) 

cenosphere particles, being entrained to the underflow. As shown in Figure 5.15, at the 

volumetric split ratios of about 10 %, 20 % and 35 %, the total volume-based recoveries were 

about 56 vol.%, 67 vol.% and 80 vol.% , however, the recoveries of particles larger than 50 

µm were 66 vol.%, 80 vol.% and 91 vol.%, respectively. These results confirm that the losses 

involved relatively fine particles. 
 

 
Figure  5.15: Volume-based recovery of cenospheres obtained at different split ratios for the 

full particles size range compared with recoveries based only on particles larger than 50 µm  

(Runs 9-11). 
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Using the size distributions of cenospheres in the product, tailings and feed, a partition curve 

showing the recovery as a function of size was plotted for each experiment. As shown in 

Figure 5.16, increasing the product flux caused a decrease in the d50 as smaller cenospheres 

had a greater chance to exit in the product. Imperfection (I), which indicates the sharpness of 

separation, was almost constant, probably reflecting the constant feed conditions in all these 

experiments. The d25, d50 and d75, and I are presented in Table 5.3.  

 

 
Figure  5.16: Partition curves at different split ratios (based on volume-balance reconciled 

data) (Runs 9-11). 

 

Table  5.3: d25, d50, d75 and I for the runs at different product fluxes (Runs 9-11). 

 Product flux 
(m3/(m2 h)) 

Split ratio 
(vol.%) 

d25 (µm) d50 (µm) d75 (µm) I 

Run 9 0.7 10 48.0 59.0 88.0 0.34 
Run 10 1.4 20 43.0 52.0 68.0 0.24 
Run 11 2.5 35 30.5 36.5 49.0 0.25 
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5.4.2.5 Combined effects of product rate and fluidization rate 

The difference between the product flux, P, and wash-water flux, W, was found to be a key 

parameter, best represented by the difference, (P ‒ W), in controlling the product grades and 

cenosphere recoveries in the IRC™. As shown in Figures 5.17 and 5.18, the grade of the 

cenospheres in the product decreased as (P ‒ W) increased due to the entrainment of the 

dense fly ash particles, while the recovery of cenospheres in the product generally increased. 

The recovery data point at the highest (P ‒ W) value in Figure 5.18 was for an experiment 

conducted using an excessive feed flux, resulting in a decrease in the cenosphere recovery 

due to the high velocity in the inclined channels. In fact the peak is at the same location as 

those in Figures 5-12(D) and 5-13(D). Clearly, the net upward flux, (P ‒ W), is an important 

factor in controlling the grade and recovery of the product, similar to the so-called “bias flux” 

(Mohanty & Honaker, 1999) used in froth flotation to describe the effect of wash water 

addition.  

 

 
Figure  5.17: Product grade versus (P ‒ W) parameter for the experiments at different 

operating conditions. 
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Figure  5.18: Recovery versus (P ‒ W) parameter for the experiments at different operating 

conditions. 

 

5.4.2.6 Density-based classification of cenospheres and fly ash in the IRC™ 

Table 5.4 shows the density of cenosphere particles in each stream of Runs 5, 6 and 7, 

reflecting the density classification of particles occurred in the IRC™. Lower density 

cenospheres provide a higher buoyancy driving force and hence are more likely to be 

recovered in the product. On the other hand, denser cenospheres can be entrained to the 

tailings stream. A density classification also occurred for fly ash particles, as lower density 

particles were more likely to entrain in the product while high density particles were more 

likely to exit in the tailings. 

 

Table  5.4: Density of cenospheres and fly ash in feed, tailings and product of Runs 5, 6 & 7. 

Cenospheres density (kg/m3) Fly ash density (kg/m3) 
 Feed Product Tailings Feed Product Tailings 

Run 5 837 733 859 1922 1320 1920 

Run 6 825 713 974 1838 1510 1850 

Run 7 789 732 941 1878 1719 1865 
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Table 5.5 shows the detailed density and size distributions of the cenospheres particles in the 

feed, product and tailings of Run 5. As predicted, in each size interval, the cenospheres density 

in the product is generally lower than the density values in the tailings and feed. Considering 

the density of cenospheres in the feed in different size intervals, it is evident that there is no 

significant difference between the cenospheres average density over the particle size ranges. 

 

Table  5.5: Mass and density of cenospheres in feed, product and tailings for different size ranges 

(Run 5 based on reconciled data). 

 Feed Product Tailings 
Size 
(µm) 

Mass fraction 
(wt.%) 

Density 
(kg/m3) 

Mass fraction 
(wt.%) 

Density 
(kg/m3) 

Mass fraction 
(wt.%) 

Density 
(kg/m3) 

-63 33.81 836 6.61 712 47.82 832 
-106+63 47.27 828 51.14 700 45.27 880 

+106 18.92 857 42.24 780 6.91 887 
 

In fact, the rise and settling velocities of cenosphere and fly ash particles depend on both 

particle size and density. A more detailed analysis of the feed size and density distribution 

achieved using the novel, double fractionation technique, was provided in the previous chapter 

(Chapter 4).  

 

5.5 Conclusions 

The potential of the Inverted REFLUX™ Classifier system for separating positively buoyant 

cenospheres from dense materials was investigated via a series of preliminary experiments. 

The IRC™ consists of an inclined channel section, offering a very significant throughput 

advantage over conventional fluidized beds. A preliminary study involving the separation of 

commercial cenospheres from silica flour was carried out, showing the strong potential of the 

IRC™ to be used for separating cenospheres from real fly ash samples.  

 

The effects of different operating parameters on the separation performance in the IRC™ were 

investigated in this chapter. Results showed that the fluidization wash water is an important 

factor in controlling the grade and recovery of the cenospheres, providing a means for washing 

the entrained ultrafine dense fly ash from the product stream. Excessive fluidization, however, 

led to significant product loss. The product grade decreased as the feed flux increased, while 

the product recovery exhibited a clear optimum with respect to the feed flux. In general, as the 
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product flux increased relative to the feed flux, the recovery increased, and the grade 

decreased. Furthermore, increasing the split ratio led to an increase in the cenosphere recovery 

and a decrease in the product grade. The Inverted REFLUX™ Classifier is based on gravity 

separation, and hence most of the loss in cenosphere recovery was shown to be related to the 

ultrafine cenosphere particles, less than 50 µm in diameter. The difference between the 

volumetric rate of product and fluidization wash water, was found to be a parameter that 

provided a useful measure of the performance of the Inverted REFLUX™ Classifier under 

different operating conditions. It was also evident that the particle classification based on 

density also occurred within the two floats and sinks fractions, which was another important 

reason for the loss in grade and recovery.  

 

In the next chapter, a fly ash feed with a higher cenosphere concentration is used. With such 

high cenosphere concentrations, the separation of cenospheres from fly ash is hypothesized to 

be promoted by the combined effects of the inclined settling and the bulk streaming 

phenomena discussed in Chapter 3.  
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6.1 Introduction 

This chapter examines the enhanced separation of valuable positively buoyant cenospheres 

from negatively buoyant fly ash particles using an Inverted REFLUX™ Classifier (IRC™). 

The effect of varying the feed suspension density on the recovery and concentration was 

studied. Feed pulp densities ranging from 10 wt.% to 46 wt.% were tested. Using a 

sufficiently high fly ash concentration, it is hypothesised that a powerful bulk streaming 

phenomenon develops (Batchelor & Van Rensburg, 1986) within the inclined channels, 

enhancing the segregation of the positively and negatively buoyant species. The separations 

are assessed in terms of the partitioning of the cenospheres between the overflow and 

underflow exit streams. The separation is then investigated using different feed flow rates, 

providing the basis needed for ensuring optimum performance in future pilot scale 

investigation of this novel technology.  

 

6.2 Background 

The previous chapter presented the results of preliminary trials which demonstrated the 

potential of an Inverted REFLUX™ Classifier (IRC™) to concentrate and recover positively 

buoyant cenospheres from fly ash. This chapter builds directly on the previous one, utilizing 

dense medium effects (i.e. the enhanced buoyancy driving force of light particles and/or the 

bulk streaming motion phenomenon) to promote an even more powerful overall separation. 

 

In concentrated suspensions, equation 2-33 proposed by Richardson and Zaki (1954) is used 

to predict the hindered settling velocity. For a suspension involving mixtures of particles with 

varying densities, the behaviour is more complex and can be predicted based on the 

suspension average density using equation 2-36 proposed by Asif (1997). According to Asif’s 

equation, for cenospheres with a density of about 802 kg/m3 in a fly ash suspension of density 

1214 kg/m3 (38 wt.% pulp density, with the fly ash density 1863 kg/m3), the effective density 

difference driving force in the concentrated suspension is 412 kg/m3, compared with 198 

kg/m3 in a dilute suspension. These data, derived from the conditions of this study, give a 

dimensionless density ratio of 2.1:1. However, based on equation 2-31 proposed by Thomas 

(1965), the suspension viscosity, relative to the viscosity of the underlying liquid, increases 

by a similar factor, hence the pseudo fluid approach fails to predict any significant benefit.  

 



135 
 

 

Masliyah (1979) also developed equation 2-39 for the velocity of species in multi-component 

suspensions. Equations 2-33, 2-36 and 2-39 predict completely different species velocities in 

suspensions containing positively buoyant particles and dense particles. In such suspensions, 

as the heavy particles settle, the displaced water moves upward and hence enhances the rise 

velocity of the light particles. Moreover, for a suspension containing solids denser than water, 

increasing the suspension pulp density leads to an enhancement of the effective density of the 

suspension and hence increases the buoyancy driving force acting on the light particles. On 

the other hand, increased effective viscosity of the suspension hinders the rise velocity of the 

light particles.  

 

Figure 6.1 shows an analysis performed on a fly ash suspension containing 1 wt.% 

cenospheres (i.e. same as the experimental case study in this chapter) with a density of 802 

kg/m3 and a uniform size of 81 µm, mixed with 99 wt.% fly ash particles of density 1880 

kg/m3 and uniform size of 61 µm. The ratio of the cenospheres predicted rise velocity in the 

suspensions relative to their terminal free rise velocity is plotted at different feed solids 

concentrations. The Masliyah model predicts a peak in the cenospheres rise velocity with 

increasing solids concentration. This reflects the dominant beneficial effect of the increased 

suspension density at lower feed solids concentrations and the dominant hindering effect of 

the rapidly increasing suspension viscosity at higher feed solids concentrations. According to 

Richardson-Zaki equation, the velocity of positively buoyant cenospheres decreases with 

increasing solids concentration. In contrast, the Asif model predicts a steady increase in the 

cenospheres’ velocity with increasing solids concentration, which is clearly unrealistic. 

Predictions of these three models and their corresponding sample calculations are presented 

in Appendix F and H, respectively. 
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Figure  6.1: The rise velocity of cenospheres in fly ash slurry at different feed pulp densities 

predicted by three different models. 

 

In suspensions containing both positively and negatively buoyant species, under the specific 

conditions that lead to instabilities in the suspension, the particles from each species gather 

together and form a chain of clusters which move as a bulk. Therefore the velocities of the 

species increase due to the significant convective effects of these clusters or streams. The 

regime maps based around dimensionless quantities to describe the circumstances that would 

lead to the instabilities in the suspension were shown in Figure 3.6 and 3.7. For the case study 

involving λ = 1, ɣ = -1 and variable values of φ1 and φ2, based on Figure 3.6, the Batchelor & 

Van Rensburg (1986) model suggests that the cenosphere concentration within fly ash should 

be too low for instabilities to occur. However, in the vicinity of the downwards facing 

inclined surfaces much higher localised concentrations of the cenospheres should develop, 

hence the benefits arising from the associated instability of the suspension may still come into 

play. Indeed, as shown in Figure 6.2, there were visual signs of the formation of rising 

streams of concentrated cenospheres against the downward-facing surface of the channels. 
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Figure  6.2: The visual sign of the streams forming against the downward facing surface of the 

Inclined channel. 

 

It is therefore hypothesized that in the present study the beneficial streaming structure 

formation might be promoted by increasing the feed solids concentration of the fly ash. The 

dense medium also produces a higher effective buoyancy driving force, promoting the 

upward movement of the cenospheres, although the higher effective viscosity may counter 

this effect. The overall enhancement should be promoted further by the segregation that 

develops within the inclined channels, reflecting the combination of the two effects. In this 

study we investigate for the first time the segregation enhancement arising from the dense fly 

ash medium surrounding the cenospheres by examining the separation performance in the 

IRC™ as a function of the feed pulp density, at a fixed volumetric rate. Once optimised with 

respect to the feed pulp density, the operation is further explored as a function of the feed 

rate. 
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6.3 Experimental 

6.3.1 Equipment 

The Inverted REFLUX™ Classifier (IRC™) was applied to the separation of cenospheres 

from fly ash. As described in the previous chapter, the system of channels, inclined at an 

angle of 70° to the horizontal, consistent with the standard REFLUX™ Classifier, had a 

length of 1 m and a channel gap of z = 0.0095 m. Fluidization water, regulated by a 

rotameter, washes fine gangue particles from the rising product. Two pressure sensors 

installed in the vertical fluidized bed section provide a measure of the suspension density of 

the system. A net positive pressure was maintained using a stand-pipe arrangement, with a 

vented exit point located 1 m above the system. The system was operated by discharging 

some portion of the underflow tailings upwards through this vented exit point.  As discussed 

in chapter 5, this approach ensured the system remained full and prevented the pressure 

build-up in the device. A schematic representation of the experimental set-up is shown in 

Figure 5.1. 

 

6.3.2 Methodology 

The fly ash used in this study was sourced from an Australian coal fired power station. The 

grade of the cenospheres in the fly ash was in the order of 1 wt.%. Feed slurry of a given pulp 

density was prepared by mixing for several hours in the feed tank. The feed was extracted via 

a tube with its end point located 80 mm off the bottom of the feed tank. The feed was 

supplied to the IRC™ via a peristaltic pump, and entered the vertical section at an elevation 

300 mm above the system of inclined channels.   

 

When the fly ash entered the system there was a natural tendency for the positively buoyant 

cenospheres to rise upwards. However, a significant proportion would have been entrained 

downwards with the rest of the fly ash into the inclined channels. Moreover, the downwards 

fluidization wash water flow increased the tendency for the ultrafine fly ash to convey 

towards the entrance of the inclined channels. Meanwhile, the washed cenospheres were 

permitted to discharge via the central overflow exit point. 

 

The suspension of fly ash and cenospheres experienced a strong degree of segregation within 

the inclined channels, with the denser particles migrating towards the upward facing surfaces 
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and the positively buoyant cenospheres migrating towards the downwards facing inclined 

surfaces. These cenosphere particles had a strong tendency to then return back towards the 

vertical section of the IRC™, located above the inclined channels. Once steady state was 

reached, equally timed samples were taken from the product and the tailings streams in order 

to preserve the grade of the remaining cenospheres in the feed for future experiments. 

 

Note that the cenospheres grade in the fly ash feed was around 1 wt.% here which was less 

than that measured in Chapter 4. As previously discussed in Section 4.3.2, in the double 

fractionation tests (i.e. Chapter 4), some broken cenospheres and porous particles floated due 

to the trapped air inside their pores. However here the slurry of fly ash and water was kept 

mixed in a feed tank for several hours, hence water was given sufficient time to penetrate 

inside the particles pores and make them sink in the suspension. Therefore the lower grade of 

cenospheres was obtained (see Figures I.21 & 22 in Appendix I). 

 

6.3.3 Measurements 

6.3.3.1 Sink-float experiments 

In the experiments of this chapter, all of the samples were analysed using the sink-float 

method via separating funnels as shown in Figure 6-3(a). This standard method was applied 

to data analysis for a few cases in the previous chapters, however the separation technique 

used in the previous chapters was improved here to provide more accurate separation results. 

During the first few hours of the sink-float separation, the floats layer inside the funnel was 

gently agitated in order to release entrained ultrafine dense particles. 

 

 In addition to this procedure used in the chapters 4 and 5, the settled dense fly ash 

component was gradually discharged through the base of the funnel and into a bucket. Given 

some fine cenosphere particles were entrained by the fly ash to the sinks, a method was 

applied to recover these cenospheres. The material in the bucket was stirred very slowly 

allowing the settling of the heavy particles, leaving behind the entrained cenospheres as 

shown in Figure 6-3(b). These were then returned to the separating funnel. By repeating this 

method until no further cenospheres were recovered from the sink fraction (typically up to 5 

times), it was possible to achieve good reconciliation in the cenosphere material balance. The 
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cenospheres and dense fly ash components were then dried and weighed, allowing the 

concentrations and recovery to be quantified.  

 

 
(a) 

 
(b) 

Figure  6.3: (a) Sink and float analysis using a separating funnel, (b) entrained cenospheres 

recovered from the sinks fraction. 

 

6.3.3.2 The particle size distribution 

Laser light scattering (Malvern Mastersizer 2000) was used to measure the size distributions 

of the floats cenospheres and sinks fly ash fractions present in the feed, product, and tailings. 

Mass balance reconciliation, as described in Chapter 5, was used to make minor adjustments 

in the size distributions, and to in turn quantify the partition curves, and hence the nature of 

the size classification. Using the partition curves, the d25, d50 and d75, and the sharpness of the 

particle size separation defined as the Imperfection, I = (d75 – d25)/(2d50) (Wills, 1997) was 

calculated and used to assess the size separation performance in the experiments. Figure 2.10 

illustrates a typical partition curve, showing the key parameters.  
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6.3.3.3 Fly ash properties 

The sink-float method of separation was applied to the feed prior to commencing the first 

experiment. Gas pycnometry was applied to each portion. The density of the cenospheres was 

found to be 802 kg/m3 and the density of the remaining fly ash 1880 kg/m3, while the density 

of the overall fly ash, based on a separate sample of the feed, was 1863 kg/m3. Note that at a 

feed pulp density of 38.1 wt.%, the volume fraction of the solids is 0.248, hence the 

calculated suspension density was 0.248×1863 + (1 – 0.248)×1000 = 1214.0 kg/m3. 

 

The size distributions of the cenospheres and fly ash solids in the feed, obtained by laser light 

scattering (Malvern Mastersizer 2000), are shown in Figure 6.4. The fly ash covers a broad 

range of particles size from 1 µm to about 200 µm, while the cenospheres size range is from 

about 20 µm to 200 µm. 

 

 
Figure  6.4: Volume frequency size distributions of floats cenospheres and sinks fly ash 

fractions in feed on a log scale (based on the unreconciled raw data). 
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6.4 Results and Discussion 

The purpose of this study was to investigate the separation performance of the Inverted 

REFLUX™ Classifier (IRC™) on a fly ash feed sourced from a coal-fired power station. The 

primary goal was to establish the effect of the feed pulp density on the upgrade and the 

recovery of the cenospheres. The hypothesis was that there should be a strong enhancement 

in the performance when the concentrations of the positively and negatively buoyant particles 

reach a sufficient level to trigger the bulk streaming effect (Section 3.2.2). In most 

conventional density separation devices, at a fixed volumetric feed rate, the separation 

performance should decline as the solids concentration increases due to the increased level of 

hindered settling. But in mixtures of negatively and positively buoyant particles, if the 

conditions can yield the instability necessary for streaming structures to develop in the 

suspension, then there should be a range in which performance should improve with 

increasing solids concentration. The second objective was to explore the system performance 

at the optimum feed pulp density, varying the feed rate and overflow rate. 

  

A total of 10 experiments were performed in this section of work. All experimental data 

points, including the operating conditions of each experiment, and also the mass balanced 

grade and recovery values are presented in Table 6.1. Note that the feed pulp densities in the 

first five runs covered a wide range of solids concentration from 10 up to 46 wt.%. Runs 6-10 

were then performed to examine the separation performance at the optimum feed solids 

concentration under different operating conditions.  

 

The inlet total mass of the slurry, solid fly ash, and cenospheres to the IRC™ compared to 

their outlet mass values are also presented in this table, demonstrating the consistency of the 

raw data. These data indicated a mere ±2% discrepancy in most cases for the slurry and fly 

ash solids mass. However, owing to the small proportion of cenospheres in the separation 

process, and also difficulties in recovering all of the cenospheres in the sink and float 

technique, the discrepancy between the input and output for this component was higher at 

about ±10%. This table also provides details on the extent of adjustment of the raw data 

required to achieve mass balance reconciliation (Refer to Appendix A for details).  
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Table  6.1: Details of the 10 experiments carried out using a raw fly ash feed.  All data shown 

is mass-balance reconciled except for the total volumetric flow rate values which are based 

on the raw data. 

 
 

6.4.1 The effects of the dense medium on the separation of positively buoyant 

cenospheres from fly ash in the IRC™ 

In this section, the effect of the dense medium on the grade and the recovery of cenospheres 

in the IRC™ were investigated using different feed pulp densities (i.e. 10.1%, 19.2%, 30.7%, 

38.1% and 46.4% by weight) (Runs 1-5). The feed cenosphere size distributions were 

measured to be almost the same in all experiments as shown in Figure 6.5. 
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Figure  6.5: Feed cenosphere volume frequency size distributions in Runs 1-5 as measured by 

the Malvern Mastersizer 2000. It is noted that the small peaks at particle sizes smaller than 30 

µm are mainly due to the fine cenospheres and fly ash misplacement in the sink-float 

separation method. 

 

In this set of experiments (Runs 1-5), The feed F and fluidization water W volumetric fluxes 

were kept constant in all experiments at an average of 7.18 m3/(m2 h) and 0.87 m3/(m2 h), 

respectively. In all experiments, almost 20% of the volumetric feed flux went to the product. 

As the difference between the product P and the fluidization water volumetric fluxes were the 

same in all experiments conducted at different feed pulp densities, the product grade 

remained almost constant at about 70%.  These results, shown in Figure 6.6, are consistent 

with the findings of the previous chapter which showed the difference between the product 

and the fluidization water fluxes (i.e. P – W) as a significant factor in controlling the product 

grade. This factor, P – W, was about 0.62 m3/(m2 h) in the present study. 
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Figure  6.6: Dependence of product grade from Runs 1-5 (different feed pulp densities (PD)) 

on the difference between the product and fluidization volumetric fluxes, (P – W). 

 

Figure 6.7 shows the cenosphere recovery as a function of the feed pulp density. In Run 1, 

operating with a dilute feed (i.e. about 10.1 wt.% pulp density), 61.7 wt.% of the cenospheres 

was recovered. By increasing the solids content of the feed to about 38.1 wt.%, the recovery 

increased to 89.9 wt.% with a grade of 63 wt.%, an extraordinary result. In other words, the 

solids processing rate increased significantly, and in turn the separation performance 

increased significantly. However, when the feed pulp density increased to about 46.4 wt.% 

the recovery dropped to just over 60 wt.%, revealing a clear optimum in the separation 

conditions. According to Figure 6.7, the optimum feed pulp density for high cenosphere 

recovery was found to be about 38 wt.%. This optimum point reflects the dominant positive 

effects of the streaming phenomenon up to the pulp densities of about 38 wt.% and the 

dominant negative hindering effect of the suspension viscosity at higher pulp densities on 

cenospheres recovery. It is noted that the error bars show the difference between the results 

obtained from reconciled data and raw experimental data, calculated using the same 

procedure as used in Chapter 5 (refer to Appendix H for details). 
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Figure  6.7: Recovery of cenospheres at different feed pulp densities from Runs 1-5  

(based on reconciled data). 

 

As previously discussed, the rise velocity of positively buoyant particles can be increased en-

masse if the streaming structure develops. This condition is most likely within the inclined 

channels where the cenospheres segregate strongly forming higher concentrations. 

Commencing off a low base, the cenosphere concentration increases with increasing feed 

pulp density, possibly reaching the critical value required for instability and hence formation 

of clusters. This cluster structure then results in a significantly larger entity and higher 

buoyancy driving force, increasing the cenosphere recovery. However the effect of the 

suspension viscosity on hindering the segregation of the cenospheres becomes dominant with 

increasing feed pulp density beyond a critical value, and hence the cenospheres recovery 

decreases.  

 

6.4.2 Dense medium effects on the particles size classification in the IRC™ 

In this section, the effect of the dense medium on the size classification of the cenospheres in 

the IRC™ is examined. Figure 6.8 illustrates the cenosphere size distributions of the feed, the 

underflow tailings, and the overflow product based on Run 4 which was performed at about 

38.1 wt.% feed pulp density. As expected, the cenospheres lost in the underflow tailings are 
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biased towards the finer size particles. This figure also shows that almost no cenospheres 

larger than 100 µm were lost in the tailings.  

 

 
Figure  6.8: Cenosphere volume frequency size distributions in the feed, product and tailing 

for Run 4, conducted at 38.1 wt.% feed pulp density (unreconciled raw data). 

 

The partition to product versus the size of the cenospheres was obtained using the material-

balance reconciled data for the cenosphere size distributions in all three streams. Figure 6.9 

shows the partition curves for different feed pulp densities. The partition curve at the 

optimum feed pulp density for maximizing cenosphere recovery (Run 4, 38.1 wt.%) is clearly 

the sharpest, while the poorest occurs at the highest feed pulp density of 46.4 wt.% solids. 

Table 6.2 shows the corresponding values of the d50 and Imperfections. The throughput 

advantage based on the system geometry and particle Reynolds number at the d50 size, 

calculated using Equation 3-10, is also shown. These values take into account the thickness of 

the plates, which limit the flow area by 7%. The actual throughput advantage derived from 

the experiments is also shown. The correlation of Laskovski et al. appears to be reasonably 

accurate at low pulp densities. However, it under-predicts the capacity advantage at high pulp 

densities by a factor of 2 to 3. Neglecting the expected errors, the discrepancies between the 
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theoretical and actual throughput advantages are largely attributed to a concentration induced 

enhancement arising from the positively buoyant cenospheres which concentrate near the 

downward facing inclined surfaces, within an environment of negatively buoyant fly ash 

particles. Table of data and all corresponding calculations are presented in Appendix E & H. 

 

It is noted that the Laskovski correlation, equation 3-10, was derived for negatively buoyant 

particles in the standard RC™ configuration. In the inverted configuration (IRC™), these 

particles are equivalent to the positively buoyant cenospheres. The fact that the buoyant 

cenospheres congregate against the downwards facing surface and rise rapidly back up into 

the vertical section is exactly analogous to negatively buoyant particle behaviour in the 

standard unit. So if there was a mixture of only buoyant cenospheres of varying density, then 

they would be expected to separate in the IRC™ in exactly the same way that negatively 

buoyant particles separate in a standard RCTM.  

 

What is different when the IRC™ process is used to treat fly ash is the existence of both 

negatively and positively buoyant particles together. In the channels, as illustrated in Figure 

3.21(b), as well as the accelerated settling of the buoyant cenospheres up against the 

downwards facing surfaces, there will also be an accelerated settling of the negatively 

buoyant particles onto the upwards facing surface, from where they will then flow more 

rapidly downwards towards the underflow exit. There is no analogy to this in the standard 

RCTM. Given that the bulk of solids are the dense ones, there is the potential here for this 

large sliding layer to create a quite different velocity gradient inside the channels, closer to 

linear across the entire channel rather than parabolic. 

 

In the vertical section of the IRC™, there is also the potential for streaming behaviour to 

develop. Normally this would not be expected at the low concentrations of buoyant particles 

present in the fly ash feed, but it may effectively be catalysed by the concentrated streams of 

buoyant cenospheres refluxing back up into the vertical section from the inclined channels 

(Figure 6.2). These concentrated streams also occur in the standard RCTM, forming a plume 

of dense solids that can penetrate a certain distance down into the vertical section. However, 

because all the particles have the same buoyancy direction, these plumes do not maintain 

their integrity and they appear to rapidly disperse back into the mixture. In the fly ash system, 

there is the potential that these refluxed streams of buoyant cenospheres will retain their 

integrity and thus benefit from the bulk streaming segregation enhancement. Unfortunately, 
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there was no visual confirmation of the existence of these streams in the vertical section. 

They would be difficult to clearly see, given the similar colour of the cenospheres and fly ash 

(most published experimental work on this effect has used contrasting colours for the 

negatively and positively buoyant particles).  

 

Consider now an analysis at the optimum feed pulp density of 38.1 wt.% solids, with the d50 

equal to 36.5 µm. The state of the suspension within the inclines can be estimated using the 

tailings pulp density (40.3 wt.% solids) and the density of the solids in the tailings (1880 

kg/m3), corresponding to a volume fraction of 0.264. The density of the cenospheres within 

the inclined channels should be well represented by the feed value, 802 kg/m3. Thus the 

terminal velocity of the d50 particle is 0.52 m/h, with corresponding Reynolds number equal 

to 0.0052. The hindered settling velocity based on Equation 2-33 is 0.13 m/h using n = 4.5. 

Using the tailings flux of about 7 m3/(m2 h) to denote the superficial velocity through the 

system of inclined channels, the actual throughput advantage is 7/0.13 = 54, a remarkably 

large value. This result is significantly higher than the value predicted using Equation 3-10, 

which gives U/ut = 18. The ratio, 54/18 = 3, is defined as the concentration induced 

enhancement (Equation 6-1):  

 

C𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑡𝑡ℎ𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑡𝑡ℎ𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑝𝑝𝑝𝑝𝑝𝑝 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎             (6-1) 
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Figure  6.9: Partitioning to the product for different feed pulp densities (PD) (based on the 

mass-balance reconciled results). 

 

Table  6.2: I, d50 values, theoretical and actual throughput advantage for Runs 1-5 (based on 

the reconciled results). 

 
 

Figure 6.10 shows the concentration induced enhancement as a function of the feed pulp 

density. The result expected for stable suspensions is given by the horizontal dashed line at 

1.0. The result obtained at a feed pulp density of 19.2 wt.% solids involved an actual 

throughput advantage of 15, while the theoretical value predicted by Equation 3-10 is 16, 

giving a concentration induced enhancement of 0.93, close to 1.0. The errors here are 

considerable given the reliance on the Richardson and Zaki equation for describing the 

hindered settling of the cenospheres within the fly ash. It should be also noted that the 

Laskovski correlation 3-10 was fitted to batch elutriation data where hindered settling effects 
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would have been much lower than for continuous conditions. So it cannot be expected to 

necessarily work for a continuous process. The error bars shown are based on the results 

calculated using the d25 and d75 values from the partition curves of Figure 6.9. In fact the 

concentration induced throughput enhancement was recalculated based on the d25 and d75, 

and hence the true error should be well within this range. Data and detailed calculations are 

shown in Appendix E & H. Hence we conclude the strong concentration induced 

enhancement is a real and significant effect. The error bars are amplified by the low hindered 

settling velocities that arise at the highest concentrations.  

 

 
Figure  6.10: Concentration induced throughput advantage (Eq. 6.1) of the Inverted 

REFLUX™ Classifier. The curve is based on the d50 values while the error bars denote 

values ranging from the d25 to the d75 (see Appendix E & H). The dashed horizontal line 

denotes the base-line for the Inverted REFLUX™ Classifier.  

 

6.4.3 Varying product split at the optimum feed pulp density 

This section discusses the results of Runs 6 to 8 where the feed pulp density was kept at the 

optimum value of around 40 wt.%, the feed volumetric flux was increased from the previous 

value of around 7.2 m3/(m2 h) used in Runs 1-5 up to around 10.7 m3/(m2 h) and the product 

volumetric flowrate was varied from 0.74 up to 1.95 m3/(m2 h). This work was motivated by 
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the desire to maximize the solids throughput, while maintaining a high recovery. In this set of 

experiments, the feed solids mass flux was set at 4.7 t/(m2 h), higher than in Runs 1 to 5, 

while the fluidization water flux was kept constant at about 1.05 m3/(m2 h).  

 

Figure 6.11 shows the effects of varying the product flux on the product grade and recovery 

in Runs 6-8. As the product flux increases from 0.74 m3/(m2 h) to 1.95 m3/(m2 h), the product 

grade decreased from 89.7 wt.% to about 20.8 wt.%. However the recovery increased from 

36.4 wt.% to about 79.7 wt.%. This figure provides a good basis for choosing the best 

operating condition for a one-stage or a multi-stage process. A product rate given by 20% of 

the feed volumetric rate delivers a recovery higher than 80 wt.%, while the product grade is 

less than 20 wt.%, hence multi-stage processing becomes necessary at this higher throughput 

for achieving satisfactory grade.  

 

 
Figure  6.11: Grade and recovery of cenospheres as a function of product flux for Runs 6-8 at 

the optimum feed pulp density of 40 wt. % and a feed solids flux of 4.7 t/(m2 h)  

(based on the reconciled data). 
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6.4.4 Effect of the feed throughput at the optimum feed pulp density 

This section compares the performance of the IRC™ in Runs 4, 6, 9 and 10 where different 

feed flow fluxes were used. These results are also compared to the results obtained in Chapter 

5. The fluidization water flux was constant at about 0.87 m3/(m2 h) for Runs 4, 9 and 10 and a 

little higher at 1.05 m3/(m2 h) for Run 6. The ratio of the product volumetric flux to the feed 

volumetric flux was kept constant in all of the experiments, at about 20%. By decreasing the 

feed flux, the cenosphere grade in the product increased, due to the improved desliming 

achieved by the fluidization water, which although at a constant rate, had increasing 

significance relative to the reducing product rate. Again, the main parameter governing the 

product grade is the value of P – W, the difference between the product and the fluidization 

water flux. The strong dependence of product grade to this factor was previously shown in 

Figure 6.6 and more thoroughly in Chapter 5 (Section 5.4.2.5). Figure 6.12 compares the 

product grades achieved in this study with those in Chapter 5. The product rate relative to the 

feed rate, and fluidization water flux were almost the same in both studies. It is noted that the 

data of Chapter 5 was shown here based on the density of 1800 kg/m3 for fly ash solids in the 

product, while the error bars reflect the variation of the results obtained through the 

sensitivity analysis (please refer to Chapter 5 for details). The related sample calculations are 

shown in Appendix B. 
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Figure  6.12: The effect of the feed flux on the product grade, at the optimum feed pulp 

density (PD) of about 40 wt.% (based on the mass balance reconciled results).  

 

 
Figure  6.13: The effect of the feed flux on the cenosphere recovery, at the optimum feed pulp 

density of about 40 wt.% (based on the reconciled results). 
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As shown in Figure 6.13, increasing the feed flux, with the product to feed flux ratio fixed, 

led to a rise in the recovery of the cenospheres, but at much higher feed fluxes, the recovery 

decreased. This interesting trend was discussed in Chapter 5. The recoveries obtained at the 

optimum feed pulp density in this study are higher than those reported for the feed pulp 

density ranging from 30-35 wt.% in Chapter 5, where the feed grade of the cenospheres was 

much lower at 0.51 wt.%. Arguably the improvement here was also due to the higher grade of 

cenospheres in the feed.   

 

6.4.5 Grade-Recovery curve 

The grade-recovery curve provides useful insight into the performance of the IRC™ under 

different operating conditions. Figure 6.14 presents the grade-recovery curves at different 

feed throughputs. As shown, the curves of the runs conducted at about 40 wt.% feed pulp 

density with a grade of about 1% cenospheres are generally higher than the runs reported in 

Chapter 5 with a feed pulp density of 30 to 32 wt.% and only a 0.5 wt.% feed grade, even 

though those runs were at a lower feed volumetric flux. So a better separation performance is 

obtained at the optimum pulp density and the higher grade of ceonspheres in the feed. As 

expected, a better separation is achieved at a lower feed throughput. 
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Figure  6.14: The grade-recovery curves for experiments conducted at different feed 

volumetric fluxes. The Chapter 5 results were based on pulp density of 30-32 wt.%, and feed 

grade 0.51 wt.%. All other data are based on Run 4 and Runs 6-10 involving a pulp density of 

38.1 to 41.5 wt.% solids, and feed grade of 0.81 to 1.08 wt.%. 

 

6.5 Conclusions 

In this chapter the enhanced separation of positively buoyant cenospheres from negatively 

buoyant fly ash was studied using the Inverted REFLUX™ Classifier at different feed pulp 

densities. It was concluded that increasing the feed pulp density up to around 40 wt.% led to 

an enhancement in the separation performance due to a higher effective buoyancy driving 

force, and possibly the formation of hydrodynamic structures and bulk streaming of the 

cenospheres within the inclined channels. Specifically, the recovery of the cenospheres 

increased to an optimum recovery of 89.9 wt.% and upgrade of 58.6 when the feed pulp 

density increased to 38.1 wt.%, before declining at higher feed pulp densities. Analysis based 

on the correlation of Laskovski et al. (2006) predicted that the inclined channels should 

produce an underlying throughput advantage of 18. A further improvement factor of 3 was 

attributed to a combination of the dense medium effect and the bulk streaming phenomenon, 

resulting in an overall throughput advantage of 54 compared to a conventional fluidized bed. 
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The optimum performance was also evident in the partition curves used for describing the 

cenosphere size classification. At the optimum feed solids concentration, the effect of varying 

the feed and product flowrates was further explored in order to establish the best conditions 

for a future pilot scale study.  
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7.1 Introduction 

The previous chapter investigated the recovery and concentration of positively buoyant 

cenosphere particles in an Inverted REFLUX™ Classifier (IRC™) at laboratory scale with a 

cross-section 0.100 m × 0.086 m. A strong optimum was identified at a feed pulp density of 

38 wt.% solids, with the solids mass flux throughput at 3.1 t/(m2 h), giving a recovery of 89.9 

wt.%, and an upgrade of 58.6. The system throughput was found to be 54 times higher than 

estimated for a conventional fluidized bed, with a factor of 18 attributed to the inclined 

system geometry and factor of 3 attributed to the interaction between the positively and 

negatively buoyant species. While the previous laboratory scale study demonstrated 

remarkable separation performance, industrial application demands assessment at 

progressively larger scale.    

 

However, there are no guarantees of success when the scale of operation is increased. There 

are compromises that are introduced when a system is scaled-up, for example, in reducing the 

number of fluidization nozzles located at the top of the system for fluidizing and hence 

washing the cenospheres. Therefore this chapter investigates the scale-up potential of the 

inverted REFLUX™ Classifier, utilizing a pilot scale device with cross-section 0.3 m × 0.3 

m. The performance data are compared directly with those obtained at the smaller laboratory 

scale. Product grade and cenosphere recovery are examined at different feed split ratios (i.e. 

the ratio of product volumetric rate to the feed volumetric rate) and hence different solids 

yields. The performance is also examined as a function of the feed slurry flux. Success with 

this ten-fold scale-up will provide the necessary basis for proceeding with a full scale 

implementation of this technology.  

 

7.2 Materials and Methods  

7.2.1 Pilot scale Inverted REFLUX™ Classifier 

The pilot-scale Inverted REFLUX™ Classifier (IRC™) had an inclined section 1.2 metres 

long which contained 38 channels formed by 37 parallel plates with a perpendicular spacing 

of 6 mm. A 2.7 m long vertical inverted fluidized bed with cross sectional area of about 0.300 

m × 0.300 m was located above the inclined section. Two pressure sensors, placed about 

0.200 m and 0.250 m respectively above the junction of the inclined channels and the vertical 

fluidized bed, were used to measure the suspension density in the vertical fluidized bed 
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section, providing an indication of whether the system was at steady state, and also 

information on the quality of the product. A lower suspension density reflected the higher 

proportion of low density cenospheres in the vertical section of the IRC™, and hence a 

higher product grade. A fluidization water distribution chamber was installed above the 

fluidized bed section, distributing the water used to suspend the bed of cenospheres, thus 

washing the entrained ultrafine fly ash particles from the cenosphere product. 

 

In order to re-use the feed for later experiments it was necessary to remove a significant 

quantity of water from the tailings stream. This was done using a small lamellae thickener 

containing 24 channels with a perpendicular spacing of 2.6 mm. In some experiments a tube 

was used instead of the lamellae thickener. Water was drawn from the tailings stream at a rate 

sufficient to match the rate of water addition to the fluidized bed distributor, significantly less 

than the actual tailings rate. Some solids were still entrained to the drawn water and hence 

separated and returned to the feed for later experiments. This arrangement, which is shown in 

Figure 7.1, was also connected to a vented tube extended up to 1 m above the device, thus 

ensuring a positive pressure within the IRC™ during the experiments. A schematic and photo 

of the experimental set up are shown in Figure 7.1a and Figure 7.1b respectively.  

                 

  

a 

 

b 

Figure  7.1: (a) A schematic representation and (b) A photo of the experimental set up. 
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7.2.2 Experimental procedure 

A sample of about 1300 kg of actual fly ash solids from an Australian coal-fired power 

station was supplied in two 1 m3 containers for use in this study. The sample was mixed with 

1950 L of water to produce a feed of about 40 wt.% solids. This is the feed solids 

concentration that was found to be the optimum in the laboratory-scale unit (Chapter 6). After 

waiting until all the visible cenospheres and unburnt carbon were sunken and well mixed into 

the bulk (the presence of black particles in the floats layer in the feed slurry disappeared after 

about 4 hours), a pump was used to withdraw a small sample from 100 mm above the bottom 

of the feed tank in order to measure the feed cenosphere concentration. The concentration of 

cenospheres in the solid fly ash was measured to be approximately 0.9 wt.% using sink-float 

tests.    

 

Two large mixing tanks with volumes of 1200 L and 1500 L were used to keep the feed 

slurry uniform during the experiments. Before each experiment, the contents of both tanks 

were kept the same by pumping the slurry between the tanks for several hours. A sample was 

taken from each tank on the day prior to a run to ensure the feed pulp density and the 

cenospheres grade were the same in both tanks. The samples were firstly poured into two 

volumetric flasks, allowing the cenosphere concentrations to be compared via the thickness 

of the cenosphere layer in each flask. Both samples were then placed in an oven, dried and 

weighed to assess the pulp density, allowing a final adjustment to be made prior to the run. 

The smaller tank with a volume of 1200 L was used as the main feed tank. The level of the 

feed in this tank was kept constant by transferring suspended feed from the larger tank to the 

feed tank at a rate equivalent to the feed rate. 

 

Before each experiment, the pressure sensors were calibrated using both air and water. The 

water calibration was conducted when the device was filled with water. At the end of the 

calibration stage, the water was discharged and the feed was then pumped into the IRC™. A 

peristaltic pump was used to withdraw the feed from the 1200 L tank at a location 100 mm 

above the bottom of the feed tank. This feed was delivered to the fluidized bed section of the 

IRC™ some 500 mm above its junction with the inclined section. When the feed was filling 

up the IRC™, the underflow pump pulled out a small portion of the suspension to prevent 

blockage in the IRC™. This also led to a degree of cenosphere separation and accumulation 
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forming a thick cenospheres layer at the top of the vertical section in the IRC™ over time. 

When the feed level in the IRC™ reached the upper sensor, the feed, tailings (tailings 1 and 

tailings 2), product and fluidization water were adjusted to the experimental required rates. 

By doing this, the thick layer of cenospheres formed in the vertical section of the IRC™ can 

help the system reach steady state more quickly. The other option was to stop the overflow 

product stream to assist the accumulation and concentration of cenospheres in the vertical 

section of the IRC™, however, this increased the risk of the overflow product line blocking.  

 

The bulk of the feed including all but the most buoyant of the cenospheres is swept 

downwards towards the inclined channels. However, the enhanced segregation in the inclined 

channels captures the cenospheres and refluxes them back to the vertical fluidized bed 

section. The downwards fluidization, controlled by a peristaltic pump, suspended the 

cenospheres, washing the entrained fly ash particles in the downwards direction, increasing 

the product grade. Once steady state was reached, representative samples of the tailings and 

the product, followed by the feed, were taken. Like the procedure used in Chapter 6, the 

streams from adjacent lamellae (Tailings 1) and Tailings 2 were combined and then the 

representative tailings sample was taken. It is noted that timed samples of the same duration 

were collected from the tailings and the product in order to ensure the grade of the 

cenospheres remaining in the collected tailings and product was unchanged in the following 

runs. Also, the water removed by the adjacent lamellae chamber was stored in buckets 

allowing any entrained solids, at the surface and at the base, to be returned to the feed for the 

following run. Thus considerable effort was made to ensure there was no degradation in the 

nature of the feed during the program of work.  

 

7.2.3 Data analysis 

Representative portions of the steady state samples were analysed using the sink-float method 

using a series of separating funnels, as shown in Figure 6.3 (A). This method of separation 

was thoroughly discussed in Sections 5.3.4.2 and 6.3.3.1. Some portions were also taken in 

order to measure the particle size distribution and the average particle density. Mass balance 

reconciliation (Galvin et al., 1995) was undertaken, adjusting the experimental data by 

minimizing an objective function (Refer to Appendix A).  
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7.2.3.1 Grade and recovery 

Using water as the medium, the sink-float method, as described in the previous chapters, was 

applied to the separation of the cenospheres from the dense fly ash in each stream, allowing 

the determination of the cenosphere grade and recovery.  

 

7.2.3.2 Particle size and density 

The particle size distributions of the feed, product, and tailings were measured using a laser 

particle size analyser (Malvern Master Sizer 3000). Figure 7.2 illustrates the size distributions 

of the cenospheres and the dense fly ash in the feed. Mass balance reconciliation was used to 

examine the partitioning of the cenosphere particles between the product and tailings, to in 

turn produce the partition curve defining the separation. The degree of adjustment in the raw 

data performed by the mass balance reconciliation technique is presented in Appendix C. 

 

 
Figure  7.2: Cenospheres and fly ash volume frequency size distributions in the feed  

(based on the raw data). 

 

A gas pycnometer was also used to measure the average density of the solids obtained under 

different operating conditions. The pycnometer used nitrogen gas to measure the occupied 
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volume of a known mass of solids. The average density of the feed solids was measured to be 

around 1870 kg/m3.  

 

7.3 Results and Discussion  

This section presents the results obtained using different feed split ratios and feed fluxes. In 

the first part, the feed split ratio, defined as the product volumetric rate divided by the feed 

volumetric rate (P/F), was varied from 0.04 to 0.20, while the feed and fluidization water 

fluxes were kept constant at 8.3 m3/(m2 h) and 0.83 m3/(m2 h), respectively. These 

experiments are indicated as Runs 1, 2, 3 and 6 in Table 7.1. In Runs 1, 4 and 5, the effects of 

using different feed volumetric fluxes were examined at a constant split ratio. The feed pulp 

density was maintained at the optimum of about 40 wt.% in all runs.  

 

The operating conditions and experimental results are reported in Table 7.1. The slurry mass 

rates ranged from about 475 kg/h to 1229 kg/h, and the corresponding solid fly ash rates 

ranged from 194 kg/h to 482 kg/h, thus the processing rates were significant. It is noted that 

due to the large volume of the samples taken from the pilot IRC™ it was difficult to measure 

their volume accurately. Hence mass-based measurements were used in this chapter in order 

to provide an accurate comparison between the pilot-scale and the laboratory-scale results. 

The consistency of the raw data was determined by comparing the inlet and outlet mass rates 

of the suspension, fly ash, and cenospheres. The discrepancy was the greatest for the 

cenospheres due to the relatively small quantities involved and the tendency for 

misplacement of some cenospheres in the sinks fractions. Table 7.1 also presents the 

maximum and average adjustment required in the mass balance reconciliation. 
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Table  7.1: Summary of experimental results, operating conditions, and parameters based on 

the reconciled data (note that the section labelled “Experimental conditions” is based on the  

raw data). 

 
7.3.1 Variation of the feed split ratio 

One approach for operating the Inverted REFLUX™ Classifier (IRC™) is to establish the 

flow rates of the product and tailings according to a given flow split ratio. The solids yield, 

which is the percentage of the feed solids reporting to the product stream, correlates directly 

 Run 1 Run 2 Run 3 Run 4 Run 5 Run 6 
Feed  

936.4 
 

947.2 
 

933.5 
 

1228.6 
 

475.0 
 

924.5 Total mass rate (kg/h) 
Fly ash mass rate (kg/h) 374.8 369.0 360.7 482.0 193.6 361.6 
Cenospheres mass rate (kg/h) 3.6 3.1 3.2 4.5 1.7 3.2 
Pulp density (kg solid/kg slurry) (wt.%) 40.4 39.3 39.0 39.6 41.1 39.5 
Cenospheres grade (%) 0.96 0.83 0.88 0.93 0.88 0.88 
Product       
Total mass rate (kg/h) 118.7 58.7 30.4 175.1 74.1 157.3 
Fly ash mass rate (kg/h) 4.7 0.7 0.2 19.8 0.5 12.8 
Cenospheres mass rate (kg/h) 2.7 1.9 1.4 3.0 1.2 2.6 
Pulp density (kg solid/kg slurry) (%) 6.3 4.5 5.2 13.1 2.3 9.7 
Cenospheres grade (wt.%) 36.7 72.0 88.2 13.3 72.9 16.7 
Tailings       
Total mass rate (kg/h) 817.7 963.4 978.1 1128.5 475.9 842.1 
Fly ash mass rate (kg/h) 370.0 368.2 360.6 462.1 193.2 348.8 
Cenospheres mass rate (kg/h) 0.9 1.2 1.8 1.5 0.5 0.7 
Pulp density (kg solid/kg slurry) (wt.%) 45.4 38.3 37.0 41.1 40.7 41.5 
Cenospheres grade (wt.%) 0.24 0.32 0.50 0.32 0.25 0.19 
Experimental conditions  

0.83 
 

0.83 
 

0.83 
 

0.83 
 

0.83 
 

0.83 Fluidization water flux (m3/(m2 h)) 
Feed split ratio (vol.%) 16 8 4 16 16 20 
Feed flux (m3/(m2 h)) 8.3 8.3 8.3 11.3 5.3 8.3 
Process performance  

38.2 
 

86.7 
 

100.4 
 

14.3 
 

83.3 
 

18.9 Upgrade 
Recovery (wt.%) 75.4 61.9 43.5 67.3 71.8 79.6 
Consistency of raw data  

1.02 
 

1.02 
 

0.99 
 

1.00 
 

1.00 
 

1.01 Inlet mass/outlet mass (total) 
Inlet mass/outlet mass (fly ash) 0.98 0.98 0.96 0.98 0.96 1.00 
Inlet mass/outlet mass (cenospheres) 1.00 1.15 1.08 0.87 1.04 1.03 
Maximum adjustment by the 
reconciliation technique (%) 

1.33 9.49 5.31 8.65 2.37 2.02 

Average adjustment by the reconciliation 
technique (%) 

0.45 2.25 1.54 2.13 0.92 0.55 
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with increases in the flow split ratio, and hence is an alternative way to represent the split 

condition, though its actual value must be determined experimentally. 

 

Figure 7.3 shows the change in the suspension density in the vertical section of the IRC™ 

versus time at different feed split ratios during the initial start-up phase of an experiment 

before steady-state was reached. The suspension density value initially decreases, reflecting 

the accumulation of low density cenospheres in the vertical  section, and the removal of the 

higher density fly ash particles in the underflow. The suspension density levelled off as the 

process approached steady state. At the lower split ratio, the rate of product removal was 

relatively low, hence the cenosphere concentration in the vertical section of the IRC™ 

increased, resulting in a lower suspension density. It is also noted that the fluidization water 

flux was significant compared to the lower product flux, hence the ultrafine dense fly ash was 

readily washed from the product. Therefore a higher product grade was achieved at a lower 

split ratio (Table 7.1). It is noted that feed flow started at t = 0 with the IRC™ initially empty. 

The first density measurement at approximately t = 20 min is when the liquid level in the unit 

first reached the upper pressure probe. 

 

 
Figure  7.3: The suspension density formed in the vertical section of the IRC™ above the feed 

point versus time at different feed split ratios with the feed solids throughput and fluidization 

water flux kept constant at 4.1 t/(m2 h) and 0.83 m3/(m2 h), respectively.  
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Figures 7.4 and 7.5 show the variation in the average density and size of the cenospheres in 

the product with increasing product to feed volumetric split ratio. A high product overflow 

rate results in the direct recovery of cenospheres exhibiting a low rise velocity, and hence a 

finer and denser cenospheres product. Therefore the average density and size of cenospheres 

in the product approach the values for the feed as the feed split ratio increases. In other 

words, any drop in the cenosphere recovery at low feed split ratios is attributed mostly to the 

loss of fine and high density cenospheres being entrained to the tailings.  

 

 
Figure  7.4: Variation of the average density of cenospheres in product at different feed split 

ratios (raw data) with the feed solids throughput and fluidization water fluxes kept constant at 

4.1 t/(m2 h) and 0.83 m3/(m2 h), respectively. 
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Figure  7.5: Variation of the average size of cenospheres in product at different feed split 

ratios (raw data) with the feed solids throughput and fluidization water flux kept constant at  

4.1 t/(m2 h) and 0.83 m3/(m2 h), respectively. 

 

Therefore an excessive product rate does ensure maximum recovery of cenospheres for the 

imposed feed rate as shown in Figure 7.6. By increasing the yield (defined as the ratio of 

solids mass in the product to solids mass in the feed) from 0.43 wt.% to 4.2 wt.%, the 

recovery of the cenospheres increased from 43.7 wt.% to about 79.1 wt.%. These pilot scale 

findings are consistent with the laboratory scale results in the previous chapter. It should be 

noted that these results are also dependent on the fluidization flux imposed (Section 5.4.2.5). 

It is also worth noting that in Figures 7.6 and 7.7, the data were compared with data from the 

laboratory-scale runs at approximately the same conditions, namely throughput and 

fluidization water flux of about 4.7 t/(m2 h)  and 1.0 m3/(m2 h) respectively. The feed pulp 

density was approximately 40 wt.% at both scales. 
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Figure  7.6: Recovery of cenospheres obtained at different yields from the pilot scale IRC™ 

(based on the reconciled data) with the feed solids throughput and fluidization water flux kept 

constant at 4.1 t/(m2 h)  and 0.83 m3/(m2 h), respectively.  

 

Conversely, an insufficient product overflow rate results in the growth of the fluidized bed of 

cenospheres at the top of the unit, which increases the likelihood of them being entrained in 

the downwards flow, and lost to the tailings, thereby reducing the yield of solids. At these 

low yields, the product grade is at a maximum for the imposed feed and fluidization rates, as 

shown in Figure 7.7. The product grade increased from about 17 wt.% to 88 wt.% when the 

split ratio decreased from 0.20 to 0.04, corresponding to a decrease in the solids yield from 

4.2 wt.% to 0.43 wt.%. Figure 7.8 shows the density of suspension in the vertical section of 

the IRC™ at the steady state condition and the obtained product grades at different split 

ratios. It is evident that at higher split ratios, a higher proportion of the dense fly ash can be 

carried to the vertical section, and hence a higher suspension density and lower product grade 

were obtained. 
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Figure  7.7: Product grades obtained at different yields from the pilot scale IRC™ (based on 

the reconciled data) with the feed solids throughput and fluidization water flux kept constant 

at 4.1 t/(m2 h)  and 0.83 m3/(m2 h), respectively.  

 

 
Figure  7.8: The bed density and product grade at different feed split ratios at the steady state 

condition. 
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The cenosphere grade is shown as a function of the cenosphere recovery in Figure 7.9. The 

results achieved from a single stage separation using the Inverted REFLUX™ Classifier are 

remarkable, with a recovery of 79 wt.% at a grade of 17 wt.%, hence an upgrade of 19. This 

condition delivers significant recovery and upgrade. Additional separation stages can be used 

to raise the grade to the required level. It is also evident that significant increases in grade can 

still be achieved in the first stage, initially with a modest cost of recovery. This grade – 

recovery curve applies to the feed volumetric and solids fluxes used here, with more 

favourable results achievable by reducing the feed throughput. 

 

 
Figure  7.9: The grade-recovery curve achieved for the pilot scale IRC™ at a solid throughput 

of 4.1 t/(m2 h) (based on the mass balanced data) with the fluidization water fluxes kept 

constant at 0.83 m3/(m2 h). The feed solids throughput and fluidization water flux were about 

4.7 t/(m2 h) and 1.0 m3/(m2 h) in the laboratory scale runs. The feed pulp density was around  

40 wt.% at both scales. 

 

7.3.2 Density and size classification of cenospheres and fly ash 

Figure 7.10 shows that the size distributions of the dense fly ash particles in the feed, product, 

and tailings were very similar, while Figure 7.11 shows that a distinct size classification of 
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finer than 10 µm due to their very low settling velocities, contributing to the discrepancies 

between the inputs and outputs shown in Table 7.1. These discrepancies mainly affect the 

size distributions of fly ash particles smaller than 10 µm (Figure 7.10).  

 

 
Figure  7.10: The volume frequency size distributions of sink fly ash particles in the product, 

tailings and feed for Run 3 (based on the raw data). 
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Figure  7.11: The volume frequency size distributions of float cenosphere particles in product, 

tailings and feed for Run 3 (based on the raw data). 

 

The size distribution of the cenospheres in the tailings was relatively fine compared to the 

distribution in the product. Clearly the loss in cenosphere recovery can largely be explained 

by the fineness of the particles and hence their low rise velocities. Figure 7.12 provides the 

partition curves for Runs 1, 2, 3 and 6 denoting the probability of the cenosphere particles 

reporting to the product versus the particle size. For Run 3, it is evident that cenosphere 

particles with a diameter of 60 µm had a probability of 0.31 in reporting to the product while 

cenosphere particles with a diameter of 100 µm had a probability of more than 0.80 of 

reporting to the product. Based on this curve, all particles of diameter less than 40 µm were 

entrained to the tailings, and almost all cenospheres larger than 145 µm entered the product.  
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Figure  7.12: The partition curves for Run 1, 2, 3 and 6 (based on the reconciled data). 

 

Using the partition curves shown in Figure 7.12, the values of d50 and I were obtained and are 

listed in Table 7.2. At a high feed split ratio, finer particles with lower rise velocities were 

recovered more easily to the product and hence the d50 is lower, while at a low feed split 

ratio, these particles will be entrained to the tailings. Imperfection (I) defined as (d75 – 

d25)/2d50 shows the sharpness of separation, which is similar across all runs, showing the 

robust performance of the IRC™. Runs 3 and 6 were conducted at about 4% lower solids 

throughputs and hence their corresponding size separation is slightly sharper (i.e. I is lower). 

 

Table  7.2: d50 and I obtained at different split ratios (Runs 1, 2, 3 and 6). 

 Run 6  
P/F = 0.20 

Run 1  
P/F = 0.16 

Run 2  
P/F = 0.08 

Run 3  
P/F = 0.04 

d50 (µm) 35 44 49 70 
I 0.23 0.29 0.29 0.25 

 

A particle’s settling/rise velocity depends on its density and size. The average density of both 

the cenospheres and dense fly ash in the product, tailings and the feed for Run 3 are shown in 

Table 7.3. Clearly there is some classification based on the density, with the lower density 

0.0

0.2

0.4

0.6

0.8

1.0

0 50 100 150 200 250 300 350

Pa
rt

iti
on

 to
 p

ro
du

ct

Particles Size (µm) 

Run 6 - P/F = 0.20
Run 1 - P/F = 0.16
Run 2 - P/F = 0.08
Run 3 - P/F = 0.04



176 
 

portion of the cenospheres reporting to the product, while the cenospheres with a density 

close to that of water reported to the tailings. Some density classification also occurred within 

the sinks fly ash particles. It is noted that there were difficulties in measuring the density of 

the cenospheres in the tailings and the density of the fly ash in the product because the 

sample mass was far too low for the pycnometer. Therefore the average density of the 

cenospheres in the tailings was calculated based on the measured densities of the cenospheres 

in the feed and the product. Similarly, the average density of the fly ash in the product was 

calculated using the measured densities of the overall solid product and the cenospheres in 

the product.  

 

Table  7.3: Arithmetic average size and density of cenospheres and fly ash in product, tailings 

and feed for Run 3 (based on the raw Malvern & pycnometry data). 

 Average size (µm) Average density (kg/m3) 
Cenospheres  

117.4 
 

775.4 Overflow product 
Underflow tailings 62.1 *903.6 
Feed 94.5 843.0 
Fly ash   

Overflow product 68.1 *1230.0 
Underflow tailings 68.5 1890.0 
Feed 64.0 1887.0 

* Density of cenospheres in the tailings was calculated based on the measured densities of cenospheres in 

the feed and product, and the density of fly ash in the product was calculated based on the measured 

densities of the solids (i.e. fly ash and cenospheres) and cenospheres in product. 
 

Table 7.3 also presents the average size, defined as the arithmetic mean of the volume 

equivalent size, of the cenospheres and fly ash particles in all streams, indicating clearly that 

the size classification occurred only for the cenosphere component, not for the dense fly ash 

which was on average 65 µm. This is consistent with the finding of Figure 7.10 and 7.11. The 

cenospheres exhibited a narrower range of densities as previously shown in Tables 4.1, 4.3 

and 5.4, hence classification was stronger on the basis of size. A detailed characterization of 

the fly ash and cenospheres was presented in Chapter 4, providing more information about 

the size and density distributions of particles.  
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7.3.3 Separation of cenospheres from fly ash at different feed throughputs 

In this section, the effects of feed flux variation on the bed suspension density, and product 

grade and recovery of cenospheres are examined. In Runs 1, 4 and 5 shown in Table 7.1, the 

fluidization water flux was kept constant at 0.83 m3/(m2 h). Different volumetric feed fluxes 

of 5.3, 8.3 and 11.3 m3/(m2 h) were used while the feed split ratio and feed pulp density were 

maintained at approximately 16 vol.% and 40 wt.%, respectively, in the experiments.  

 

Figure 7.13 shows the bed (concentrated suspension) density as a function of time for three 

different feed volumetric fluxes (Runs 1, 4 & 5). As previously mentioned in Figure 7.3, the 

bed density initially jumps up to a peak value as the unit fills with suspension that is similar 

to the feed. Then the density gradually decreases as the concentration of the positively 

buoyant cenospheres increases, eventually approaching a constant value at steady state. The 

time taken to reach steady state appears to vary from about 1 h at high feed fluxes up to 2 h at 

the lowest feed flux, presumably due to the longer time needed to build up the inventory of 

low-density cenospheres in the vertical section. According to Figure 7.14, it is also evident 

that at a higher feed flux and hence a higher product flux, more dense fly ash particles were 

entrained upwards into the vertical section, leading to a higher suspension density and hence 

a lower grade product.   
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Figure  7.13: The bed density variation with time at different feed fluxes in the pilot scale 

IRC™. Fluidization water flux, feed volumetric split ratio and feed pulp density were 

maintained approximately constant at 0.83 m3/(m2 h), 16 vol.% and 40 wt.% respectively. 

 

 
Figure  7.14: The bed density and product grade at different feed fluxes, at steady state. 
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Figure 7.15 shows the cenosphere grade in the product decreased from about 73 wt.% to 

approximately 13 wt.% as the feed mass flux increased from 5.3 t/(m2 h) to about 13.7 t/(m2 

h). Further, it is evident the trend is consistent with the results obtained at the much smaller 

laboratory scale (Section 6.5.4). These results clearly demonstrate that the performance is 

consistent during scale-up by a factor of about 10 in the vessel cross-sectional area.  

 

 
Figure  7.15: The variation of product grades at different feed slurry mass fluxes (based on the 

mass balanced data), comparing this chapter’s pilot-scale results with the laboratory-scale 

results from Chapter 6. Fluidization water flux, feed volumetric split ratio and feed pulp 

density were maintained approximately constant at 0.83 m3/(m2 h), 16 vol.% and 40 wt.% 

respectively in the pilot scales runs, while the feed volumetric split ratio was slightly higher 

at 20 vol.% in the lab scale runs. 

 

As the feed flux increased the product flux increased due to the imposed constraint of a fixed 

split ratio. Figure 7.16 shows that the cenosphere recovery was nearly independent of the feed 

flux, however the previous laboratory scale work (Chapter 6) suggested the existence of an 

optimum. The optimum is quite subtle here, but was clearer in chapter 5. At a low feed flux, 

the product rate is low, hence the fluidization rate dominates, reducing the net transport of the 
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cenospheres to the overflow. At a higher feed flux, the volumetric rate to the tailings 

increases, entraining more cenospheres to the tailings, reducing the recovery.  

 

  
Figure  7.16: The recovery of cenospheres at different feed slurry mass fluxes (based on the 

reconciled data) comparing the present pilot-scale results with the laboratory-scale results 

from Chapter 6. Fluidization water flux, feed volumetric split ratio and feed pulp density 

were maintained approximately constant at 0.83 m3/(m2 h), 16 vol.% and 40 wt.% 

respectively in the pilot scales runs, while the feed volumetric split ratio was slightly higher 

at 20 vol.% in the lab scale runs. 

 

Before concluding it is worth noting the significance of the volumetric flux difference 

between the product and fluidization water, P – W. The fluidization water has two purposes, 

firstly to fluidize the cenospheres creating a bed of low density to promote gravity separation, 

and secondly to wash ultrafine dense fly ash particles from the fluidized bed. The fluidization 

flux should be set at the minimum rate necessary to fluidize. Insufficient fluidization will 

cause misplaced dense particles to become entrained within the overflow while excessive 

fluidization will prevent the formation of a distinct fluidized bed layer of cenospheres. 

Further, the fluidization flux also places a lower limit on the size of cenospheres that can 

report to the product. 
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At a low product flux, the net water flux in the vertical zone is downwards, favouring higher 

product grades at the expense of low recovery. However, as the product flux increases, the 

net water flux in the vertical zone drops to zero, and then becomes upwards. This condition 

leads to lower grades and higher recovery. Figure 7.17 shows the grade and recovery 

obtained from different runs (Runs 1-6) in the pilot scale IRC™ at different P – W. The last 

point in the recovery figure is related to Run 4 conducted at a high feed flux. This behaviour 

is similar to that presented in Figure 5.18, reflecting the detrimental effect at high feed rates 

of the resultant high suspension velocity through the inclined channels causing a drop in 

cenospheres recovery in the IRC™. This Figure is consistent with Figure 5.17 and 5.18 

showing the effect of the parameter (P – W) on the product grade and cenospheres recovery at 

a pilot scale IRC™.  

 

 
Figure  7.17: Product grade and cenospheres recovery obtained from different runs in the pilot 

scale IRC™ (Runs 1-6). 
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concerning the considerable throughput advantage and separation performance of the 

Inverted REFLUX™ Classifier (IRC™). But, importantly, this chapter also shows the robust 

nature of the technology, in particular the potential to achieve scale-up of the findings. The 

work provides the necessary foundation required for proceeding with the implementation of a 

full-scale trial, especially in terms of the ideal conditions defined in terms of the solids feed 

flux, and target cenosphere grade and recovery. Clearly, the suspension density of the upper 

zone provides a rigorous measure of the probable product grade, and a simple method for 

insuring the presence of a fixed fluidized bed of cenospheres. The overflow discharge would 

be permitted in response to the suspension density decreasing below a specific set point 

value. 

 

7.4 Conclusions 

A pilot scale Inverted REFLUX™ Classifier was used to separate cenospheres from fly ash 

waste, in an attempt to validate the previous laboratory scale results. The results were 

quantitatively in good agreement and the effects of feed split ratio and feed flux on product 

grade and the cenosphere recovery followed similar trends. The cenosphere particle size 

distributions of the feed, product, and tailings were used to generate size partition curves. 

These showed that by increasing the feed split ratio to product, finer cenospheres were 

recovered and hence a smaller d50 was obtained. On the other hand, as the feed conditions 

including the feed flux and the feed solids concentration were almost similar in all runs, the 

sharpness of separation indicated by Imperfection (I) was measured to be almost constant.  

 

Analysis of the cenosphere densities in each stream showed that there was also some degree 

of separation based on density. Using pressure probes to measure the suspension density in 

the vertical section of the IRC™ was useful for assessing whether the system had reached 

steady state. Knowing the density of cenospheres, fly ash and water, this approach can also 

provide an estimation of the product quality (i.e. product grade).The consistency of these 

findings during scale up by a factor of 10 demonstrates that the Inverted REFLUX™ 

Classifier should be able to confidently be scaled-up even further to full-scale. 

 

Based on the results obtained from a one-stage IRC™ in Chapters 5, 6 and 7, to extend the 

performance boundaries in terms of solids throughput, product grade and cenospheres 

recovery, it is suggested that a multi-stage IRC™ arrangement be used to achieve a 
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combination of high upgrade with simultaneous high recovery at large solids throughput. The 

performance of such a multi-stage arrangement is the focus of Chapter 8.    
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8.1 Introduction 

Although wet processing methods offer the best prospect for achieving recovery and 

concentration of cenospheres, significant impediments remain for achieving satisfactory 

economics. This chapter is concerned with the recovery and concentration of cenospheres 

from different fly ash feeds using the Inverted REFLUX™ Classifier (IRC™), covering 

multi-stage processing. Chapters 6 and 7 demonstrated at laboratory and pilot scale 

respectively how the combined effects of inclined settling and bulk streaming enable a one-

stage IRC™ to obtain either a high recovery or a high grade of cenospheres. This chapter 

studies use of a multi-stage series of IRC™s in an attempt to simultaneously obtain both high 

grade and high recovery. Cenospheres were recovered from fly ash feeds of varying initial 

cenosphere concentrations. This is the first time that the multi-stage application of IRC™s 

has ever been reported. In preliminary experiments, a fly ash feed with a very low cenosphere 

concentration was processed in a two-stage IRC™ process. Then in the main part of the study 

the same fly ash feed used in Chapter 7 with about 0.9 wt.% cenospheres concentration was 

processed in a three-stage IRC™ to achieve an almost pure cenosphere product. Thus this 

chapter provides further insight into the optimisation of cenosphere recovery from different 

fly ash feeds using multi-stage arrangements. 

 

8.2 Experimental 

8.2.1 Materials 

In this chapter, the same laboratory and pilot scale Inverted REFLUX™ Classifiers (IRC™) 

already comprehensively described in previous chapters were applied to the multi-stage 

separation of cenospheres from fly ash.  In the laboratory-scale unit, the inclined section 

consisted of 8 channels with perpendicular spacing of 9.5 mm, and the pilot-scale unit had 38 

channels with a 6 mm perpendicular spacing.  

 

8.2.2 Methods 

A multi-stage arrangement was used to upgrade the cenospheres in the fly ash. In the 

preliminary work, a series of two laboratory IRC™s was used to upgrade the cenospheres in 

a fly ash feed that was degraded to only 0.33 wt.% cenospheres. Then in the main part of the 

study the same fly ash feed used in Chapter 7 with around 0.9 wt.% cenospheres was 
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concentrated using a series of three IRC™s. The large pilot-scale IRC™ run in Chapter 7 

(Run 6) was considered as the first of these three stages. The yield was adjusted to obtain a 

high recovery of partially upgraded cenospheres. In fact Run 6 in Chapter 7 was continued to 

generate a high quantity of partially upgraded product. This product was then used to feed the 

subsequent two stages which were both laboratory-scale IRC™s. The aim of the second stage 

was to deslime the product. The third stage was then used to further purify the product from 

the second stage. Samples of all streams in each stage were analysed. A simple representation 

of the three-stage process is shown in Figure 8.1. It is noted here that the product obtained 

from each stage was collected and kept mixed in a feed tank and then the mixture was fed to 

the later stages. Therefore the process here was different from a continuous multi-stage 

process in which the product of each stage is directly and continuously fed to the next stages.  

 

 
Figure  8.1: A schematic diagram of the three-stage IRC™ process. 

 

8.2.3 Data analysis 

Sink-float separation was used to measure the composition of the samples as per the 

procedures described in Chapters 5, 6 and 7. The masses of fly ash (sinks) and cenospheres 

(floats) were used to calculate the product grade and then the recovery of the cenospheres. 

 

The laser scattering technique (Malvern Mastersizer 3000) was applied to measure the size 

distributions of the cenosphere and fly ash fractions in the preliminary and main runs. The 

errors in all experimental data were minimized using the mass balance reconciliation method. 

The cumulative size distributions of the cenospheres and fly ash in the feed used in the 
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preliminary study are shown in Figure 8.2. It is evident that 28 vol.% of the fly ash was finer 

than 20 µm, making the upgrading process difficult. Furthermore, about 84 vol.% of the 

cenospheres were finer than 100 µm, thus also difficult to recover. The arithmetic average 

particles size was calculated to be 72 µm for the cenospheres and 59 µm for the fly ash. It is 

noted that the size distributions of the sinks fractions in both fly ash feeds used in the multi-

stage experiments in this chapter were almost identical, whereas the size distribution of 

floated cenospheres used in the preliminary study was slightly finer. The feed size 

distributions for both studies are shown in Appendix G.  

 

 
Figure  8.2: The cenosphere floats and fly ash sinks particle size distributions in the feed used 

for the preliminary two-stage trials.  

 

The average density of the cenospheres and fly ash in the main three-stage feed were 

measured to be about 843 kg/m3 and 1887 kg/m3, respectively, using the gas pycnometry 

method. However the feed cenosphere density in the preliminary two-stage work was 

measured to be slightly lower at about 807 kg/m3. Scanning Electron Microscopy (SEM) 

images of the feed fly ash and cenospheres fractions used in the preliminary and main 

experiments are shown in Figure 8.3. 
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(A) (B) 

(C) (D) 

Figure  8.3: SEM images showing (A) the floats fraction and (B) the sinks fraction obtained 

from a sink-float separation of the preliminary fly ash feed containing 0.33 wt.% 

cenospheres, and (C) the floats fraction and (D) the sinks fraction obtained from a sink-float 

separation of the main fly ash feed containing about 0.9 wt.% cenospheres. The 100 µm 

length scale is shown in the bottom left hand corner of each image. Note the background 

material, on which the samples rest, is unrelated to the fly ash. 

 

8.3 Results and Discussion 

This work investigates use of multiple stages for the upgrading of cenospheres. In the 

preliminary experiments, a series of two IRC™s was used to upgrade the cenospheres in the 

low grade fly ash containing 0.33 wt.% cenospheres. Then in the main experiments, a feed 

containing 0.9 wt.% cenospheres was upgraded in a series of three IRC™s.  
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8.3.1 Upgrading cenospheres from a low-grade fly ash feed 

A fly ash feed containing about 0.33 wt.% cenosphere concentration was processed in two 

stages of laboratory-scale IRC™s. The first stage aimed to recover most of the cenospheres. 

The product obtained from this stage was then processed in a second stage to be upgraded. 

Approximately identical operating conditions were used in both stages. The volumetric split 

ratio was about 40 %, and the feed and fluidization water volumetric fluxes were about 7.3 

and 0.87 m3/(m2 h), respectively. Table 8.1 indicates the operating parameters and results 

obtained from this two-stage IRC™ process. As indicated in Table 8.1, the cenospheres were 

upgraded from 0.33 wt.% to about 3.8 wt.% in Stage 1. The recovery of this stage was around 

82.5 wt.%. After processing the product of the first stage in the second stage, a final product 

grade of 21.3 wt.% and a recovery of 79.3 wt.% were achieved. Lower split ratios could be 

used in the process for obtaining a higher product grade, however the recovery would be 

lower in this case. As listed in Table 8.1, the overall product grade and recovery were 

calculated to be 21.3 wt.% and 65.4 wt.%, respectively. A higher product grade but a lower 

overall recovery could be achieved using another stage of the IRC™. It was concluded that 

this two-stage IRC™ process was inefficient in separating cenospheres from the low grade 

fly ash. 

 

It is worth noting that the whole process performance here was determined by combining the 

steady state results obtained from Stages 1 and 2, meaning that the overall product grade was 

actually the grade obtained from Stage 2, and the whole recovery was calculated by 

multiplying the recoveries obtained from Stages 1 and 2. In theory, in a continuous two-stage 

process, the product of the first stage is continuously fed to the second stage, and hence the 

feed grade of Stage 2 should be equal to the product grade of Stage 1. Here, however, the 

process is different, as the product of Stage 1 under both unsteady and steady state conditions 

(20-30 vol.% of the feed was consumed while reaching the steady state condition) was 

collected in a mixing tank, and then the mixture was fed to Stage 2. Therefore, the feed grade 

in Stage 2 was lower than the steady state product grade obtained from Stage 1. However, in 

a real continuous two-stage process in which the product of Stage 1 will be constantly fed to 

Stage 2, an even better performance than here will be obtained due to the higher feed 

cenosphere grade in Stage 2. 
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Table  8.1: Product grade and cenosphere recovery achieved at different stages of the process. 

 Feed 
volumetric flux 

(m3/(m2 h)) 

Split 
ratio 

(vol.%) 

Feed pulp 
density 
(wt.%) 

Feed 
grade 

(wt.%) 

Product 
grade 

(wt.%) 

Upgrade Recovery 
(wt.%) 

Run 1 (Stage 1) 7.3 38.0 32.8 0.33 3.8 11.4 82.5 
Run 2 (Stage 2) 6.8 40.0 6.1 2.7 21.3 7.8 79.3 
Whole process - - - 0.33 21.3 64.6 65.4 

 

8.3.2 Upgrading cenospheres from a high-grade fly ash feed 

The optimum feed solids concentration for a fly ash with 1 wt.% cenospheres was established 

in Chapter 6. At the optimum, the pilot-scale IRC™ was used to process approximately 1 

tonne of fly ash and generate a large quantity of product to feed to the next stages. Two 

additional laboratory-scale IRC™s in series were employed to purify the cenosphere product, 

while aiming for the maximum possible recovery. Error bars are used to show the 

discrepancy between the experimental data and the mass-balanced data. These error bars 

show the spread in the three different recovery values that can be calculated from the raw 

data by using three different routes: 1) the mass of cenospheres in product divided by the 

combined mass in product and tailings, 2) the mass in product divided by mass in feed, and 3) 

the mass in feed minus the mass in tailings divided by the mass in the feed. Appendix H 

presents sample calculations showing these calculations for defining these error bars. The 

same procedure could be applied for grade values. However, the errors were found to be 

negligible for the product grades, and hence the error bars are only shown for the recoveries. 

This error definition was previously discussed in Chapter 5.   

 

In Chapter 6, the optimum feed solids concentration in the cenospheres separation process 

was found to be around 38 wt.%. At this optimum point, a product grade of 64 wt.% and a 

recovery of about 90 wt.% were achieved using a one-stage IRC™. Then in Chapter 7, results 

from a pilot-scale IRC™ were found to be in very close agreement with the laboratory-scale 

unit. Therefore, the pilot scale IRC™ at the optimum feed solids concentration was used as 

the first stage of a three-stage IRC™ process in order to obtain a high recovery and a 

satisfactory grade. All three stages’ operating parameters and results are indicated in Table 

8.2. Again, the performance of the whole process was assessed by combining the steady state 

results obtained from Stages 1-3 (Runs 3, 4 and 5). It is noted that Runs 6 and 7 in Table 8.2 

were experiments to investigate the effect of changes in the operation of Stage 3 (Run 5) on 

the overall performance. 
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Table  8.2: The operating parameters (based on raw data) and the obtained results (based on 

mass-balanced data) for the three-stage separation in the IRC™. 

 

* Two further runs to investigate the performance of Stage 3 at different operating conditions. 

 

8.3.2.1 Product grades and cenosphere recovery 

Three stages of IRC™ were applied to upgrade the cenospheres in the fly ash. The first stage 

IRC™, was operated at the optimum feed solids concentration of around 40 wt.% with the 

primary aim was to process a relatively high feed rate, while ensuring high recovery of the 

cenospheres. Here an upgrade of about 20 was deemed satisfactory. The focus of the latter 

stages was on the further upgrading of the cenospheres. Figure 8.4 shows the product grade 

obtained at different stages of the process.  
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Figure  8.4: Product grade of cenospheres at different stages of the process. 

 

The product grade of the first stage (Run 3) was relatively low at about 17 wt.% but the 

recovery was significant at about 80 wt.%, as analysed in detail in Chapter 7. This stage of 

the process was carried out at the optimum feed solids concentration of about 39 wt.% and 

the solids throughput of about 4.0 t/(m2 h). The fluidization water was around 0.83 m3/(m2 h), 

and the product rate was set at about 20 % of the feed volumetric rate (Table 8.2). In the 

second and third stages (Runs 4 and 5), however, lower feed fluxes and higher split ratios 

were used. In the second stage (Run 4), the product grade of cenospheres was raised to about 

77 wt.%, however the recovery obtained from this stage was only about 69 wt.%. In the third 

stage (Run 5), the cenospheres grade was increased to about 97 wt.%, with a cenosphere 

recovery of around 92 wt.%.  

 

The cenosphere recoveries obtained at different stages of the process are shown in Figure 8.5.  
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Figure  8.5: Cenospheres incremental recovery obtained at different stages of the process. 

 

Figures 8.6 and 8.7 show the cumulative upgrade and recovery during the multi-stage 

processing, respectively. The combined upgrade and recovery of the cenospheres in the 

multi-stage IRC™ were about 110 and 50 wt.%, respectively. In fact, as the second stage of 

the process was conducted at a relatively low feed rate and a high split ratio (volumetric 

product to feed ratio), a higher recovery of cenospheres was expected. However the low 

solids concentration of the feed, about 10.3 wt.%, could be the reason for the relatively low 

recovery of this stage.  
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Figure  8.6: Cumulative upgrade after each stage of the process. 

 

 
Figure  8.7: Cumulative cenosphere recovery after each stage of the process. 
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According to the literature (Fessas & Weiland, 1984) and the study in Chapter 6, in a mixture 

of positively and negatively buoyant particles, the presence of a high concentration of 

negatively buoyant particles can cause the streaming formation and hence promote the rise 

velocity of those particles.  Based on the regime map proposed by Batchelor and Van 

Rensburg (1986) and discussed in Chapter 3, the system of positively buoyant cenospheres 

and negatively buoyant fly ash can be assumed to provide λ = 1 and γ = -1. Here the feed 

cenosphere concentration in Stage 1 is as low as 0.51 vol.% which should be much lower 

than the critical concentration to develop streams. However the cenospheres segregate toward 

the downward facing wall of the inclined channels and are refluxed back into the vertical 

section. Hence their concentration can be significantly higher than their initial concentration 

in the feed. The other important parameter in the formation of the streams is the total solids 

concentration in the suspension. Based on the literature presented in Chapter 3, a volumetric 

solids concentration of at least 20% is required for the formation of streams. In Stage 1, the 

pulp density of the feed stream is about 25.8 vol.% (39.5 wt.%) which it is speculated was 

enough to trigger bulk streaming effects. However, in Stages 2 and 3 the feed concentration 

was much lower at about 7.5 vol.% and 1.7 vol.% respectively.  So even with the build up in 

concentration caused by the reflux of buoyant cenospheres, it is speculated that the solids 

concentration in the vertical section may not have built up high enough to trigger the 

streaming effect. Unfortunately no samples were collected from the vertical section so the 

concentration there cannot be confirmed. 

 

The recovery in Stage 3 was found to be significantly better than Stage 2 (Figure 8.5), even 

though the feed to Stage 2 was at a higher pulp density. This is consistent with the hypothesis 

that streaming phenomena did not occur in Stages 2 and 3 and so the higher pulp density was 

more of a hindrance than a benefit. The better performance of Stage 3 can then be explained 

by one or more of the following three effects. Firstly the more dilute conditions would have 

resulted in a lower degree of hindered settling in Stage 3 compared with Stage 2. Secondly, 

there was a lower feed volumetric flux in Stage 3, giving longer residence times for particles 

to segregate. Thirdly the majority of the slow rising cenospheres (i.e. fine and high density 

ones) would already have been removed in Stage 2 and so did not reduce the recovery in 

Stage 3. The size and density of particles are examined in detail in Section 8.3.3.2, providing 

more explanation about the performance of different stages. 
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Figure 8.8 shows the product grade and cenosphere recovery obtained from the third stage of 

the process at different product fluxes (Runs 5-7) while maintaining  constant feed and 

fluidization water fluxes of about 1.7 m3/(m2 h) and 0.87 m3/(m2 h) respectively. As expected, 

the product grade decreased and the cenospheres recovery increased as the product flux 

increased from 0.38 (Run 5) through to 1.30 m3/(m2 h) (Run 7).  

 

 
Figure  8.8: Product grade and cenospheres recovery obtained from the third stage of the 

process at different product fluxes. 

 

Figure 8.9 shows the grade-recovery curves for each stage. It was appropriate to operate 

Stages 2 and 3 at relatively low feed volumetric fluxes given the significant upgrade 

following Stage 1. As the feed volumetric fluxes of Stages 2 and 3 were relatively low, their 

grade-recovery curves were higher than for Stage 1. It is noted here that the grade-recovery 

curve for Stage 1 was the one obtained for the pilot-scale IRC™ in Chapter 7. The operating 

point in which the recovery of 79.6 wt.% and grade of 16.7 wt.% were achieved was 

considered as the first stage of the three-stage separation process in this chapter. 
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Figure  8.9: Grade-recovery curve for each stage of the process. 

  

8.3.2.2 Size and density of cenospheres in the multi-stage IRC™ process 

The size and density of the cenospheres in the product of each stage were measured to 

investigate the performance of the multi-stage IRC™ in more detail. Figure 8.10 presents the 

size distributions of the cenospheres in the products from all three stages (Run 3-5). The size 

distribution of the first and second stages had a significant difference, reflecting the loss of 

considerable proportions of fine cenospheres in Stage 2 (Run 4). However the size 

distribution of the cenospheres exhibited negligible change from Stage 2 (Run 4) to Stage 3 

(Run 5).  
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Figure  8.10: Size distributions of cenospheres in the product at different stages of the process. 

 

Using the mass-balance reconciled particle size distributions of the feed, tailings and product, 

the size partition curves were calculated for each stage of the process. As shown in Figure 

8.11, the second stage showed a poorer size separation compared to the first stage, due it is 

believed to the lack of bulk streaming phenomenon, reflecting the loss of fine and high 

density cenospheres in this stage. However, the third stage of the process which involved a 

very dilute feed containing less dense and larger cenospheres than the second stage provided 

a sharper separation. Table 8.3 presents the imperfection and d50 (Wills, 1996), indicating the 

efficiency of different stages of the process.  
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Figure  8.11: Partitioning to product obtained at different stages of the process. 

 

Table  8.3: d50 and imperfection (I) (Wills, 1996) showing the quality of separation in each 

stage. 

 d50 I   
Stage 1 (Run 3) 36 0.21 
Stage 2 (Run 4) 54 0.35 
Stage 3 (Run 5) 40 0.06 

 

Figure 8.12 shows the density of the total product solids and the cenospheres floats fraction in 

the product obtained from each stage compared to the average density of the cenospheres in 

the feed. The density of total solids in the product decreased from about 1413 kg/m3 after 

Stage 1 down to about 778 kg/m3 after Stage 3, showing the effective washing of the fine fly 

ash particles from the cenosphere product.  The average density of the cenospheres in the 

product also slightly decreased from about 839 kg/m3 after Stage 1 down to about 793 kg/m3 

after Stage 2 and then almost levelled off. These data reflect the already mentioned 

difficulties in the recovery of high density cenospheres in Stage 2. It is speculated that this 

difficulty was not apparent in Stage 1 due to the higher suspension density involved being 

enough to trigger bulk streaming. 
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Figure  8.12: Average density of all product solids and only the cenospheres in the product at 

different stages of the process. 

 

It was previously explained that the occurrence of bulk streaming motion depends on the 

concentrations of cenospheres and other solids in the suspension. In the second stage of the 

multi-stage IRC™, the feed total solids concentration was about 10 wt.%, which we speculate 

was insufficient to trigger streaming. If correct, then is means that in the second and third 

stages, the separation was only promoted by the Boycott effect while the first stage separation 

was promoted by both the Boycott and streaming effects. Hence Stage 2 may have suffered 

the deleterious effects of moderate solids loading, without the benefits of the streaming that 

occurs at higher solids loading. 

 

Hence it is concluded that the use of a one-stage IRC™ at a lower throughput as shown in 

Section 6.5.4 may be a more appropriate option for achieving the target grade and recovery. 

For example, for the same feed, a recovery of about 90 wt.% and a product grade of 64 wt.% 

(Run 5 Chapter 6) were obtained at a lower solids throughput of about 3.1 t/(m2 h) in the one-

stage IRC™. Even at a higher throughput of about 4.7 t/(m2 h) (Run 7 Chapter 6), a product 

grade of about 79 wt.% and a cenospheres recovery of about 64 wt.% were achieved using a 
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one-stage IRC™. Therefore the use of one-stage or multi-stage IRC™ processes mainly 

depends on the target product grade, recovery and throughput. 

 

8.4 Conclusions 

In this chapter, the ability of a multi-stage IRC™ process to achieve a high upgrade of the 

cenospheres was investigated. The results showed that a two-stage IRC™ arrangement was 

ineffective in processing a low grade fly ash containing only 0.33 wt.% cenospheres. 

However in the main part of the study involving a fly ash feed with around 0.9 wt.% 

cenospheres, a product grade of about 97 wt.% was achieved using a three-stage arrangement. 

However the recovery dropped to about 50 wt.% at the end of the three stages. The size and 

density analysis suggested that the second stage of the process was less effective in 

recovering the fine and dense cenospheres. The low total solids concentration of the feed in 

the latter stages and hence the lack of the bulk streaming effect were speculated to be the 

likely reason for the lower overall recovery. These results suggest that a one stage process, 

conducted at a reduced feed rate as shown in Section 6.3.3, may provide the best approach for 

achieving a high target grade and recovery.  

 

However one-stage separation performance can still vary for different fly ash feeds 

depending on the cenosphere concentration and size. In the next chapter, the separation of 

cenospheres from a fly ash feed containing bigger cenospheres at a slightly higher 

concentration is examined and compared with the single-stage separation performance found 

in Chapter 5 and 6. 
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9.1 Introduction 

This chapter briefly provides a detailed analysis of the separation of valuable cenospheres 

from different fly ash feeds using the Inverted REFLUX™ Classifier (IRC™). Even though 

the one-stage IRC™ was found to be effective in recovering cenospheres in Chapters 5-7, the 

separation performance can vary depending on the cenosphere and fly ash properties.  A fly 

ash containing larger cenospheres with a higher initial concentration of about 1.14 wt.%, 

simply named as Feed 3, was processed using a one-stage IRC™. The results obtained for 

this feed relatively late in the study are considered so significant that they should be 

presented as a separate chapter. Their significance is evident by comparing the results with 

those obtained in the previous chapters (Chapters 5 and 6). The fly ash feeds in Chapters 5 

and 6 (named as Feed 1 and Feed 2) contained significantly less cenospheres, at 

concentrations of about 0.51 wt.% and 0.85 wt.%, respectively.  

 

9.2 Experimental  

A schematic representation of the Inverted REFLUX™ Classifier (IRC™) is shown in Figure 

5.1. The laboratory-scale IRC™ was used to separate the cenospheres from different fly ash 

feeds. A detailed description of the IRC™ is given in Chapters 5 and 6.  

 

Fly ash feed samples of different cenosphere concentrations ranging from 0.51 to 1.14 wt. % 

were sourced from a power station in Australia. The experimental procedure is exactly the 

same as discussed in Chapters 5 and 6. Standard sink-float funnels of 1 L volume were used 

in order to determine the grade of cenospheres in each sample and then calculate the 

cenosphere recovery. This standard test was comprehensively described in Chapters 5, 6 and 

7. A subsample from each stream was obtained for measuring the particles size distributions, 

using Malvern Mastersizers 3000 or 2000. This equipment measures the volume-based size 

distributions of particles in a wet condition. The density of the particles was also measured 

using a gas pycnometer. The pycnometer measures the occupied volume of the particles and 

then calculates the density.  

 

The cenosphere volume-based size distributions were reconciled using the material-balance 

method proposed by Galvin et al., (1995). The balanced data were then used to calculate the 

partition of cenospheres to the product stream as a function of size. It is noted again that the 
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volume-based recovery (partition number) is calculated using the volume-based size 

distributions, whereas the mass-based recovery (total recovery reported in wt.%) is calculated 

directly from the sample solids masses (i.e. the ratio of cenosphere mass in the product to that 

in the feed). The volume-based recovery is theoretically related to the mass-based recovery as 

RVc = (ρcF/ρcP)RMc as presented in Equation 5-3. 

 

9.3 Results and Discussion 

The results achieved using the IRC™ is presented in this section for different feeds. Again, as 

the errors in product grade data were found to be negligible, the error bars were only reported 

for the recoveries. These error bars show the difference between the results obtained using 

the raw experimental data and those obtained using the mass-balanced data, as discussed in 

Chapter 5.  

 

This section presents laboratory-scale results obtained from the processing of three different 

fly ash feeds. These are referred to as Feed 1, 2 and 3 and contained cenosphere 

concentrations of 0.55, 0.85, and 1.14 wt.% respectively, which were all sourced from a 

power station in Australia under different circumstances. In this chapter, the separation 

performance of Feed 3 is compared with Feeds 1 and 2 which have already been presented in 

Chapters 5 and 6 (Run 10 in Chapter 5 which is here referred to as “Run 1” & Run 7 in 

Chapter 6 which is here referred to as “Run 2”). The average density and size of the 

cenospheres and fly ash fractions in these three feeds are shown in Table 9.1. The cenosphere 

average density was roughly the same in all three feeds, whereas the average density of the 

fly ash in Feed 3 was slightly higher. Also the arithmetic volume average fly ash particle size 

in all three feeds was approximately the same while the average size of the cenospheres was 

larger in Feed 3. The size distribution of the cenosphere particles is also shown in Figure 9.1. 

It is noted that the arithmetic volume average size was calculated as ∑ darith-i × xave-i, where 

the darith-i is the arithmetic average size defined in Chapter 2 and xave-i is the volume fraction 

of particles, both for the interval i. 

 

Table  9.1: Average size and density of the fly ash and the cenospheres at different feeds. 

 Feed 1 Feed 2 Feed 3 
 Fly ash Cenosphere Fly ash Cenosphere Fly ash Cenosphere 
Average Size (µm) 59.5 73.4 63.1 75.3 56.9 131.9 
Average Density (kg/m3) 1850 807 1876 802 2030 811 
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Figure  9.1: Volume size distributions of cenospheres in the different fly ash feeds. 

 

For Feeds 2 and 3 (Runs 2 and 3), the laboratory-scale IRC™ was operated at almost 

identical operating conditions, while the feed volumetric flux for Feed 1 (Run 1) was lower.  

Stream samples were collected and analysed to measure cenosphere grade and size 

distributions. Recovery was calculated from the mass-balance reconciled data. Table 9.2 

shows the experimental parameters and the results obtained from different runs, and also 

indicates the inconsistency in the raw experimental data reported as the ratio of inlet flows to 

outlet flows for the cenospheres, fly ash and total solids. Again, the error bars were only 

significant for the recoveries. The size partition curves defining the cenosphere separations in 

the IRC™ were also determined. 

 

 

 

 

 

 

0.0

0.3

0.6

0.9

1.2

1.5

0 100 200 300 400

Vo
lu

m
e 

fr
eq

ue
nc

y 
di

st
rib

ut
io

n 
(%

/Δ
µm

)

Particle size (µm)

Feed 1

Feed 2

Feed 3



208 
 

Table  9.2: The experimental parameters and the results obtained from the separation of 

cenospheres from different fly ash feeds in the IRC™. 

 Run 1  Run 2  Run 3 
Feed flux (m3/(m2 h)) 7.0 11.2 10.5 
Feed solid concentration (wt.%) 31.3 40.0 38.9 
Feed cenospheres concentration (wt.%) 0.55 0.85 1.14 
Fluidization water Flux (m3/(m2 h)) 0.87 1.05 1.05 
Split ratio (vol.%) 20.0 13.4 14.0 
P – W 0.53 0.45 0.42 
Product grade (wt.%) 69.4 78.9 79.7 
Recovery (wt.%) 48.5 64.4 92.6 
In/out (solids) 1.01 1.02 1.02 
In/out (Fly ash) 1.01 1.02 1.02 
In/out (Cenospheres) 1.13 0.97 1.08 

 

For Feeds 2 and 3, the operating conditions were almost identical. The feed solids 

concentration was approximately 40 wt.%, and the feed and fluidization water fluxes were 

about 10.8 ±0.3 and 1.0 m3/(m2 h), respectively. The split ratio defined as the ratio of the 

product volumetric flux to the feed volumetric flux was about 14 %. However for Feed 1, the 

feed and fluidization water volumetric fluxes were lower at 7 m3/(m2 h) and 0.9 m3/(m2 h), 

respectively, and the volumetric split ratio was higher at 20 %. 

 

As shown in Chapters 5, 6 and 7, the difference between the product and fluidization water 

fluxes (P – W) is an important factor in controlling the product grade. In this set of 

experiments, this factor was approximately the same in the runs conducted on Feed 2 and 3 

(Runs 2 and 3), and slightly more for Feed 1 (Run 1). As a result, the product grades obtained 

for Feed 2 and 3 were almost the same at about 79 wt.% while it was lower at about 69 wt.% 

for Feed 1. Figure 9.2 presents the product grades obtained for the three fly ash feeds. 
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Figure  9.2: Product grades obtained from IRC™ in separating cenospheres from different fly 

ash feeds (Runs 1, 2 and 3). 

 

Figure 9.3 shows the cenosphere recovery obtained for the three different fly ash feeds. For 

Feed 1, although the lower feed flux and a higher split ratio were more favourable for 

obtaining a higher recovery, the cenosphere grade and the solids concentration in the feed 

were very low at about 0.51 wt.% and 31 wt.%, respectively. It is suspected, therefore, that 

there was less bulk streaming motion in this case. This was comprehensively investigated and 

analysed in Chapter 6. As shown in Figure 9.3, the recoveries of cenospheres obtained for 

Feeds 2 and 3 were about 64 wt.% and 93 wt.%, respectively. This recovery for Feed 3 is 

remarkable, which suggests that the elevated cenosphere concentration of 1.14 wt.% led to 

enhanced bulk streaming, well beyond that observed for the other two runs. The result also 

suggests that a single-stage IRC™ can be utilized to recover cenospheres from fly ash, 

achieving high product grades and recoveries, at significant solids throughputs. As previously 

discussed in Chapter 6, according to Batchelor’s case study (Figure 3.6 in Chapter 3), bulk 

streaming is more likely to develop at higher species concentrations in a mixture of positively 

and negatively buoyant particles. The size of the cenospheres in Feed 3 was also larger, 

inducing a greater convective driving force and hence a larger cenosphere recovery.  
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Figure  9.3: Cenosphere recovery obtained for different fly ash feeds processed in the IRC™. 

 

In order to explore further the effects of these two factors (i.e. cenospheres concentration and 

cenospheres size) on the recovery of cenospheres from Feeds 2 and 3 (Runs 2 and 3), the 

partition curves between Runs 2 and 3 were compared. Figure 9.4 shows the size distribution 

of the cenospheres in the product, tailings and feed for Run 3. The size partition curves for 

Feed 2 and 3 (Runs 2 and 3) were determined from the reconciled volume particle size 

distributions and are plotted in Figure 9.5. The operating conditions used in the IRC™ for 

both Feeds 2 and 3 were the same and so, unsurprisingly the partition curves are similar. 

Therefore the higher recovery obtained for Feed 3 mostly reflects the fact that it contained a 

higher proportion of coarser cenospheres which were more easily recovered. 
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Figure  9.4: Volume-based frequency size distribution of cenospheres in product, tailings and 

feed for Run 3. 

 

 
Figure  9.5: The size partition curves obtained for Feeds 2 and 3 (Runs 2 and 3). 
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9.4 Conclusions 

For the feed with 1.14 wt.% cenospheres, involving larger cenospheres, a remarkable 

recovery of about 92.6 wt.% was achieved at a grade of 79 wt %, with the solids throughput 

about 4.9 t/(m2 h). The significance of this separation was established by comparing the 

findings with those from the feeds containing lower cenosphere grades. The size partition 

curve indicated that the higher recovery obtained for Feed 3 was associated with the presence 

of larger cenospheres. It is also suspected that much stronger bulk streaming was produced 

within the inclined channels as a result of these larger and more concentrated cenospheres.  
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10.1 Conclusions 

This study was concerned with investigating the separation performance of an Inverted 

REFLUX™ Classifier (IRC™) to recover and concentrate valuable, positively buoyant, 

cenospheres from negatively buoyant fly ash. This innovative system consisted of a set of 

parallel inclined channels located below a vertical liquid fluidized bed. The purpose of the 

inclined channels was to enhance the particles segregation rate, leading to a throughput 

advantage over a conventional fluidized bed (Laskovski et al., 2006). In other words, the 

inclined channels reduce the loss of cenospheres to the tailings, thus increasing their recovery 

at a given feed rate. A fluidization chamber was also installed above the IRC™, distributing 

water to wash the entrained high density ultrafine particles from the product, and therefore 

increase the product grade.  

 

A typical fly ash feed was characterized in terms of surface structure, elemental composition, 

and size and density distribution. Using Scanning Electron Microscopy (SEM) and Energy 

Dispersive Spectroscopy (EDS) methods, the fly ash was found to mainly contain 

cenospheres, unburnt carbon, and dense particles (mainly aluminium oxide and silicon 

dioxide). The SEM images showed that some cenospheres were naturally broken and 

therefore denser than water. Some hollow spherical cenospheres can also be negatively 

buoyant if their shell thickness is sufficiently large. Thus, the term cenospheres was reserved 

in this study to particles of density lower than that of water. The EDS analysis showed that 

the surface property of the cenospheres and dense particles were almost the same confirming 

the need to focus on gravity separation rather than flotation. 

 

The REFLUX™ Classifier (RC™) was also used to fractionate the fly ash feed into several 

flow fractions, providing a better understanding of the particles size and density distribution. 

This form of analysis has not been applied to fly ash previously. The fractionation data 

showed that 60 wt.% of particles had a density of more than 2000 kg/m3. However, the 

portion below a density of 1000 kg/m3 was only about 1.4 wt.%, corresponding to the feed 

cenospheres concentration measured separately using the sink-float method. In some cases 

water may fail to penetrate immediately into partially broken cenospheres, hence the 

cenospheres concentration may vary with time. Ideally, in order to measure the true grade of 

cenospheres in the fly ash, the fly ash and water should be kept mixed for several hours. 
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The potential of the innovative approach, the Inverted REFLUX™ Classifier (IRC™), for 

separating positively buoyant particles was investigated initially via a series of so-called 

preliminary experiments. Here, the separation of commercial cenospheres from dense silica 

flour was examined in a laboratory-scale IRC™. The results obtained from the IRC™ were 

promising, showing a high product grade of about 85 wt.% under some operating conditions. 

Here the upgrade was about 148, reflecting the strong potential of the IRC™ for upgrading 

positively buoyant cenospheres.  

 

The recovery and concentration of cenospheres in a low-grade fly ash feed were then 

examined in the IRC™ under different operating conditions. The cenospheres concentration 

of the first feed was about 0.51 wt.%. By increasing the fluidization water flux, more of the 

fine high-density fly ash was washed away from the cenosphere product leading to an 

increase in the product grade. Meanwhile, higher proportions of heavy cenospheres were also 

lost and hence the recovery decreased. By increasing the feed flux and hence the product 

flux, the entrainment of fine fly ash particles in the product increased and hence the grade 

decreased. The cenospheres recovery increased up to an optimum point and then decreased. 

At high feed fluxes and hence high product fluxes, the ratio of the product flux to the 

fluidization water flux became large resulting in a higher cenospheres recovery. However by 

further increasing the feed flux, the high velocity of the feed through the inclined channels 

led more entrainment of the fine cenospheres to the tailings and therefore a lower recovery. It 

was also found that the difference between the product and fluidization water fluxes (P – W) 

is a critical factor in controlling the product grade in the IRC™. By increasing the feed split 

ratio and hence (P – W), the product grade decreased and the cenospheres recovery increased.  

 

The enhanced separation of cenospheres from fly ash in the IRC™ was investigated using 

different feed solids concentrations of about 10.1 wt.% up to 46.1 wt.%. The fly ash feed 

contained around 1.0 wt.% cenospheres. The operating conditions were similar in all 

experiments, and therefore, the critical factor (P – W) was almost the same. As a result, 

similar product grades of about 70 wt.% were obtained in different runs. By increasing the 

feed solids concentration up to an optimum concentration, the cenospheres recovery 

increased significantly. This result was contrary to expectation given that performance would 

normally decline as the solids rate increased. The optimum feed solids concentration was 

found to be about 38.1 wt.%. By further increasing the feed solids concentration to 46.1 

wt.%, the cenospheres recovery decreased, probably due to the high feed viscosity and its 
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hindrance effects. Using the partition curves obtained for different experiments, the sharpest 

separation was evident at the optimum feed solids concentration. At this optimum, a recovery 

of 90 wt.% and grade of 64 wt.% were achieved at a solids throughput of about 3.1 t/(m2 h). 

Here, the actual and theoretical throughput advantage were calculated to be 54 and 18. An 

enhancement factor of 54/18 = 3 was attributed to the feed solids concentration. This is 

consistent with the literature (Batchelor and van Rensburg, 1986), stating that the velocity of 

positively buoyant particles can be induced in the presence of a specific concentration of 

negatively buoyant particles, referred to as bulk streaming. It was therefore concluded the 

separation of cenospheres in the IRC™ was enhanced at higher feed solids concentrations 

due to the development of bulk streaming. The separation performance at the optimum feed 

solids concentration was further studied in order to establish the best operating conditions for 

the pilot-scale experiments. In general, increasing the feed flux led to an increase in the 

recovery and a decrease in the product grade. 

 

The separation of cenospheres from fly ash was then examined using a pilot scale IRC™. 

Here the separation process was scaled up by a 10 fold factor to a pilot-scale IRC™ (cross 

sectional area: 300 mm × 300 mm). Around 1 tonne of fly ash was used to provide enough 

feed for the steady state runs in the pilot-scale IRC™. The separation performance in the pilot 

scale IRC™ was examined at different feed split ratios and feed fluxes. Two parameters, I 

and d50, were used to indicate the size separation performance in the pilot-scale runs at 

different feed split ratios.  Since the feed conditions were the same in all runs, the sharpness 

of separation (I) was similar. On the other hand, by increasing the feed split ratio, finer 

cenospheres were recovered and hence the d50 decreased. The results obtained from the pilot-

scale runs were compared with those obtained from the laboratory-scale runs. The 

performance was found to be similar. Grade-recovery curves for both scales were also 

plotted, compared and found to be consistent. The size and density of the fly ash solids and 

cenospheres in the product, tailings and feed were also measured showing that the loss of fine 

and dense cenospheres was the main reason for the lower recovery in the pilot-scale IRC™.  

 

A multi-stage arrangement was also considered in order to optimise the separation of the 

cenospheres from fly ash in respect to solids throughput, product grade and recovery. The 

separation of cenospheres from low grade and high grade fly ash feeds was examined using 

two-stage and three-stage IRC™ processes, respectively. For the fly ash feed with only 0.33 

wt.% cenospheres, the two-stage process was found to be inefficient. A three-stage IRC™ 
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process was applied to process a fly ash feed with about 0.9 wt.% cenospheres. After the third 

stage, a product grade of 97 wt.% (almost pure on a volume basis) was achieved, however the 

recovery was relatively low at about 50 wt.%. At Stage 2 of the process, a recovery of only 

about 69 wt.% was obtained. The reason for the low recovery of this stage was found to be 

the low feed solids concentration (about 10 wt.%) which based on the literature (Batchelor 

and van Rensburg, 1986) was much lower than the required threshold value for the bulk 

streaming to form. Having looked at Stage 2 more carefully, significant proportions of fine 

and dense cenospheres were lost in this stage. It is noted that Stage 3 was found to be very 

efficient due to the lower feed flux and solids concentration, and the absence of the fine and 

dense cenospheres remaining in this stage. Therefore, it was concluded that the one-stage 

process at a lower feed solids throughput is the preferred option for obtaining the required 

product grades and recovery.  

 

Subsequent experiments demonstrated that the separation performance varied when different 

fly ash feeds were used. A fly ash feed containing larger cenospheres at a slightly higher 

concentration was therefore examined in the one-stage IRC™, and the results were compared 

with those obtained from the previous two fly ash feeds (Chapters 5 & 6). The concentration 

of cenospheres in the fly ash feeds 1, 2 and 3 (new one) was about 0.51 wt.%, 0.85 wt.% and 

1.1 wt.%, respectively. The arithmetic average size of the cenospheres in the new feed was 

132 µm, which was significantly larger than for the other two (73 µm, 75 µm for Feed 1 and 

2, respectively). Again, the most important factor controlling the product grade was the 

difference between the product and fluidization fluxes (P – W). The cenospheres recovery 

obtained for Feed 2 was higher than that for Feed 1 due to the further development of the 

bulk streaming at the elevated cenospheres concentration. However, a recovery of about 93 

wt.% was achieved for Feed 3, reflecting the effects of the streaming phenomenon and the 

presence of the larger cenospheres. Here the product grade was about 80 wt.% at a 

throughput of about 4.9 t/(m2 h). The partition curves plotted for Feed 2 and 3 indicated that 

the high recovery obtained for Feed 3 was mainly due to the presence of larger cenospheres.  
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10.2 Recommendations 

The results of this study show a strong potential of the IRC™ in separating valuable 

cenospheres from fly ash waste. Based on these findings it is recommended: 

 

1. The bulk streaming effect may further develop at higher feed cenosphere concentrations, 

and lead to an even more efficient separation process.  

 

2. During the separation process in the IRC™, samples from the inclined channels and the 

fluidized bed section could be taken to reveal the local cenosphere concentration. These local 

concentrations could be compared with the required critical concentrations for the formation 

of bulk streaming reported in the literature. 

    

3. The partitioning between the product and tailings is based on the particle size and density. 

Therefore in addition to the size partitioning studied in this thesis, the partitioning behaviour 

based on the particle density could be investigated to provide more detail about the separation 

process. This could be conducted through the sink-float test using liquids of different density 

or via an extension of the fractionation method used in this study. 

 

4. The analysis used in this study to quantify the separation performance via the inclined 

channels could be extended to produce a two-component model of the IRC™. This model 

needs to effectively demonstrate the classification based on the size and density, and ideally 

consider the effect of the bulk streaming motion. 

 

5. The final product from the IRC™ is generally very dilute, and hence the water needs to be 

removed in order to make the separation process more applicable and economical. An 

efficient method needs to be introduced for the filtration of positively buoyant cenospheres in 

the product. Some preliminary experiments using a pressurized filtration method provided 

promising results, showing a decrease in the product water content by around 70 wt.%.  

 

6. The separation of other valuable components like unburnt carbon, magnetic particles, 

metals and scarce elements should be investigated.  
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7. Cenosphere is considered a valuable material due to its superior properties. A 

comprehensive study on economic aspects of the separation process in the IRC™ could be 

undertaken. If the process is found to be economical, the system could be studied at full scale. 

 

8. The findings of this study including the determined optimum conditions, scaling up and the 

development of bulk streaming can be applied to any other separation processes involving a 

buoyant phase.   
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Appendix A: IRC™ raw experimental and reconciled data and results 
(grade and recovery by the sink-float method) 

 
 

In this set of experiments, the results were obtained using the sink-float method. The 

experimental data was reconciled using the error minimization method discussed in Chapters 

5-9. In the following tables of data, the red numbers are values that were adjusted in order to 

minimize the sum of square standard error that is shown in blue. Constraints are the ratios of 

in/out which should be equal to 1 in a set of balanced data. Sample calculations are presented 

in Appendix H. Note that the first 4 runs in Chapter 5 were related to the preliminary stage of 

the work, studying the model feed (mixture of silica and commercial cenospheres).  

 

As mentioned in previous chapters, the consistency of the raw data has been shown by 

comparing the measured inlet and outlet rates of each component (in/out ratios). These ratios 

are shown for each experiment. These values obviously equal 1 for the reconciled data. The 

sub-tables named “Relative error” show the percentage of adjustment made by the 

reconciliation technique to each set of raw experimental data.  
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Chapter 5 - Run 1 
Experiment data 

Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 
Overflow 48.40 0.19 0.36 
Underflow 1045.20 82.34 0.29 

Feed 970.80 82.22 0.75 
Wash water 125.00 - - 

in/out 1.00 1.00 1.16 
    

Balanced data 
Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 

Overflow 48.40 0.19 0.45 
Underflow 1046.37 82.19 0.29 

Feed 969.79 82.37 0.74 
Wash water 124.98 - - 

in/out 1.0 1.0 1.0 
 

Square standard error 
  Total Silica Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0645 0.0645 
Underflow 0.0000 0.0000 0.0000 0.0000 

Feed 0.0000 0.0000 0.0003 0.0003 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 6.4823 

 
Relative error (%) 

  Total Silica Cenosphere 
Overflow 0.01 0.00 25.40 
Underflow 0.11 -0.19 0.64 

Feed -0.10 0.19 -1.67 
Wash water -0.01 - - 

 
 

 
 
 

Results based on reconciled data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Silica 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Silica 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.3 70.6 29.4 60.6 0.2 79.6 
Underflow 7.9 0.4 99.6 39.4 99.8 -  

Feed 8.6 0.9 99.1  -  - -  
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Chapter 5 - Run 2 
 
 

Experiment data 
Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 

Overflow 21.00 0.05 0.21 
Underflow 1075.00 79.20 0.18 

Feed 961.40 79.42 0.47 
Wash water 125.00 - - 

in/out 0.99 1.00 1.20 
    

Balanced data 
Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 

Overflow 21.00 0.05 0.27 
Underflow 1069.71 79.28 0.19 

Feed 965.63 79.33 0.46 
Wash water 125.07 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Silica Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0021 0.0021 
Underflow 0.0000 0.0000 0.0003 0.0003 

Feed 0.0000 0.0000 0.0003 0.0003 
Wash water 0.0000 - - 0.0000 

    

Sum * 100 = 0.2685 
 

 
Relative error (%) 

  Total Silica Cenosphere 
Overflow -0.01 0.00 28.73 
Underflow -0.49 0.11 4.24 

Feed 0.44 -0.11 -1.62 
Wash water 0.06 

   
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Silica 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Silica 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.5 85.3 14.7 59.6 0.1 148.1 
Underflow 7.4 0.2 99.8 40.4 99.9 -  

Feed 8.3 0.6 99.4 -  -  -  
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Chapter 5 - Run 3 

Experiment data 
Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 

Overflow 8.84 0.04 0.14 
Underflow 1030.80 74.98 0.20 

Feed 911.00 75.26 0.44 
Wash water 125.00 - - 

in/out 1.00 1.00 1.30 
    

Balanced data 
Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 

Overflow 8.84 0.04 0.21 
Underflow 1028.77 75.09 0.21 

Feed 912.58 75.14 0.42 
Wash water 125.03 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Silica Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0051 0.0051 
Underflow 0.0000 0.0000 0.0009 0.0009 

Feed 0.0000 0.0000 0.0009 0.0009 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.6844 

 
Relative error (%) 

  Total Silica Cenosphere 
Overflow 0.00 0.00 55.22 
Underflow -0.20 0.16 6.46 

Feed 0.17 -0.16 -2.96 
Wash water 0.02 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Silica 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Silica 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 2.9 82.7 17.3 49.8 0.1 147.5 
Underflow 7.3 0.3 99.7 50.2 99.9 -  

Feed 8.3 0.6 99.4  -  -  - 
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Chapter 5 - Run 4 

 
 

Experiment data 
Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 

Overflow 85.90 0.04 0.06 
Underflow 1002.00 80.08 0.15 

Feed 972.00 80.09 0.22 
Wash water 125.00 - - 

in/out 1.01 1.00 1.08 
    

Balanced data 
Stream  Total (g/min) Silica (g/min) Cenosphere (g/min) 

Overflow 85.93 0.04 0.07 
Underflow 1006.63 80.07 0.15 

Feed 967.64 80.10 0.22 
Wash water 124.93 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Silica Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0010 0.0010 
Underflow 0.0000 0.0000 0.0004 0.0004 

Feed 0.0000 0.0000 0.0009 0.0009 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.2301 

 
Relative error (%) 

  Total Silica Cenosphere 
Overflow 0.04 0.00 12.73 
Underflow 0.46 -0.02 1.93 

Feed -0.45 0.02 -2.95 
Wash water -0.06 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Silica 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Silica 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 0.1 64.5 35.5 31.3 0.0 237.6 
Underflow 8.0 0.2 99.8 68.7 100.0  - 

Feed 8.3 0.3 99.7  - -   - 
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Chapter 5 - Run 5 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 23.33 0.71 2.23 
Underflow 1199.00 560.90 3.79 

Feed 1145.20 567.63 6.67 
Wash water 125.00 - - 

in/out 1.04 1.01 1.11 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 23.34 0.71 2.28 
Underflow 1223.88 563.88 3.93 

Feed 1122.50 564.58 6.22 
Wash water 124.73 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 

  Total 
Fly 
ash 

Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0005 0.0005 
Underflow 0.0004 0.0000 0.0015 0.0019 

Feed 0.0004 0.0000 0.0046 0.0050 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.7 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.04 0.00 2.26 
Underflow 2.08 0.53 3.84 

Feed -1.98 -0.54 -6.76 
Wash water -0.22 - - 

 
 

 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 14.4 78.9 21.1 40.8 0.1 69.4 
Underflow 46.4 0.7 99.3 59.2 99.9 -  

Feed 50.9 1.1 98.9 -  -  -  
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Chapter 5 - Run 6 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 49.23 0.46 1.60 
Underflow 1163.60 536.14 3.46 

Feed 1105.00 539.52 5.08 
Wash water 125.00 - - 

in/out 1.01 1.01 1.00 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 49.25 0.46 1.60 
Underflow 1172.56 537.59 3.47 

Feed 1096.92 538.05 5.07 
Wash water 124.90 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0000 0.0000 
Underflow 0.0001 0.0000 0.0000 0.0001 

Feed 0.0001 0.0000 0.0000 0.0001 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.0130 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.03 0.00 0.03 
Underflow 0.77 0.27 0.07 

Feed -0.73 -0.27 -0.11 
Wash water -0.08 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 4.2 77.8 22.2 31.6 0.1 83.3 
Underflow 46.1 0.6 99.4 68.4 99.9 -  

Feed 49.5 0.9 99.1  -  - -  
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Chapter 5 - Run 7 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 93.70 0.41 1.22 
Underflow 1208.40 574.19 3.21 

Feed 1177.00 573.33 4.67 
Wash water 125.00 - - 

in/out 1.00 1.00 1.06 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 93.70 0.41 1.30 
Underflow 1208.35 573.55 3.26 

Feed 1177.05 573.97 4.56 
Wash water 125.00 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0004 0.0004 
Underflow 0.0000 0.0000 0.0003 0.0003 

Feed 0.0000 0.0000 0.0006 0.0006 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.1239 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.00 0.00 6.76 
Underflow 0.00 -0.11 1.62 

Feed 0.00 0.11 -2.36 
Wash water 0.00 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.8 75.9 24.1 28.5 0.1 96.3 
Underflow 47.7 0.6 99.4 71.5 99.9 -  

Feed 49.2 0.8 99.2 -   - -  
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Chapter 5 – Run 8 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 109.45 34.92 0.65 
Underflow 1022.40 543.67 3.65 

Feed 1149.20 583.54 4.26 
Wash water 0.00 - - 

in/out 1.02 1.01 0.99 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 109.54 34.93 0.65 
Underflow 1030.03 545.97 3.63 

Feed 1139.56 580.89 4.28 
Wash water 0.00 - - 

in/out 1.0 1.0 1.0 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0000 0.0000 
Underflow 0.0001 0.0000 0.0000 0.0001 

Feed 0.0001 0.0000 0.0000 0.0001 
Wash water - - - - 

    
Sum * 100 = 0.0218 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.08 0.03 -0.08 
Underflow 0.75 0.42 -0.47 

Feed -0.84 -0.45 0.55 
Wash water 0.0 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 32.5 1.8 98.2 15.2 6.0 2.5 
Underflow 53.4 0.7 99.3 84.8 94.0 -  

Feed 51.4 0.7 99.3 -   - -  
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Chapter 5 - Run 9 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 96.60 0.22 0.72 
Underflow 1108.80 334.51 1.00 

Feed 1091.00 327.30 1.61 
Wash water 125.00   

in/out 1.01 0.98 0.94 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 96.64 0.22 0.71 
Underflow 1114.13 330.71 0.97 

Feed 1085.84 330.93 1.68 
Wash water 124.93 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0003 0.0003 
Underflow 0.0000 0.0001 0.0007 0.0008 

Feed 0.0000 0.0001 0.0017 0.0018 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.2990 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.04 0.00 -1.84 
Underflow 0.48 -1.13 -2.56 

Feed -0.47 1.11 4.12 
Wash water -0.05 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.0 76.1 23.9 42.0 0.1 150.8 
Underflow 29.8 0.3 99.7 58.0 99.9 -  

Feed 30.6 0.5 99.5  - -  -  
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Chapter 5 - Run 10 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 190.32 0.39 0.85 
Underflow 980.20 323.98 0.90 

Feed 1054.00 328.30 1.97 
Wash water 125.00 - - 

in/out 1.01 1.01 1.13 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 190.46 0.39 0.88 
Underflow 984.04 325.92 0.93 

Feed 1049.56 326.31 1.81 
Wash water 124.94 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0013 0.0013 
Underflow 0.0000 0.0000 0.0014 0.0015 

Feed 0.0000 0.0000 0.0068 0.0068 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.9541 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.08 0.00 3.54 
Underflow 0.39 0.60 3.75 

Feed -0.42 -0.61 -8.23 
Wash water -0.05 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 0.7 69.4 30.6 48.5 0.1 125.9 
Underflow 33.2 0.3 99.7 51.5 99.9 -  

Feed 31.3 0.6 99.4 -   - -  
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Chapter 5 - Run 11 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 371.60 5.53 1.24 
Underflow 844.20 339.89 0.68 

Feed 1087.20 346.69 1.76 
Wash water 125.00 - - 

in/out 1.00 1.00 0.92 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 371.36 5.53 1.19 
Underflow 842.95 340.51 0.67 

Feed 1089.28 346.04 1.85 
Wash water 125.03 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors  

Overflow 0.0000 0.0000 0.0015 0.0015 
Underflow 0.0000 0.0000 0.0005 0.0005 

Feed 0.0000 0.0000 0.0030 0.0030 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.4957 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.07 0.00 -3.85 
Underflow -0.15 0.18 -2.13 

Feed 0.19 -0.19 5.48 
Wash water 0.02 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.8 17.7 82.3 64.0 1.6 33.1 
Underflow 40.5 0.2 99.8 36.0 98.4 -  

Feed 31.9 0.5 99.5  -  - -  
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Chapter 6 - Run 1 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 201.06 0.31 0.68 
Underflow 897.20 97.82 0.42 

Feed 898.25 88.89 1.06 
Wash water 125.00 - - 

in/out 0.93 0.91 0.97 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 199.25 0.31 0.67 
Underflow 860.99 92.76 0.42 

Feed 934.54 93.07 1.08 
Wash water 125.70 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0001 0.0000 0.0002 0.0002 
Underflow 0.0016 0.0027 0.0001 0.0044 

Feed 0.0016 0.0022 0.0004 0.0042 
Wash water 0.0000 - - 0.0000 

    
Sum *100 = 0.8853 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.90 -0.02 -1.25 
Underflow -4.04 -5.17 -0.77 

Feed 4.04 4.70 1.96 
Wash water 0.56 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 0.5 68.5 31.5 61.7 0.3 59.5 
Underflow 10.8 0.4 99.6 38.3 99.7 -  

Feed 10.1 1.2 98.8 -   - -  
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Chapter 6 - Run 2 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 186.05 0.61 1.69 
Underflow 1044.10 208.34 0.95 

Feed 1100.40 210.14 2.61 
Wash water 125.00 - - 

in/out 1.00 1.01 0.99 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 185.98 0.61 1.68 
Underflow 1041.90 208.93 0.95 

Feed 1102.85 209.54 2.63 
Wash water 125.03 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0000 0.0000 
Underflow 0.0000 0.0000 0.0000 0.0000 

Feed 0.0000 0.0000 0.0001 0.0001 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.0109 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.04 0.00 -0.48 
Underflow -0.21 0.28 -0.27 

Feed 0.22 -0.28 0.74 
Wash water 0.03 - - 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.2 73.3 26.7 64.0 0.3 59.1 
Underflow 20.1 0.5 99.5 36.0 99.7 -  

Feed 19.2 1.2 98.8 -  -  -  
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Chapter 6 - Run 3 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 215.40 1.22 2.99 
Underflow 1082.80 352.76 0.53 

Feed 1170.70 358.95 3.30 
Wash water 125.00   

in/out 1.00 1.01 0.94 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 215.36 1.22 2.89 
Underflow 1081.67 355.20 0.52 

Feed 1172.01 356.42 3.42 
Wash water 125.01 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0011 0.0011 
Underflow 0.0000 0.0000 0.0000 0.0001 

Feed 0.0000 0.0000 0.0013 0.0013 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.2487 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.02 0.00 -3.26 
Underflow -0.10 0.69 -0.57 

Feed 0.11 -0.71 3.59 
Wash water 0.01 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.9 70.3 29.7 84.7 0.3 74.1 
Underflow 32.9 0.1 99.9 15.3 99.7 -  

Feed 30.7 0.9 99.1 -  -  -  
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Chapter 6 - Run 4 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 202.55 2.45 4.57 
Underflow 1077.10 428.77 0.49 

Feed 1147.20 437.56 4.48 
Wash water 125.00   

in/out 0.99 1.01 0.89 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 202.43 2.45 4.28 
Underflow 1073.69 431.87 0.48 

Feed 1151.07 434.33 4.76 
Wash water 125.05 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0040 0.0040 
Underflow 0.0000 0.0001 0.0000 0.0001 

Feed 0.0000 0.0001 0.0039 0.0040 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.8105 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.06 0.00 -6.36 
Underflow -0.32 0.72 -0.68 

Feed 0.34 -0.74 6.24 
Wash water 0.04 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 3.3 63.5 36.5 89.9 0.6 58.6 
Underflow 40.3 0.1 99.9 10.1 99.4 -  

Feed 38.1 1.1 98.9 -  -  -  
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Chapter 6 - Run 5 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 195.35 0.98 2.85 
Underflow 1016.20 472.42 1.89 

Feed 1093.70 485.46 4.78 
Wash water 125.00   

in/out 1.01 1.03 1.01 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 195.47 0.98 2.86 
Underflow 1019.43 499.51 1.89 

Feed 1089.95 500.49 4.75 
Wash water 124.95 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0000 0.0000 
Underflow 0.0000 0.0033 0.0000 0.0033 

Feed 0.0000 0.0010 0.0000 0.0010 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.4319 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.06 0.00 0.35 
Underflow 0.32 5.73 0.23 

Feed -0.34 3.09 -0.58 
Wash water -0.04 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 2.0 74.5 25.5 60.2 0.2 79.3 
Underflow 49.2 0.4 99.6 39.8 99.8 -  

Feed 46.4 0.9 99.1 -  -  -  
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Chapter 6 - Run 6 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 269.40 18.57 4.96 
Underflow 1668.73 660.00 1.24 

Feed 1800.70 678.68 5.98 
Wash water 150.00 - - 

in/out 1.01 1.00 0.96 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 269.55 18.57 4.87 
Underflow 1674.45 660.06 1.24 

Feed 1794.04 678.63 6.11 
Wash water 149.95 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0003 0.0003 
Underflow 0.0000 0.0000 0.0000 0.0000 

Feed 0.0000 0.0000 0.0005 0.0005 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.0881 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.06 0.00 -1.84 
Underflow 0.34 0.01 -0.46 

Feed -0.37 -0.01 2.22 
Wash water -0.03 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 8.7 20.8 79.2 79.7 2.7 23.3 
Underflow 39.5 0.2 99.8 20.3 97.3 -  

Feed 38.2 0.9 99.1 -  -  -  
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Chapter 6 - Run 7 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 186.25 1.01 3.80 
Underflow 1670.00 675.15 2.09 

Feed 1734.20 686.98 5.72 
Wash water 150.00 - - 

in/out 1.02 1.02 0.97 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 186.42 1.01 3.75 
Underflow 1683.32 680.47 2.07 

Feed 1719.84 681.47 5.83 
Wash water 149.89 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0002 0.0002 
Underflow 0.0001 0.0001 0.0000 0.0002 

Feed 0.0001 0.0001 0.0004 0.0005 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.0848 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.09 0.00 -1.29 
Underflow 0.80 0.79 -0.71 

Feed -0.83 -0.80 1.93 
Wash water -0.07 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 2.6 78.9 21.1 64.4 0.1 93.0 
Underflow 40.5 0.3 99.7 35.6 99.9 -  

Feed 40.0 0.8 99.2  - -  -  
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Chapter 6 - Run 8 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 101.10 0.28 2.40 
Underflow 1637.84 652.69 4.14 

Feed 1599.70 655.93 7.14 
Wash water 150.00 - - 

in/out 1.01 1.00 1.09 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 101.12 0.28 2.45 
Underflow 1643.31 654.16 4.28 

Feed 1594.48 654.44 6.73 
Wash water 149.95 - - 

in/out 1.00 1.00 1.00 
 

Square standard error (%) 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0004 0.0004 
Underflow 0.0000 0.0000 0.0011 0.0011 

Feed 0.0000 0.0000 0.0033 0.0033 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.4776 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.02 0.00 1.93 
Underflow 0.33 0.23 3.32 

Feed -0.33 -0.23 -5.72 
Wash water -0.03 - - 

 
 

 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 2.7 89.7 10.3 36.4 0.0 88.2 
Underflow 40.1 0.6 99.4 63.6 100.0  - 

Feed 41.5 1.0 99.0  - -  -  
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Chapter 6 - Run 9 
Experiment data 

Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 
Overflow 98.07 0.24 1.40 
Underflow 614.60 233.87 0.46 

Feed 595.90 238.17 2.08 
Wash water 125.00 - - 

in/out 1.01 1.02 1.12 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 98.17 0.24 1.47 
Underflow 618.70 235.86 0.47 

Feed 592.04 236.11 1.94 
Wash water 124.83 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0023 0.0023 
Underflow 0.0000 0.0001 0.0002 0.0004 

Feed 0.0000 0.0001 0.0050 0.0051 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.7760 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.11 0.00 4.76 
Underflow 0.67 0.85 1.56 

Feed -0.65 -0.87 -7.08 
Wash water -0.14 - - 

 
 

 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.7 85.7 14.3 75.9 0.1 105.4 
Underflow 38.2 0.2 99.8 24.1 99.9 -  

Feed 40.2 0.8 99.2 -  -  -  
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Chapter 6 - Run 10 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 148.30 0.52 2.46 
Underflow 858.90 353.57 0.69 

Feed 900.40 356.28 2.88 
Wash water 125.00 - - 

in/out 1.02 1.01 0.91 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 148.55 0.52 2.35 
Underflow 867.36 354.65 0.68 

Feed 891.10 355.18 3.03 
Wash water 124.82 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0020 0.0020 
Underflow 0.0001 0.0000 0.0002 0.0003 

Feed 0.0001 0.0000 0.0028 0.0029 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.5224 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.17 0.00 -4.52 
Underflow 0.99 0.31 -1.27 

Feed -1.03 -0.31 5.29 
Wash water -0.14 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.9 81.8 18.2 77.5 0.1 96.6 
Underflow 41.0 0.2 99.8 22.5 99.9 -  

Feed 40.2 0.8 99.2  -  -  - 
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Chapter 7 - Run 1 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 1974.50 78.81 45.79 
Underflow 13475.60 6224.11 14.96 

Feed 15816.60 6190.17 60.71 
Wash water 1250.00 - - 

in/out 1.02 0.98 1.00 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 1977.78 78.81 45.77 
Underflow 13628.35 6167.43 14.96 

Feed 15606.13 6246.23 60.73 
Wash water 1250.00 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0000 0.0000 
Underflow 0.0001 0.0001 0.0000 0.0002 

Feed 0.0002 0.0001 0.0000 0.0003 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.0474 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.17 -0.01 -0.03 
Underflow 1.13 -0.91 -0.01 

Feed -1.33 0.91 0.04 
Wash water 0.00 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 6.3 36.7 63.3 75.4 1.3 38.2 
Underflow 45.4 0.2 99.8 24.6 98.7 -  

Feed 40.4 1.0 99.0 -  -  -  
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Chapter 7 - Run 2 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 978.50 12.40 30.31 
Underflow 15884.60 6213.08 19.00 

Feed 15961.80 6077.21 56.84 
Wash water 1250.00 - - 

in/out 1.02 0.98 1.15 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 979.15 12.40 31.85 
Underflow 16057.23 6137.31 19.60 

Feed 15787.46 6149.71 51.45 
Wash water 1248.93 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0026 0.0026 
Underflow 0.0001 0.0001 0.0010 0.0013 

Feed 0.0001 0.0001 0.0090 0.0093 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 1.3106 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.07 0.00 5.06 
Underflow 1.09 -1.22 3.17 

Feed -1.09 1.19 -9.49 
Wash water -0.09 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 4.5 72.0 28.0 61.9 0.2 86.8 
Underflow 38.3 0.3 99.7 38.1 99.8  - 

Feed 39.3 0.8 99.2 -  -   - 
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Chapter 7 - Run 3 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 507.50 3.11 22.65 
Underflow 16402.60 6132.68 29.28 

Feed 15468.80 5898.15 56.21 
Wash water 1250.00 - - 

in/out 0.99 0.96 1.08 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 507.40 3.11 23.14 
Underflow 16301.71 6009.23 30.09 

Feed 15558.53 6012.34 53.23 
Wash water 1250.58 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0005 0.0005 
Underflow 0.0000 0.0004 0.0008 0.0012 

Feed 0.0000 0.0004 0.0028 0.0032 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.4897 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.02 0.00 2.14 
Underflow -0.62 -2.01 2.77 

Feed 0.58 1.94 -5.31 
Wash water 0.05 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 5.2 88.1 11.9 43.5 0.1 100.5 
Underflow 37.0 0.5 99.5 56.5 99.9 -  

Feed 39.0 0.9 99.1 -   -  - 
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Chapter 7 - Run 4 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 2917.20 330.98 54.46 
Underflow 18776.00 7787.66 25.43 

Feed 20515.00 7943.92 69.39 
Wash water 1250.00 - - 

in/out 1.00 0.98 0.87 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 2917.98 330.82 50.77 
Underflow 18808.30 7702.10 24.62 

Feed 20476.42 8032.93 75.39 
Wash water 1249.86 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0046 0.0046 
Underflow 0.0000 0.0001 0.0010 0.0011 

Feed 0.0000 0.0001 0.0075 0.0076 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 1.3341 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.03 -0.05 -6.79 
Underflow 0.17 -1.10 -3.17 

Feed -0.19 1.12 8.65 
Wash water -0.01 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 13.1 13.3 86.7 67.3 4.1 14.3 
Underflow 41.1 0.3 99.7 32.7 95.9  - 

Feed 39.6 0.9 99.1  -  -  - 
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Chapter 7 - Run 5 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 1235.20 7.60 20.13 
Underflow 7924.80 3291.80 8.00 

Feed 7924.20 3160.69 29.20 
Wash water 1250.00 - - 

in/out 1.00 0.96 1.04 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 1235.37 7.60 20.46 
Underflow 7931.73 3219.62 8.05 

Feed 7917.27 3227.23 28.51 
Wash water 1249.83 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0003 0.0003 
Underflow 0.0000 0.0005 0.0000 0.0005 

Feed 0.0000 0.0004 0.0006 0.0010 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.1796 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.01 -0.01 1.63 
Underflow 0.09 -2.19 0.65 

Feed -0.09 2.11 -2.37 
Wash water -0.01 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 2.3 72.9 27.1 71.8 0.2 83.3 
Underflow 40.7 0.2 99.8 28.2 99.8 -  

Feed 41.1 0.9 99.1  -  - -  
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Chapter 7 - Run 6 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 2620.00 212.96 41.94 
Underflow 13963.40 5820.98 10.89 

Feed 15496.80 6017.97 54.63 
Wash water 1250.00 - - 

in/out 1.01 1.00 1.03 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 2622.53 212.95 42.60 
Underflow 14035.21 5813.26 10.93 

Feed 15408.32 6026.21 53.53 
Wash water 1249.42 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0002 0.0002 
Underflow 0.0000 0.0000 0.0000 0.0000 

Feed 0.0000 0.0000 0.0004 0.0004 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.0731 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.10 0.00 1.55 
Underflow 0.51 -0.13 0.40 

Feed -0.57 0.14 -2.02 
Wash water -0.05 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 9.7 16.7 83.3 79.6 3.5 18.9 
Underflow 41.5 0.2 99.8 20.4 96.5 -  

Feed 39.5 0.9 99.1  -  - -  
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Chapter 8 - Run 1 

 
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 388.80 24.60 0.93 
Underflow 816.20 327.40 0.20 

Feed 1080.60 354.80 1.22 
Wash water 125.00 - - 

in/out 1.00 1.01 1.08 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 388.85 24.61 0.96 
Underflow 816.40 328.68 0.20 

Feed 1080.25 353.29 1.17 
Wash water 125.00 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0013 0.0013 
Underflow 0.0000 0.0000 0.0001 0.0001 

Feed 0.0000 0.0000 0.0022 0.0023 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.3634 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.01 0.03 3.60 
Underflow 0.02 0.39 0.78 

Feed -0.03 -0.43 -4.74 
Wash water 0.00 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 6.6 3.8 96.2 82.5 7.0 11.4 
Underflow 40.3 0.1 99.9 17.5 93.0 -  

Feed 32.8 0.3 99.7  - -  -  
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Chapter 8 - Run 2 

                       
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 366.20 4.87 1.25 
Underflow 769.00 54.57 0.34 

Feed 989.80 59.47 1.80 
Wash water 125.00 - - 

in/out 0.98 1.00 1.13 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 364.61 4.87 1.32 
Underflow 761.99 54.59 0.34 

Feed 1001.41 59.46 1.66 
Wash water 125.19 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0029 0.0029 
Underflow 0.0001 0.0000 0.0002 0.0003 

Feed 0.0001 0.0000 0.0059 0.0060 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.9218 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.43 0.00 5.34 
Underflow -0.91 0.02 1.45 

Feed 1.17 -0.03 -7.69 
Wash water 0.15 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.7 21.3 78.7 79.3 8.2 7.8 
Underflow 7.2 0.6 99.4 20.7 91.8 -  

Feed 6.1 2.7 97.3 -  -  -  
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Chapter 8 – Run 3 (is the same as Chapter 7 – Run 6) 
 
Chapter 8 - Run 4 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 331.60 1.45 4.78 
Underflow 370.00 49.86 2.20 

Feed 576.40 52.56 7.63 
Wash water 125.00 - - 

in/out 1.00 1.02 1.09 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 331.56 1.45 4.95 
Underflow 369.95 50.45 2.24 

Feed 576.51 51.90 7.19 
Wash water 125.01 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0013 0.0013 
Underflow 0.0000 0.0001 0.0003 0.0004 

Feed 0.0000 0.0002 0.0033 0.0035 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.5191 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.01 0.03 3.61 
Underflow -0.01 1.18 1.66 

Feed 0.02 -1.24 -5.76 
Wash water 0.00 - - 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.9 77.3 22.7 68.9 2.8 6.4 
Underflow 14.2 4.2 95.8 31.1 97.2 -  

Feed 10.2 12.2 87.8  -  -  - 
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Chapter 8 - Run 5 

                       
Experiment data 

Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 
Overflow 49.30 0.11 3.71 
Underflow 309.05 0.70 0.30 

Feed 253.40 0.93 3.32 
Wash water 105.00 - - 

in/out 1.00 1.15 0.83 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 49.30 0.11 3.33 
Underflow 309.08 0.75 0.30 

Feed 253.38 0.86 3.62 
Wash water 105.00 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0001 0.0108 0.0109 
Underflow 0.0000 0.0038 0.0001 0.0038 

Feed 0.0000 0.0065 0.0086 0.0152 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 2.9866 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.00 0.92 -10.39 
Underflow 0.01 6.13 -0.84 

Feed -0.01 -8.09 9.28 
Wash water 0.00 - - 

 
 

            Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 7.0 96.9 3.1 91.8 12.5 1.2 
Underflow 0.3 28.4 71.6 8.2 87.5 -  

Feed 1.8 80.9 19.1 -   -  - 
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Chapter 8 - Run 6 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 110.67 0.29 3.68 
Underflow 241.80 0.57 0.18 

Feed 243.80 1.16 4.10 
Wash water 105.00 - - 

in/out 0.99 1.35 1.06 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 110.35 0.31 3.78 
Underflow 240.28 0.62 0.18 

Feed 245.34 0.93 3.97 
Wash water 105.29 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0025 0.0008 0.0034 
Underflow 0.0000 0.0096 0.0000 0.0096 

Feed 0.0000 0.0404 0.0011 0.0415 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 5.4565 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -0.29 5.05 2.91 
Underflow -0.63 9.80 0.15 

Feed 0.63 -20.10 -3.25 
Wash water 0.27 - - 

 
 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 3.7 92.5 7.5 95.4 33.0 1.1 
Underflow 0.3 22.8 77.2 4.6 67.0 -  

Feed 2.0 81.0 19.0 -  -   - 
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Chapter 8 - Run 7 
                       
 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 191.33 0.39 2.88 
Underflow 169.80 0.60 0.16 

Feed 243.70 1.05 3.71 
Wash water 105.00 - - 

in/out 0.97 1.05 1.22 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 187.98 0.40 3.13 
Underflow 167.16 0.61 0.16 

Feed 249.14 1.01 3.29 
Wash water 106.01 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0003 0.0002 0.0076 0.0081 
Underflow 0.0002 0.0004 0.0000 0.0007 

Feed 0.0005 0.0012 0.0127 0.0143 
Wash water 0.0001 - - 0.0001 

    
Sum * 100 = 2.3204 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow -1.75 1.29 8.75 
Underflow -1.55 1.97 0.47 

Feed 2.23 -3.43 -11.26 
Wash water 0.96 - - 

 
 

 

              Results based on balanced data  
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 1.9 88.7 11.3 95.2 39.4 1.2 
Underflow 0.5 20.4 79.6 4.8 60.6 -  

Feed 1.7 76.5 23.5 -   - -  
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Chapter 9 - Run 1 (is the same as Chapter 5 - Run 10) 
Chapter 9 - Run 2 (is the same as Chapter 6 – Run 7) 
 
Chapter 9 - Run 3 

Experiment data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 187.25 1.88 7.09 
Underflow 1732.40 678.86 0.58 

Feed 1808.60 694.32 8.29 
Wash water 150.00 - - 

in/out 1.02 1.02 1.08 
    

Balanced data 
Stream  Total (g/min) Fly ash (g/min) Cenosphere (g/min) 

Overflow 187.47 1.88 7.35 
Underflow 1750.87 685.50 0.58 

Feed 1788.47 687.37 7.93 
Wash water 149.86 - - 

in/out 1.00 1.00 1.00 
 

Square standard error 
  Total Fly ash Cenosphere Sum of errors 

Overflow 0.0000 0.0000 0.0013 0.0014 
Underflow 0.0001 0.0001 0.0000 0.0002 

Feed 0.0001 0.0001 0.0018 0.0021 
Wash water 0.0000 - - 0.0000 

    
Sum * 100 = 0.3639 

 
Relative error (%) 

  Total Fly ash Cenosphere 
Overflow 0.12 0.00 3.67 
Underflow 1.07 0.98 0.30 

Feed -1.11 -1.00 -4.30 
Wash water -0.09 - - 

 
 

Results based on balanced data 
Stream Pulp 

Density 
(wt.%)  

Cenosphere 
Grade  
(wt.%) 

Fly ash 
Grade 
(wt.%) 

Cenosphere 
Recovery 

(wt.%) 

Fly ash 
Recovery 

(wt.%) 

Cenosphere 
Upgrade 

Overflow 4.9 79.7 20.3 92.6 0.3 69.8 
Underflow 39.2 0.1 99.9 7.4 99.7 -  

Feed 38.9 1.1 98.9  -  - -  
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Appendix B: IRC™ raw experimental data and results (grade and recovery 
by pycnometry) 

 
 
In this set of runs, samples taken from all the streams were placed in an oven to be dried. 

Then the density of the dried solids was measured using the gas pycnometer. From the 

density of solids and the known densities of pure dense fly ash and cenospheres, the 

percentage of each component (i.e. cenospheres and fly ash) was calculated. The density of 

fly ash in the product varied depending on the experimental conditions, and hence a 

sensitivity analysis was applied. The complete procedure of this method was explained in 

Chapter 5. The sample calculations from this set of runs are presented in Appendix H. 

 
 
 
Chapter 5 - Run 10 -pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 7.0 1.4 0.87 
Solids weight (g) 328.1 1.3 - 

Total solids average density (kg/m3) 1860.0 980.0 - 

Cenospheres average density (kg/m3) 775.0 775.0 - 
Dense fly ash average density (kg/m3) 1873.0 Varied - 

 
Sensitivity analysis results 

 Product fly ash density 
(kg/m3) 

Product grade 
(wt.%) 

Recovery 
(wt.%) 

 1600 59.4 46.4 
1700 61.6 48.1 
1800 63.3 49.4 
1830 63.7 49.8 
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Chapter 5 - Run 11 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 7.7 2.7 0.87 
Solids weight (g) 368.3 16.3  

Total solids average density (kg/m3) 1853.0 1276.0  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
Sensitivity analysis results 

 Product fly ash density 
(kg/m3) 

Product grade 
(wt.%) 

Recovery 
(wt.%) 

 1600 23.8 57.0 
1700 27.8 66.5 
1800 31.1 74.2 
1830 31.9 76.2 

 

 
Chapter 5 - Run 12 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 7.0 2.8 0.35 
Solids weight (g) 487.4 23.4  

Total solids average density (kg/m3) 1854.3 1626.4  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
 

Sensitivity analysis results 
 Product fly ash density 

(kg/m3) 
Product grade 

(wt.%) 
Recovery 

(wt.%) 
 1600 - - 
1700 3.8 38.3 
1800 8.1 81.6 
1830 9.2 93.0 
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Chapter 5 - Run 13 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 7.0 2.8 1.7 
Solids weight (g) 479.7 1.0  

Total solids average density (kg/m3) 1845.0 941.9  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
 

Sensitivity analysis results 
 Product fly ash density 

(kg/m3) 
Product grade 

(wt.%) 
Recovery 

(wt.%) 
 1600 65.6 28.8 
1700 67.4 29.6 
1800 68.9 30.3 
1830 69.3 30.4 

 

Chapter 5 - Run 14 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 7.0 2.8 2.8 
Solids weight (g) 471.0 1.5  

Total solids average density (kg/m3) 1852.5 856.0  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
 

Sensitivity analysis results 
 Product fly ash density 

(kg/m3) 
Product grade 

(wt.%) 
Recovery 

(wt.%) 
 1600 81.7 25.0 
1700 82.6 25.3 
1800 83.4 25.6 
1830 83.6 25.6 
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Chapter 5 - Run 15 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 3.6 0.7 0.87 
Solids weight (g) 187.8 0.8  

Total solids average density (kg/m3) 1856.0 800.0  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
Sensitivity analysis results 

 Product fly ash density 
(kg/m3) 

Product grade 
(wt.%) 

Recovery 
(wt.%) 

 1600 93.9 21.5 
1700 94.3 21.6 
1800 94.5 21.6 
1830 94.6 21.7 

 

 
Chapter 5 - Run 16 - pycnometry 
 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 13.9 2.8 0.87 
Solids weight (g) 373.4 43.5  

Total solids average density (kg/m3) 1859.8 1704.4  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
Sensitivity analysis results 

 Product fly ash density 
(kg/m3) 

Product grade 
(wt.%) 

Recovery 
(wt.%) 

 1600 - - 
1700 - - 
1800 4.2 49.2 
1830 5.4 62.9 
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Chapter 5 - Run 17 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 3.8 1.4 0.87 
Solids weight (g) 199.7 1.4  

Total solids average density (kg/m3) 1856.0 891.0  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
 

Sensitivity analysis results 
 Product fly ash density 

(kg/m3) 
Product grade 

(wt.%) 
Recovery 

(wt.%) 
 1600 74.8 30.6 
1700 76.1 31.1 
1800 77.1 31.6 
1830 77.4 31.7 

 

 

Chapter 5 - Run 18 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 9.8 2.1 0.87 
Solids weight (g) 263.9 6.7  

Total solids average density (kg/m3) 1857.0 1370.0  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
 

Sensitivity analysis results 
 Product fly ash density 

(kg/m3) 
Product grade 

(wt.%) 
Recovery 

(wt.%) 
 1600 15.8 65.9 
1700 20.2 84.3 
1800 23.7 99.2 
1830 24.7 100.0 
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Chapter 5 - Run 19 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 9.9 4.5 0.87 
Solids weight (g) 258.4 51.2  

Total solids average density (kg/m3) 1854.0 1759.0  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
 

Sensitivity analysis results 
 Product fly ash density 

(kg/m3) 
Product grade 

(wt.%) 
Recovery 

(wt.%) 
 1600 - - 
1700 - - 
1800 1.8 48.3 
1830 3.0 81.2 

 

 

Chapter 5 - Run 20 - pycnometry 
 

Raw experimental data 

 
Feed Product Fluidization water 

Volumetric rate (m3/(m2 h)) 12.6 5.3 0.87 
Solids weight (g) 346.4 71.3  

Total solids average density (kg/m3) 1854.0 1775.0  

Cenospheres average density (kg/m3) 775.0 775.0  
Dense fly ash average density (kg/m3) 1873.0 Varied  

 
 

Sensitivity analysis results 
 Product fly ash density 

(kg/m3) 
Product grade 

(wt.%) 
Recovery 

(wt.%) 
 1600 - - 
1700 - - 
1800 1.1 30.3 
1830 2.3 64.8 
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Appendix C: Size distribution data and partition numbers 

 

In this section, the size distribution raw data used in different chapters is presented. They are 

mainly the size data of the cenosphere (floats) component, however a few sets of fly ash size 

data are also shown. This section also shows the results of applying the “mass” balance 

reconciliation technique to the size data and the yield to product value (strictly speaking it is 

actually a “volume” balance that is used, not a mass balance). Again, the numbers in the red 

cells are adjusted in order to minimize the sum of square standard error (blue cell). The SSE 

column shows the sum of square standard errors for product, tailings and feed in that size 

interval. Using this error minimization method, balanced data was obtained and then used to 

calculate partition numbers. Sample calculations from this set of data are shown in Appendix 

H.  
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Chapter 5 – Run 1 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%) 

  

Size 
Interval 

Average 
size 

Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 
number 

SSE 

5.75 5.38 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
6.61 6.18 0.00 0.02 0.00 0.00 0.03 0.00 0.00 0.02 0.01 0.00  
7.59 7.10 0.00 0.47 0.01 0.00 0.48 0.01 0.00 0.04 0.01 0.00 0.00 
8.71 8.15 0.00 1.46 0.33 0.00 1.30 0.29 0.00 1.16 0.38 0.00 0.83 

10.00 9.35 0.00 2.95 0.78 0.00 2.29 0.61 0.00 2.60 0.85 0.00 0.06 
11.48 10.74 0.00 4.90 1.54 0.00 3.31 1.04 0.00 4.77 1.55 0.00 0.02 
13.18 12.33 0.00 7.09 2.57 0.00 4.17 1.51 0.00 7.36 2.40 0.00 0.00 
15.14 14.16 0.04 9.28 3.90 0.02 4.75 2.00 0.04 10.09 3.31 0.01 0.01 
17.38 16.26 0.42 11.06 5.43 0.19 4.93 2.42 0.42 12.23 4.27 0.07 0.03 
19.95 18.67 1.91 12.15 7.06 0.74 4.72 2.74 2.01 13.08 5.62 0.24 0.06 
22.91 21.43 4.81 12.29 8.60 1.63 4.16 2.91 5.23 12.47 7.59 0.46 0.05 
26.30 24.61 9.11 11.43 9.86 2.68 3.37 2.91 9.71 10.90 10.10 0.65 0.02 
30.20 28.25 13.70 9.75 10.65 3.52 2.50 2.73 13.68 9.03 12.16 0.76 0.01 
34.67 32.44 17.00 7.55 10.82 3.80 1.69 2.42 15.91 7.01 13.01 0.82 0.03 
39.81 37.24 17.57 5.23 10.32 3.42 1.02 2.01 16.11 4.96 12.47 0.87 0.05 
45.71 42.76 15.13 3.13 9.17 2.57 0.53 1.56 14.39 3.04 10.69 0.91 0.05 
52.48 49.09 10.74 1.23 7.54 1.59 0.18 1.11 11.20 1.23 7.95 0.95 0.03 
60.26 56.37 6.12 0.02 5.64 0.79 0.00 0.73 7.12 0.02 4.80 1.00 0.00 
69.18 64.72 2.64 0.00 3.72 0.30 0.00 0.42 3.22 0.00 2.17 1.00 0.05 
79.43 74.31 0.77 0.00 1.87 0.08 0.00 0.18 0.92 0.00 0.62 1.00 0.22 
91.20 85.32 0.04 0.00 0.17 0.00 0.00 0.01 0.05 0.00 0.03 1.00 0.48 
104.71 97.96 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.66 
Sum  100 100 100    100 100 100  2.66 
Yield to Product 0.674 
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Relative errors (%) 
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

2.35 0.00 0.00 0.00 10.74 0.00 -2.80 1.18 49.09 4.29 -0.69 5.42 
2.70 0.00 0.00 0.00 12.33 0.00 3.81 -6.76 56.37 16.28 0.01 -14.86 
3.10 0.00 0.00 0.00 14.16 0.13 8.72 -15.16 64.72 22.21 0.00 -41.66 
3.56 0.00 0.00 0.00 16.26 1.47 10.58 -21.37 74.31 19.30 0.00 -66.71 
4.08 0.00 0.00 0.00 18.67 5.42 7.65 -20.49 85.32 14.19 0.00 -79.73 
4.69 0.00 0.00 0.00 21.43 8.72 1.49 -11.76 97.96 0.00 0.00 0.00 
5.38 0.00 0.00 0.00 24.61 6.58 -4.62 2.37 
6.18 0.00 -0.01 0.00 28.25 -0.18 -7.41 14.19 
7.10 0.00 -90.82 7.77 32.44 -6.39 -7.06 20.23 
8.15 0.00 -20.84 14.09 37.24 -8.34 -5.15 20.88 
9.35 0.00 -11.68 8.73 42.76 -4.95 -2.85 16.49 

  



278 
 

Chapter 5 - Run 2 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%) 

  

Size 
Interval 

Average 
size 

Product Tailing
s 

Feed Product Tailings Feed Product Tailings Feed Partition 
number 

SSE 

5.21 5.57 0.00 0.01 0.39 0.00 0.01 0.55 0.58 0.01 0.39  0.00 
5.92 6.32 0.00 0.16 0.40 0.00 0.17 0.50 0.00 0.11 0.04 0.00 0.84 
6.72 7.18 0.00 1.18 0.40 0.00 1.05 0.43 0.00 0.60 0.20 0.00 0.29 
7.64 8.16 0.00 2.61 0.43 0.00 2.03 0.41 0.00 1.38 0.46 0.00 0.01 
8.68 9.27 0.00 4.61 0.53 0.00 3.11 0.45 0.00 1.91 0.63 0.00 0.17 
9.86 10.53 0.00 6.88 0.78 0.00 4.04 0.58 0.00 2.83 0.93 0.00 0.23 

11.20 11.95 0.00 9.19 1.23 0.00 4.71 0.82 0.00 4.41 1.46 0.00 0.17 
12.70 13.60 0.00 11.11 1.94 0.00 4.96 1.08 0.00 6.55 2.16 0.00 0.05 
14.50 15.45 0.21 12.33 2.94 0.11 4.79 1.55 0.06 9.18 3.07 0.01 0.01 
16.40 17.55 0.84 12.56 4.21 0.36 4.25 1.83 0.84 11.22 4.27 0.13 0.00 
18.70 19.95 2.03 11.74 5.66 0.81 3.46 2.26 2.07 12.21 5.42 0.26 0.00 
21.20 22.65 3.77 10.04 7.15 1.30 2.58 2.47 3.94 12.35 6.72 0.39 0.01 
24.10 25.75 5.94 7.77 8.50 1.80 1.74 2.58 6.34 11.14 7.92 0.54 0.01 
27.40 29.25 8.25 5.37 9.52 2.23 1.05 2.57 8.88 9.38 9.04 0.66 0.01 
31.10 33.20 10.33 3.19 10.04 2.46 0.54 2.39 11.08 7.36 9.85 0.75 0.01 
35.30 37.70 11.81 1.23 9.95 2.46 0.18 2.07 12.55 4.92 10.03 0.84 0.00 
40.10 42.85 12.40 0.01 9.25 2.25 0.00 1.68 12.87 2.96 9.60 0.90 0.00 
45.60 48.70 11.98 0.00 8.02 1.93 0.00 1.29 12.03 1.49 8.54 0.94 0.00 
51.80 55.35 10.61 0.00 6.44 1.49 0.00 0.91 10.36 0.00 6.94 1.00 0.01 
58.90 62.90 8.57 0.00 4.73 1.07 0.00 0.59 7.84 0.00 5.25 1.00 0.02 
66.90 71.45 6.21 0.00 3.13 0.68 0.00 0.34 5.31 0.00 3.56 1.00 0.04 
76.00 81.20 3.95 0.00 1.79 0.38 0.00 0.17 3.10 0.00 2.08 1.00 0.07 
86.40 92.25 2.10 0.00 0.84 0.18 0.00 0.07 1.48 0.00 0.99 1.00 0.12 
98.10 104.55 0.84 0.00 0.27 0.06 0.00 0.02 0.49 0.00 0.33 1.00 0.22 
111.00 119.00 0.19 0.00 0.00 0.01 0.00 0.00 0.19 0.00 0.12 1.00 0.00 
Sum  100 100 100    100 100 100  2.28 
Yield to Product 0.67 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

5.57 0.00 -0.01 0.34 17.55 0.30 -4.94 1.37 55.35 -2.37 0.00 7.73 
6.32 0.00 7.49 -91.12 19.95 2.20 -0.76 -4.27 62.90 -8.43 0.00 11.05 
7.18 0.00 20.58 -50.21 22.65 4.34 -0.38 -6.08 71.45 -14.48 0.00 13.63 
8.16 0.00 -7.74 6.31 25.75 6.63 -0.53 -6.79 81.20 -21.41 0.00 16.06 
9.27 0.00 -36.38 18.96 29.25 7.70 -1.31 -5.00 92.25 -29.29 0.00 18.24 

10.53 0.00 -43.43 19.78 33.20 7.28 -1.88 -1.85 104.55 -41.98 0.00 20.45 
11.95 0.00 -36.96 18.51 37.70 6.25 -1.69 0.77 119.00 0.11 0.00 0.00 
13.60 0.00 -18.15 11.49 42.85 3.82 -1.34 3.77 
15.45 -71.87 -8.17 4.50 48.70 0.42 -0.88 6.54 
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Chapter 5- Run 3 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

5.75 5.38 0.00 0.00 0.11 0.00 0.00 0.15 0.00 0.00 0.00   
6.61 6.18 0.00 0.00 0.06 0.00 0.00 0.07 0.00 0.00 0.00   
7.59 7.10 0.00 0.01 0.08 0.00 0.01 0.08 0.00 0.01 0.01 0.00 0.87 
8.71 8.15 0.00 0.45 0.22 0.00 0.40 0.20 0.00 0.50 0.19 0.00 0.03 

10.00 9.35 0.00 1.46 0.55 0.00 1.13 0.43 0.00 1.44 0.56 0.00 0.00 
11.48 10.74 0.00 3.19 1.14 0.00 2.15 0.77 0.00 3.05 1.18 0.00 0.00 
13.18 12.33 0.00 5.52 2.00 0.00 3.24 1.17 0.00 5.33 2.06 0.00 0.00 
15.14 14.16 0.00 8.26 3.17 0.00 4.23 1.63 0.00 8.22 3.17 0.00 0.00 
17.38 16.26 0.09 10.87 4.60 0.04 4.85 2.05 0.09 11.24 4.39 0.01 0.00 
19.95 18.67 0.82 12.86 6.20 0.32 5.00 2.41 0.83 13.53 5.74 0.09 0.01 
22.91 21.43 2.81 13.71 7.81 0.95 4.64 2.64 2.90 14.23 7.27 0.24 0.01 
26.30 24.61 6.40 13.18 9.26 1.88 3.88 2.73 6.65 13.15 9.16 0.45 0.00 
30.20 28.25 11.04 11.39 10.31 2.83 2.92 2.64 11.18 10.94 11.09 0.62 0.01 
34.67 32.44 15.40 8.74 10.79 3.44 1.95 2.41 14.83 8.30 12.31 0.74 0.02 
39.81 37.24 17.72 5.85 10.59 3.45 1.14 2.06 16.52 5.62 12.31 0.82 0.03 
45.71 42.76 16.97 3.28 9.69 2.88 0.56 1.64 16.01 3.21 11.07 0.89 0.02 
52.48 49.09 13.48 1.22 8.21 1.99 0.18 1.21 13.55 1.21 8.79 0.95 0.00 
60.26 56.37 8.77 0.01 6.37 1.13 0.00 0.82 9.69 0.01 5.95 1.00 0.02 
69.18 64.72 4.49 0.00 4.38 0.50 0.00 0.49 5.33 0.00 3.27 1.00 0.10 
79.43 74.31 1.75 0.00 2.63 0.17 0.00 0.26 2.12 0.00 1.30 1.00 0.30 
91.20 85.32 0.25 0.00 0.28 0.02 0.00 0.02 0.30 0.00 0.18 1.00 0.16 
104.71 97.96 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
Sum  100.0 100.0 98.5    100 100 100  1.59 
Yield to Product 0.614 
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Relative errors (%) 
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

5.38 0.00 0.00 0.00 24.61 4.04 -0.26 -1.03 
6.18 0.00 0.00 0.00 28.25 1.24 -3.95 7.56 
7.10 0.00 6.03 -93.13 32.44 -3.69 -4.97 14.11 
8.15 0.00 10.05 -12.71 37.24 -6.77 -3.85 16.30 
9.35 0.00 -1.31 1.19 42.76 -5.67 -2.06 14.17 

10.74 0.00 -4.29 3.77 49.09 0.54 -0.48 6.99 
12.33 0.00 -3.48 2.94 56.37 10.49 0.00 -6.59 
14.16 0.00 -0.47 -0.05 64.72 18.52 0.00 -25.42 
16.26 0.10 3.37 -4.45 74.31 21.55 0.00 -50.44 
18.67 1.08 5.20 -7.52 85.32 19.23 0.00 -35.03 
21.43 3.10 3.81 -6.90 97.96 0.00 0.00 0.00 
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Chapter 5 - Run 9 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%) 

  

Size 
Interval 

Average 
size 

Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 
number 

SSE 

17.38 16.26 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00 
19.95 18.67 0.00 0.25 0.00 0.00 0.10 0.00 0.00 0.25 0.11 0.00 0.00 
22.91 21.43 0.00 1.37 0.14 0.00 0.46 0.05 0.00 0.36 0.16 0.00 0.57 
26.30 24.61 0.00 2.93 0.69 0.00 0.86 0.20 0.00 1.85 0.82 0.00 0.18 
30.20 28.25 0.00 5.00 1.67 0.00 1.28 0.43 0.00 4.22 1.87 0.00 0.04 
34.67 32.44 0.01 7.33 3.17 0.00 1.64 0.71 0.01 7.26 3.23 0.00 0.00 
39.81 37.24 0.19 9.59 5.12 0.04 1.87 1.00 0.19 10.35 4.70 0.02 0.01 
45.71 42.76 1.43 11.42 7.31 0.24 1.94 1.24 1.46 12.58 6.40 0.13 0.03 
52.48 49.09 3.98 12.47 9.43 0.59 1.84 1.39 4.18 13.53 8.33 0.28 0.02 
60.26 56.37 7.83 12.53 11.10 1.01 1.61 1.43 8.36 13.10 10.47 0.44 0.01 
69.18 64.72 12.17 11.58 12.00 1.36 1.30 1.34 12.85 11.63 12.31 0.58 0.00 
79.43 74.31 15.58 9.80 11.93 1.52 0.96 1.16 15.90 9.58 13.09 0.67 0.01 
91.20 85.32 16.87 7.48 10.89 1.43 0.64 0.93 16.52 7.24 12.39 0.74 0.02 
104.71 97.96 15.55 5.09 9.08 1.15 0.38 0.67 14.78 4.93 10.41 0.79 0.02 
120.23 112.47 12.15 2.67 6.82 0.78 0.17 0.44 11.60 2.63 7.61 0.85 0.02 
138.04 129.13 7.98 0.49 4.55 0.45 0.03 0.26 8.08 0.49 4.71 0.95 0.00 
158.49 148.26 4.26 0.00 2.49 0.21 0.00 0.12 4.42 0.00 2.45 1.00 0.00 
181.97 170.23 1.74 0.00 0.67 0.07 0.00 0.03 1.38 0.00 0.77 1.00 0.06 
208.93 195.45 0.27 0.00 0.00 0.01 0.00 0.00 0.28 0.00 0.15 1.00 0.00 
239.88 224.41 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00 
Sum  100.01 100.00 97.04    100 100 100  1.00 
Yield to Product 0.56 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

16.26 0.00 0.00 0.00 56.37 6.79 4.52 -5.70 195.45 0.16 0.00 0.00 
18.67 0.00 0.03 N/A 64.72 5.64 0.44 2.56 224.41 0.00 0.00 0.00 
21.43 0.00 -73.90 16.58 74.31 2.02 -2.24 9.71 
24.61 0.00 -36.94 19.67 85.32 -2.11 -3.23 13.85 
28.25 0.00 -15.63 12.24 97.96 -4.89 -2.97 14.65 
32.44 0.00 -0.93 1.85 112.47 -4.54 -1.69 11.72 
37.24 0.27 7.97 -8.05 129.13 1.25 -0.10 3.48 
42.76 2.18 10.16 -12.46 148.26 3.74 0.00 -1.33 
49.09 5.04 8.48 -11.62 170.23 -20.52 0.00 14.90 
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Chapter 5 - Run 10 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%) 

  

Size 
Interval 

Average 
size 

Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 
number 

SSE 

15.14 14.16 0.00 0.05 0.01 0.00 0.02 0.00 0.00 0.03 0.01 0.00 0.12 
17.38 16.26 0.00 0.39 0.03 0.00 0.17 0.01 0.00 0.10 0.03 0.00 0.59 
19.95 18.67 0.00 1.32 0.19 0.00 0.51 0.07 0.00 0.69 0.22 0.00 0.27 
22.91 21.43 0.00 2.66 0.57 0.00 0.90 0.19 0.00 2.01 0.65 0.00 0.08 
26.30 24.61 0.00 4.52 1.28 0.00 1.33 0.38 0.00 4.15 1.35 0.00 0.01 
30.20 28.25 0.00 6.66 2.34 0.00 1.71 0.60 0.00 6.82 2.22 0.00 0.00 
34.67 32.44 0.02 8.85 3.75 0.00 1.98 0.84 0.02 9.67 3.15 0.00 0.03 
39.81 37.24 0.53 10.74 5.41 0.10 2.09 1.05 0.54 11.87 4.22 0.09 0.06 
45.71 42.76 1.98 11.99 7.18 0.34 2.03 1.22 2.10 12.93 5.62 0.25 0.06 
52.48 49.09 4.43 12.36 8.83 0.65 1.83 1.30 4.86 12.74 7.42 0.44 0.04 
60.26 56.37 7.64 11.76 10.13 0.98 1.51 1.30 8.47 11.58 9.48 0.60 0.02 
69.18 64.72 11.02 10.27 10.87 1.23 1.15 1.22 11.96 9.81 11.26 0.72 0.01 
79.43 74.31 13.70 8.20 10.93 1.34 0.80 1.07 14.28 7.75 12.16 0.79 0.02 
91.20 85.32 14.97 5.79 10.28 1.27 0.49 0.87 14.93 5.52 11.87 0.85 0.03 
104.71 97.96 14.44 3.70 9.01 1.07 0.27 0.67 13.88 3.57 10.54 0.89 0.03 
120.23 112.47 12.27 0.75 7.30 0.79 0.05 0.47 11.91 0.75 8.28 0.97 0.02 
138.04 129.13 9.13 0.00 5.39 0.51 0.00 0.30 8.84 0.00 5.97 1.00 0.01 
158.49 148.26 5.80 0.00 3.59 0.28 0.00 0.18 5.69 0.00 3.84 1.00 0.01 
181.97 170.23 3.11 0.00 1.46 0.13 0.00 0.06 2.50 0.00 1.69 1.00 0.06 
208.93 195.45 0.98 0.00 0.01 0.04 0.00 0.00 0.02 0.00 0.01 1.00 0.97 
Sum  100.00 100.00 98.55    100 100 100  2.42 
Yield to Product 0.67 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

14.16 0.00 -29.29 17.59 49.09 9.82 3.12 -15.93 170.23 -19.48 0.00 15.72 
16.26 0.00 -74.95 16.13 56.37 10.89 -1.52 -6.38 195.45 -98.37 0.00 1.60 
18.67 0.00 -47.49 20.49 64.72 8.56 -4.53 3.59 
21.43 0.00 -24.28 15.35 74.31 4.19 -5.48 11.24 
24.61 0.00 -8.10 5.73 85.32 -0.27 -4.77 15.51 
28.25 0.00 2.50 -5.11 97.96 -3.84 -3.49 16.90 
32.44 0.06 9.25 -15.92 112.47 -2.94 -0.70 13.42 
37.24 1.99 10.58 -22.01 129.13 -3.15 0.00 10.73 
42.76 6.03 7.82 -21.80 148.26 -1.80 0.00 6.97 
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Chapter 5 - Run 11 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%) 

  

Size 
Interval 

Average 
size 

Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 
number 

SSE 

15.14 14.16 0.00 0.24 0.00 0.00 0.12 0.00 0.00 0.24 0.05 0.00 0.00 
17.38 16.26 0.00 1.09 0.07 0.00 0.49 0.00 0.00 0.39 0.08 0.00 0.45 
19.95 18.67 0.00 2.56 0.35 0.00 1.00 0.05 0.00 2.01 0.40 0.00 0.07 
22.91 21.43 0.00 4.66 0.90 0.00 1.58 0.20 0.00 4.58 0.91 0.00 0.00 
26.30 24.61 0.03 7.21 1.79 0.01 2.13 0.43 0.03 7.80 1.57 0.02 0.02 
30.20 28.25 0.31 9.82 3.02 0.08 2.52 0.71 0.31 10.87 2.41 0.10 0.05 
34.67 32.44 1.60 12.00 4.54 0.36 2.68 1.00 1.67 12.62 3.84 0.35 0.03 
39.81 37.24 3.41 13.26 6.23 0.66 2.58 1.24 3.62 13.44 5.57 0.52 0.02 
45.71 42.76 5.88 13.29 7.92 1.00 2.25 1.39 6.18 13.08 7.55 0.66 0.01 
52.48 49.09 8.59 12.05 9.38 1.27 1.78 1.43 8.85 11.70 9.42 0.75 0.00 
60.26 56.37 11.07 9.83 10.40 1.42 1.26 1.34 11.16 9.53 10.83 0.83 0.00 
69.18 64.72 12.83 7.09 10.82 1.44 0.79 1.16 12.68 6.92 11.53 0.88 0.01 
79.43 74.31 13.46 4.48 10.57 1.31 0.44 0.93 13.11 4.40 11.39 0.92 0.01 
91.20 85.32 12.82 2.16 9.67 1.09 0.18 0.67 12.44 2.14 10.40 0.96 0.01 
104.71 97.96 11.07 0.26 8.26 0.82 0.02 0.44 10.85 0.26 8.75 0.99 0.00 
120.23 112.47 8.57 0.00 6.50 0.55 0.00 0.26 8.47 0.00 6.79 1.00 0.00 
138.04 129.13 5.88 0.00 4.66 0.33 0.00 0.12 5.91 0.00 4.74 1.00 0.00 
158.49 148.26 3.42 0.00 2.96 0.17 0.00 0.03 3.57 0.00 2.86 1.00 0.00 
181.97 170.23 1.07 0.00 1.02 0.05 0.00 0.00 1.15 0.00 0.93 1.00 0.02 
208.93 195.45 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
Sum  100.00 100.00 99.07    100 100 100  0.68 
Yield to Product 0.80 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

16.26 0.00 -0.05 N/A 56.37 3.05 -2.91 0.43 195.45 8.14 0.00 -9.20 
18.67 0.00 -64.09 19.23 64.72 0.75 -3.08 4.20 224.41 0.00 0.00 0.00 
21.43 0.00 -21.43 14.32 74.31 -1.21 -2.51 6.56 
24.61 0.00 -1.71 0.60 85.32 -2.56 -1.69 7.68 
28.25 0.19 8.10 -12.26 97.96 -2.94 -0.84 7.50 
32.44 1.77 10.78 -20.26 112.47 -2.02 -0.10 5.92 
37.24 4.94 5.24 -15.33 129.13 -1.25 0.00 4.36 
42.76 6.03 1.42 -10.69 148.26 0.64 0.00 1.65 
49.09 5.09 -1.53 -4.68 170.23 4.36 0.00 -3.26 
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Chapter 6 - Run 1 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

15.14 14.16 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  
17.38 16.26 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  
19.95 18.67 0.00 0.24 0.00 0.00 0.00 0.00 0.00 0.15 0.04 0.00 0.00 
22.91 21.43 0.00 1.17 0.09 0.00 0.40 0.03 0.00 0.37 0.10 0.00 0.50 
26.30 24.61 0.00 2.39 0.49 0.00 0.71 0.14 0.00 2.01 0.55 0.00 0.04 
30.20 28.25 0.01 4.08 1.18 0.00 1.05 0.30 0.01 4.17 1.15 0.00 0.00 
34.67 32.44 0.15 6.04 2.23 0.03 1.35 0.50 0.15 6.63 1.92 0.06 0.03 
39.81 37.24 1.06 8.04 3.64 0.21 1.57 0.71 1.09 8.64 3.15 0.25 0.02 
45.71 42.76 2.50 9.81 5.34 0.42 1.67 0.90 2.62 10.29 4.71 0.40 0.02 
52.48 49.09 4.60 11.06 7.15 0.68 1.64 1.06 4.81 11.31 6.59 0.53 0.01 
60.26 56.37 7.10 11.59 8.87 0.91 1.49 1.14 7.37 11.62 8.53 0.63 0.00 
69.18 64.72 9.66 11.30 10.27 1.08 1.27 1.15 9.88 11.19 10.24 0.70 0.00 
79.43 74.31 11.79 10.27 11.11 1.15 1.00 1.08 11.87 10.10 11.38 0.76 0.00 
91.20 85.32 13.06 8.65 11.25 1.11 0.74 0.96 12.96 8.50 11.74 0.80 0.00 
104.71 97.96 13.17 6.74 10.65 0.98 0.50 0.79 12.93 6.63 11.21 0.84 0.00 
120.23 112.47 12.09 4.73 9.35 0.78 0.31 0.60 11.80 4.67 9.85 0.87 0.00 
138.04 129.13 10.06 2.99 7.60 0.56 0.17 0.43 9.83 2.97 7.95 0.90 0.00 
158.49 148.26 7.46 0.89 5.57 0.36 0.04 0.27 7.46 0.89 5.66 0.96 0.00 
181.97 170.23 4.86 0.00 3.68 0.21 0.00 0.16 4.99 0.00 3.62 1.00 0.00 
208.93 195.45 2.44 0.00 1.53 0.09 0.00 0.06 2.25 0.00 1.64 1.00 0.01 
239.88 224.41 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
Sum  100.00 100.00 100.00    100 100 100  0.65 
Yield to Product 0.73 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

14.16 0.00 -29.29 17.59 49.09 4.67 2.25 -7.84 170.23 2.57 0.00 -1.58 
16.26 0.00 0.00 0.00 56.37 3.78 0.25 -3.85 195.45 -7.54 0.00 6.98 
18.67 0.00 -35.27 N/A 64.72 2.31 -1.01 -0.29 
21.43 0.00 -68.05 18.34 74.31 0.67 -1.62 2.46 
24.61 0.00 -15.85 11.76 85.32 -0.80 -1.75 4.32 
28.25 0.01 2.14 -2.68 97.96 -1.87 -1.57 5.27 
32.44 0.71 9.78 -14.03 112.47 -2.39 -1.20 5.34 
37.24 3.07 7.36 -13.50 129.13 -2.30 -0.79 4.67 
42.76 4.51 4.90 -11.63 148.26 0.00 -0.16 1.67 
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Chapter 6- Run 2 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
18.70 19.95 0.00 0.43 0.12 0.00 0.19 0.05 0.00 0.41 0.13 0.00 0.00 
21.20 22.65 0.00 1.30 0.41 0.00 0.52 0.16 0.00 1.32 0.40 0.00 0.00 
24.10 25.75 0.00 2.70 0.94 0.00 0.93 0.32 0.00 2.86 0.88 0.00 0.01 
27.40 29.25 0.14 4.53 1.74 0.04 1.37 0.53 0.14 4.82 1.57 0.06 0.01 
31.10 33.20 0.69 6.60 2.84 0.19 1.78 0.77 0.70 6.86 2.59 0.19 0.01 
35.30 37.70 1.79 8.61 4.20 0.43 2.05 1.00 1.83 8.74 3.95 0.32 0.00 
40.10 42.85 3.44 10.28 5.73 0.72 2.14 1.19 3.49 10.26 5.56 0.44 0.00 
45.60 48.70 5.52 11.33 7.29 1.00 2.06 1.33 5.52 11.18 7.25 0.53 0.00 
51.80 55.35 7.77 11.62 8.70 1.25 1.87 1.40 7.68 11.43 8.83 0.60 0.00 
58.90 62.90 9.86 11.09 9.80 1.39 1.56 1.38 9.68 10.93 10.06 0.67 0.00 
66.90 71.45 11.45 9.83 10.41 1.43 1.23 1.30 11.21 9.71 10.75 0.72 0.00 
76.00 81.20 12.27 8.05 10.44 1.35 0.88 1.15 11.99 7.96 10.76 0.77 0.00 
86.40 92.25 12.14 6.02 9.85 1.17 0.58 0.95 12.00 5.96 10.16 0.82 0.00 
98.10 104.55 11.06 4.02 8.69 0.95 0.34 0.74 11.04 3.99 8.88 0.86 0.00 
111.00 119.00 9.21 2.29 7.11 0.71 0.18 0.55 9.32 2.27 7.16 0.90 0.00 
127.00 135.50 6.88 1.02 5.30 0.43 0.06 0.33 7.07 1.02 5.22 0.94 0.00 
144.00 153.50 4.46 0.28 3.50 0.26 0.02 0.21 4.67 0.28 3.33 0.97 0.00 
163.00 174.50 2.35 0.00 1.94 0.12 0.00 0.10 2.54 0.00 1.76 1.00 0.01 
186.00 198.50 0.85 0.00 0.81 0.04 0.00 0.04 0.96 0.00 0.67 1.00 0.05 
211.00 225.50 0.12 0.00 0.18 0.00 0.00 0.01 0.14 0.00 0.10 1.00 0.24 
Sum  100.00 100.00 100.00    100 100 100  0.36 
Yield to Product 0.69 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

17.55 0.00 0.00 0.00 55.35 -1.19 -1.65 1.44 174.50 7.89 0.00 -9.30 
19.95 0.00 -5.00 4.18 62.90 -1.84 -1.43 2.68 198.50 13.05 0.00 -17.67 
22.65 0.00 1.43 -1.58 71.45 -2.12 -1.22 3.26 225.50 20.50 0.00 -44.25 
25.75 0.00 6.07 -6.77 81.20 -2.25 -1.11 3.07 
29.25 0.46 6.42 -9.61 92.25 -1.11 -0.92 3.11 
33.20 1.66 3.89 -8.98 104.55 -0.15 -0.75 2.24 
37.70 2.41 1.47 -6.05 119.00 1.23 -0.97 0.76 
42.85 1.46 -0.20 -2.94 135.50 2.79 -0.06 -1.52 
48.70 0.00 -1.29 -0.50 153.50 4.77 -0.04 -4.90 
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Chapter 6 - Run 3 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

15.14 14.16 0.00 0.00 0.01 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 
17.38 16.26 0.00 0.10 0.00 0.00 0.04 0.00 0.00 0.10 0.01 0.00 0.00 
19.95 18.67 0.00 0.78 0.00 0.00 0.30 0.00 0.00 0.78 0.11 0.00 0.00 
22.91 21.43 0.00 2.17 0.04 0.00 0.73 0.02 0.00 0.35 0.05 0.00 0.72 
26.30 24.61 0.00 4.27 0.38 0.00 1.26 0.11 0.00 3.08 0.44 0.00 0.11 
30.20 28.25 0.02 6.87 1.05 0.00 1.76 0.27 0.02 7.06 1.02 0.01 0.00 
34.67 32.44 0.19 9.60 2.09 0.04 2.15 0.47 0.19 10.76 1.70 0.10 0.05 
39.81 37.24 1.19 11.92 3.48 0.23 2.32 0.68 1.25 12.86 2.91 0.37 0.04 
45.71 42.76 2.75 13.31 5.16 0.47 2.26 0.87 2.93 13.91 4.50 0.56 0.02 
52.48 49.09 4.96 13.44 6.96 0.73 1.98 1.03 5.26 13.67 6.46 0.70 0.01 
60.26 56.37 7.54 12.28 8.69 0.97 1.58 1.12 7.86 12.29 8.49 0.79 0.00 
69.18 64.72 10.12 10.10 10.10 1.13 1.13 1.13 10.31 10.05 10.27 0.86 0.00 
79.43 74.31 12.17 7.43 10.97 1.19 0.72 1.07 12.14 7.38 11.46 0.91 0.00 
91.20 85.32 13.27 4.74 11.16 1.13 0.40 0.95 13.04 4.72 11.85 0.94 0.00 
104.71 97.96 13.15 2.56 10.61 0.97 0.19 0.79 12.79 2.55 11.33 0.97 0.01 
120.23 112.47 11.82 0.45 9.38 0.76 0.03 0.60 11.53 0.45 9.95 0.99 0.00 
138.04 129.13 9.61 0.00 7.68 0.54 0.00 0.43 9.41 0.00 8.07 1.00 0.00 
158.49 148.26 6.90 0.00 5.67 0.34 0.00 0.28 6.83 0.00 5.86 1.00 0.00 
181.97 170.23 4.36 0.00 3.81 0.19 0.00 0.16 4.43 0.00 3.80 1.00 0.00 
208.93 195.45 1.86 0.00 1.65 0.07 0.00 0.06 1.89 0.00 1.62 1.00 0.00 
239.88 224.41 0.11 0.00 0.00 0.00 0.00 0.00 0.11 0.00 0.09 1.00 0.00 
Sum  100.00 100.00 98.88    100 100 100  0.97 
Yield to Product 0.86 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed average 

size Product Tailings Feed 

14.16 0.00 0.00 0.00 49.09 6.07 1.70 -7.29 170.23 1.74 0.00 -0.23 
16.26 0.00 0.00 N/A 56.37 4.22 0.15 -2.20 195.45 2.04 0.00 -1.40 
18.67 0.00 -0.02 N/A 64.72 1.89 -0.52 1.75 224.41 0.04 0.00 N/A 
21.43 N/A -83.74 12.14 74.31 -0.23 -0.65 4.51 
24.61 N/A -27.82 17.08 85.32 -1.78 -0.51 6.19 
28.25 0.03 2.75 -3.11 97.96 -2.72 -0.30 6.81 
32.44 1.46 12.08 -18.60 112.47 -2.45 -0.05 6.10 
37.24 5.19 7.92 -16.46 129.13 -2.05 0.00 5.09 
42.76 6.78 4.49 -12.82 148.26 -0.95 0.00 3.27 
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Chapter 6 - Run 4 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

15.14 14.16 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
17.38 16.26 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
19.95 18.67 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.15 
22.91 21.43 0.00 0.35 0.00 0.00 0.12 0.00 0.00 0.35 0.04 0.00 0.00 
26.30 24.61 0.00 1.83 0.11 0.00 0.54 0.03 0.00 1.07 0.13 0.00 0.21 
30.20 28.25 0.02 4.13 0.69 0.01 1.06 0.18 0.02 4.63 0.57 0.04 0.05 
34.67 32.44 0.47 7.25 1.62 0.11 1.62 0.36 0.49 7.83 1.37 0.32 0.03 
39.81 37.24 1.56 10.56 2.98 0.30 2.06 0.58 1.62 10.87 2.72 0.53 0.01 
45.71 42.76 3.27 13.31 4.71 0.56 2.26 0.80 3.36 13.34 4.54 0.65 0.00 
52.48 49.09 5.55 14.75 6.67 0.82 2.18 0.99 5.59 14.61 6.66 0.74 0.00 
60.26 56.37 8.10 14.48 8.63 1.04 1.86 1.11 8.05 14.28 8.79 0.81 0.00 
69.18 64.72 10.54 12.59 10.31 1.18 1.41 1.15 10.38 12.42 10.62 0.86 0.00 
79.43 74.31 12.37 9.64 11.41 1.21 0.94 1.11 12.12 9.54 11.82 0.90 0.00 
91.20 85.32 13.20 6.36 11.75 1.12 0.54 1.00 12.95 6.32 12.16 0.94 0.00 
104.71 97.96 12.83 3.52 11.24 0.95 0.26 0.83 12.65 3.51 11.56 0.96 0.00 
120.23 112.47 11.32 1.18 9.93 0.73 0.08 0.64 11.29 1.18 10.09 0.99 0.00 
138.04 129.13 9.03 0.04 8.08 0.51 0.00 0.45 9.14 0.04 8.06 1.00 0.00 
158.49 148.26 6.34 0.00 5.92 0.31 0.00 0.29 6.54 0.00 5.77 1.00 0.00 
181.97 170.23 3.90 0.00 3.90 0.17 0.00 0.17 4.14 0.00 3.65 1.00 0.01 
208.93 195.45 1.48 0.00 1.71 0.05 0.00 0.06 1.65 0.00 1.46 1.00 0.03 
239.88 224.41 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00   
Sum  100.00 100.00 99.68    100 100 100  0.51 
Yield to Product 0.88 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed average 

size Product Tailings Feed 

16.26 0.00 0.00 0.00 56.37 -0.63 -1.37 1.88 195.45 11.41 0.00 -14.68 
18.67 0.00 -38.93 -18.44 64.72 -1.55 -1.31 3.06 224.41 0.00 0.00 -91.24 
21.43 0.00 -0.02 N/A 74.31 -1.98 -1.02 3.55 
24.61 0.00 -41.61 20.16 85.32 -1.94 -0.66 3.48 
28.25 0.53 12.14 -17.55 97.96 -1.45 -0.35 2.90 
32.44 4.15 7.93 -15.88 112.47 -0.30 -0.10 1.58 
37.24 4.20 2.95 -8.74 129.13 1.27 0.00 -0.24 
42.76 2.55 0.28 -3.56 148.26 3.14 0.00 -2.56 
49.09 0.77 -0.97 -0.19 170.23 6.20 0.00 -6.54 

 

 

 

 

 

 

 

 

 

 

 

 



296 
 

Chapter 6- Run 5 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.00 0.75 0.34 0.00 0.33 0.15 0.00 0.75 0.34 0.00 0.00 
18.70 19.95 0.00 1.19 0.43 0.00 0.48 0.17 0.00 1.16 0.45 0.00 0.00 
21.20 22.65 0.00 1.90 0.64 0.00 0.66 0.22 0.00 1.78 0.68 0.00 0.01 
24.10 25.75 0.00 2.90 1.01 0.00 0.88 0.31 0.00 2.77 1.07 0.00 0.01 
27.40 29.25 0.00 4.20 1.61 0.00 1.14 0.44 0.00 4.25 1.64 0.00 0.00 
31.10 33.20 0.37 5.71 2.48 0.09 1.36 0.59 0.37 5.91 2.51 0.09 0.00 
35.30 37.70 1.13 7.30 3.61 0.24 1.52 0.75 1.13 7.65 3.64 0.19 0.00 
40.10 42.85 2.38 8.77 4.98 0.43 1.59 0.91 2.38 9.28 5.04 0.29 0.00 
45.60 48.70 4.10 9.90 6.46 0.66 1.60 1.04 4.10 10.54 6.58 0.38 0.00 
51.80 55.35 6.14 10.50 7.91 0.86 1.48 1.11 6.14 11.22 8.10 0.47 0.01 
58.90 62.90 8.26 10.42 9.14 1.03 1.30 1.14 8.27 11.13 9.37 0.54 0.01 
66.90 71.45 10.14 9.62 9.97 1.11 1.06 1.10 10.18 10.24 10.20 0.61 0.00 
76.00 81.20 11.50 8.21 10.25 1.11 0.79 0.99 11.58 8.67 10.46 0.68 0.00 
86.40 92.25 12.06 6.38 9.90 1.03 0.55 0.85 12.18 6.67 10.05 0.74 0.00 
98.10 104.55 11.72 4.41 8.94 0.91 0.34 0.69 11.86 4.55 9.04 0.81 0.00 
111.00 119.00 10.50 2.59 7.49 0.66 0.16 0.47 10.63 2.64 7.55 0.87 0.00 
127.00 135.50 8.59 1.19 5.73 0.51 0.07 0.34 8.65 1.20 5.78 0.92 0.00 
144.00 153.50 6.30 0.33 3.91 0.33 0.02 0.21 6.26 0.33 3.98 0.97 0.00 
163.00 174.50 3.99 0.00 2.28 0.17 0.00 0.10 3.85 0.00 2.37 1.00 0.00 
186.00 198.50 2.04 0.00 1.03 0.08 0.00 0.04 1.83 0.00 1.12 1.00 0.02 
211.00 225.50 0.71 0.00 0.28 0.02 0.00 0.01 0.53 0.00 0.33 1.00 0.09 
240.00 256.00 0.06 0.00 0.00 0.00 0.00 0.00 0.06 0.00 0.04 1.00 0.00 
Sum  99.99 96.27 98.39    100 100 100  0.17 
Yield to Product 0.69 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed average 

size Product Tailings Feed 

17.55 0.00 0.00 0.00 55.35 -0.02 6.83 2.36 174.50 -3.42 0.00 3.85 
19.95 0.00 -2.92 3.59 62.90 0.08 6.86 2.54 198.50 -10.50 0.00 8.92 
22.65 0.00 -6.54 6.98 71.45 0.37 6.49 2.34 225.50 -25.33 0.00 16.34 
25.75 0.00 -4.33 5.91 81.20 0.67 5.66 2.03 256.00 0.01 0.00 N/A 
29.25 0.00 1.31 1.89 92.25 1.00 4.49 1.57 
33.20 -0.03 3.47 1.01 104.55 1.20 3.16 1.14 
37.70 0.02 4.83 0.97 119.00 1.23 1.88 0.78 
42.85 0.06 5.86 1.26 135.50 0.74 0.84 0.87 
48.70 0.00 6.46 1.90 153.50 -0.56 0.20 1.71 
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Chapter 7 - Run 1 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.08 0.00 0.04 0.03 0.00 0.02 0.06 0.00 0.05 1.00  
18.70 19.95 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.00 0.07 1.00  
21.20 22.65 0.00 0.29 0.00 0.00 0.10 0.00 0.00 0.03 0.00 0.01 0.79 
24.10 25.75 0.00 1.22 0.12 0.00 0.37 0.04 0.00 0.93 0.14 0.00 0.08 
27.40 29.25 0.00 2.94 0.44 0.00 0.79 0.12 0.01 2.93 0.44 0.01 0.00 
31.10 33.20 0.19 5.32 1.07 0.05 1.27 0.25 0.19 5.57 0.99 0.17 0.01 
35.30 37.70 0.72 8.04 2.03 0.15 1.68 0.42 0.74 8.33 1.87 0.34 0.01 
40.10 42.85 1.73 10.58 3.32 0.31 1.92 0.60 1.77 10.77 3.11 0.48 0.01 
45.60 48.70 3.20 12.43 4.88 0.52 2.00 0.79 3.30 12.42 4.66 0.60 0.00 
51.80 55.35 5.08 13.20 6.57 0.72 1.86 0.93 5.21 13.10 6.38 0.69 0.00 
58.90 62.90 7.15 12.75 8.20 0.89 1.59 1.03 7.28 12.60 8.07 0.77 0.00 
66.90 71.45 9.13 11.19 9.57 1.00 1.23 1.05 9.25 11.05 9.52 0.83 0.00 
76.00 81.20 10.71 8.89 10.46 1.03 0.85 1.01 10.80 8.79 10.50 0.88 0.00 
86.40 92.25 11.65 6.30 10.75 1.00 0.54 0.92 11.62 6.24 10.82 0.91 0.00 
98.10 104.55 11.75 3.90 10.37 0.91 0.30 0.80 11.71 3.88 10.54 0.95 0.00 

111.00 119.00 10.96 2.01 9.35 0.69 0.13 0.58 10.86 2.00 9.55 0.97 0.00 
127.00 135.50 9.42 0.78 7.82 0.55 0.05 0.46 9.28 0.78 8.01 0.99 0.00 
144.00 153.50 7.35 0.17 5.98 0.39 0.01 0.31 7.19 0.17 6.15 1.00 0.00 
163.00 174.50 5.09 0.00 4.09 0.22 0.00 0.18 4.95 0.00 4.22 1.00 0.00 
186.00 198.50 2.99 0.00 2.39 0.12 0.00 0.10 2.90 0.00 2.47 1.00 0.00 
211.00 225.50 1.36 0.00 1.09 0.05 0.00 0.04 1.32 0.00 1.12 1.00 0.00 
240.00 256.00 0.37 0.00 0.30 0.01 0.00 0.01 0.36 0.00 0.31 1.00 0.00 
272.00 291.00 0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00 0.03 1.00  
Sum  98.93 100.01 98.84    100 100 100  0.91 
Yield to Product 0.85 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed average 

size Product Tailings Feed 

17.55 0.00 0.00 0.00 55.35 2.46 -0.74 -2.90 174.50 -2.71 N/A 3.08 
19.95 0.00 0.00 0.00 62.90 1.89 -1.19 -1.54 198.50 -3.13 N/A 3.24 
22.65 N/A -88.99 N/A 71.45 1.39 -1.27 -0.52 225.50 -2.86 N/A 2.84 
25.75 N/A -23.59 15.47 81.20 0.81 -1.13 0.39 256.00 -2.69 N/A 2.59 
29.25 N/A -0.36 0.04 92.25 -0.20 -0.88 0.69 
33.20 1.15 4.71 -7.26 104.55 -0.34 -0.57 1.67 
37.70 2.55 3.62 -7.91 119.00 -0.92 -0.32 2.10 
42.85 2.34 1.78 -6.47 135.50 -1.51 -0.09 2.46 
48.70 3.03 -0.05 -4.59 153.50 -2.14 -0.02 2.82 
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Chapter 7 - Run 2 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
18.70 19.95 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
21.20 22.65 0.00 0.12 0.00 0.00 0.04 0.00 0.00 0.12 0.02 0.00 0.00 
24.10 25.75 0.00 0.71 0.00 0.00 0.22 0.00 0.00 0.71 0.14 0.00 0.00 
27.40 29.25 0.00 1.97 0.23 0.00 0.53 0.06 0.00 1.36 0.27 0.00 0.13 
31.10 33.20 0.06 3.84 0.75 0.01 0.91 0.18 0.06 3.66 0.78 0.06 0.00 
35.30 37.70 0.38 6.10 1.65 0.08 1.27 0.34 0.38 6.30 1.56 0.20 0.00 
40.10 42.85 1.17 8.43 2.95 0.21 1.53 0.54 1.20 8.77 2.71 0.35 0.01 
45.60 48.70 2.54 10.41 4.61 0.41 1.68 0.74 2.64 10.69 4.25 0.50 0.01 
51.80 55.35 4.46 11.71 6.49 0.63 1.65 0.91 4.65 11.87 6.09 0.61 0.01 
58.90 62.90 6.73 12.11 8.38 0.84 1.51 1.05 6.99 12.14 8.02 0.70 0.00 
66.90 71.45 9.05 11.55 10.04 0.99 1.27 1.10 9.35 11.51 9.78 0.77 0.00 
76.00 81.20 11.02 10.19 11.20 1.06 0.98 1.08 11.31 10.13 11.07 0.82 0.00 
86.40 92.25 12.27 8.28 11.67 1.05 0.71 1.00 12.51 8.23 11.65 0.86 0.00 
98.10 104.55 12.54 6.16 11.32 0.97 0.48 0.88 12.71 6.13 11.40 0.89 0.00 

111.00 119.00 11.78 4.14 10.16 0.74 0.26 0.64 11.84 4.12 10.30 0.92 0.00 
127.00 135.50 10.09 2.46 8.32 0.59 0.14 0.49 10.02 2.45 8.51 0.94 0.00 
144.00 153.50 7.80 1.23 6.08 0.41 0.06 0.32 7.59 1.23 6.32 0.96 0.00 
163.00 174.50 5.32 0.47 3.79 0.23 0.02 0.16 4.95 0.47 4.05 0.98 0.01 
186.00 198.50 3.06 0.11 1.84 0.12 0.00 0.07 2.56 0.11 2.07 0.99 0.04 
211.00 225.50 1.36 0.00 0.53 0.05 0.00 0.02 0.80 0.00 0.64 1.00 0.21 
240.00 256.00 0.37 0.00 0.00 0.01 0.00 0.00 0.37 0.00 0.30 1.00 0.00 
272.00 291.00 0.00 0.00 0.00 0.00 0.00 0.00 0.08 0.00 0.06   
Sum  100.00 99.99 100.01    100 100 100  0.43 
Yield to Product 0.80 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

17.55 0.00 0.00 0.00 55.35 3.64 1.28 -6.63 174.50 -7.40 -0.21 6.58 
19.95 0.00 0.00 0.00 62.90 3.10 0.25 -4.82 198.50 -16.61 -0.16 12.45 
22.65 N/A -0.01 N/A 71.45 2.37 -0.33 -3.28 225.50 -41.66 N/A 20.22 
25.75 N/A -0.07 N/A 81.20 1.55 -0.60 -1.98 256.00 0.00 N/A N/A 
29.25 N/A -30.74 17.94 92.25 0.87 -0.63 -1.03 
33.20 -0.26 -4.35 3.92 104.55 0.22 -0.55 -0.26 
37.70 0.99 3.40 -5.40 119.00 -0.46 -0.43 0.50 
42.85 2.66 3.95 -8.36 135.50 -1.49 -0.32 1.53 
48.70 3.60 2.68 -8.14 153.50 -3.39 -0.25 3.30 
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Chapter 7- Run 3 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
18.70 19.95 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
21.20 22.65 0.00 0.10 0.00 0.00 0.03 0.00 0.00 0.10 0.04 0.00 0.00 
24.10 25.75 0.00 0.80 0.15 0.00 0.24 0.05 0.00 0.49 0.18 0.00 0.19 
27.40 29.25 0.00 2.30 0.55 0.00 0.62 0.15 0.00 1.73 0.64 0.00 0.09 
31.10 33.20 0.00 4.56 1.30 0.00 1.09 0.31 0.00 3.91 1.44 0.00 0.03 
35.30 37.70 0.00 7.27 2.40 0.00 1.51 0.50 0.00 6.83 2.52 0.00 0.01 
40.10 42.85 0.12 9.98 3.82 0.02 1.81 0.69 0.12 10.03 3.78 0.02 0.00 
45.60 48.70 0.74 12.16 5.46 0.12 1.96 0.88 0.75 12.67 5.15 0.09 0.01 
51.80 55.35 2.16 13.37 7.15 0.30 1.88 1.01 2.21 14.04 6.58 0.21 0.01 
58.90 62.90 4.42 13.35 8.71 0.55 1.67 1.09 4.59 13.87 8.02 0.36 0.01 
66.90 71.45 7.25 12.11 9.92 0.80 1.33 1.09 7.60 12.36 9.36 0.51 0.01 
76.00 81.20 10.12 9.88 10.62 0.97 0.95 1.02 10.59 9.93 10.35 0.65 0.00 
86.40 92.25 12.43 7.12 10.68 1.06 0.61 0.91 12.86 7.09 10.73 0.76 0.00 
98.10 104.55 13.66 4.35 10.10 1.06 0.34 0.78 13.92 4.32 10.37 0.85 0.00 
111.00 119.00 13.54 2.06 8.93 0.85 0.13 0.56 13.56 2.05 9.31 0.92 0.00 
127.00 135.50 12.10 0.59 7.33 0.71 0.03 0.43 11.89 0.59 7.71 0.97 0.00 
144.00 153.50 9.68 0.00 5.53 0.51 0.00 0.29 9.31 0.00 5.87 1.00 0.01 
163.00 174.50 6.84 0.00 3.75 0.30 0.00 0.16 6.39 0.00 4.03 1.00 0.01 
186.00 198.50 4.13 0.00 2.20 0.17 0.00 0.09 3.78 0.00 2.38 1.00 0.01 
211.00 225.50 2.00 0.00 1.05 0.07 0.00 0.04 1.81 0.00 1.14 1.00 0.02 
240.00 256.00 0.69 0.00 0.34 0.02 0.00 0.01 0.60 0.00 0.38 1.00 0.03 
272.00 291.00 0.11 0.00 0.02 0.00 0.00 0.00 0.04 0.00 0.02 1.00 0.47 
Sum  99.99 100.00 100.01    100 100 100  0.90 
Yield to Product 0.63 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed average 

size Product Tailings Feed 

17.55 0.00 0.00 0.00 55.35 2.20 4.99 -8.02 174.50 -6.54 N/A 7.50 
19.95 0.00 0.00 0.00 62.90 3.88 3.92 -7.92 198.50 -8.54 N/A 8.28 
22.65 N/A 0.00 N/A 71.45 4.83 2.05 -5.67 225.50 -9.64 N/A 8.54 
25.75 N/A -39.16 19.86 81.20 4.66 0.46 -2.59 256.00 -13.49 N/A 10.72 
29.25 N/A -24.88 16.04 92.25 3.47 -0.42 0.47 
33.20 N/A -14.36 10.96 104.55 1.88 -0.63 2.70 
37.70 N/A -6.04 5.13 119.00 0.14 -0.44 4.23 
42.85 0.05 0.53 -1.00 135.50 -1.76 -0.18 5.24 
48.70 0.71 4.19 -5.69 153.50 -3.84 N/A 6.15 
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Chapter 7- Run 3 (Raw fly ash size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume frequency 
(%/Δµm) 

Size 
Interval 

Average 
size 

Product Tailings Feed Product Tailings Feed Size 
Interval 

Average 
size 

Product Tailings Feed Product Tailings Feed 

0.405 0.43 0.15 0 0 2.727 0.000 0.000 16.4 17.55 2.68 2.36 2.63 1.165 1.026 1.143 
0.460 0.49 0.19 0 0 3.016 0.000 0.000 18.7 19.95 3.11 2.53 2.82 1.244 1.012 1.128 
0.523 0.56 0.19 0 0 2.676 0.000 0.000 21.2 22.65 3.48 2.69 3.01 1.200 0.928 1.038 
0.594 0.63 0.14 0.08 0.09 1.728 0.988 1.111 24.1 25.75 3.77 2.86 3.21 1.142 0.867 0.973 
0.675 0.72 0.07 0.14 0.16 0.761 1.522 1.739 27.4 29.25 3.99 3.05 3.43 1.078 0.824 0.927 
0.767 0.82 0 0.19 0.21 0.000 1.810 2.000 31.1 33.20 4.16 3.27 3.67 0.990 0.779 0.874 
0.872 0.93 0 0.2 0.22 0.000 1.681 1.849 35.3 37.70 4.32 3.54 3.94 0.900 0.737 0.821 
0.991 1.06 0 0.19 0.21 0.000 1.367 1.511 40.1 42.85 4.5 3.84 4.24 0.818 0.698 0.771 
1.130 1.21 0 0.17 0.19 0.000 1.133 1.267 45.6 48.70 4.73 4.2 4.55 0.763 0.677 0.734 
1.280 1.37 0.1 0.16 0.18 0.588 0.941 1.059 51.8 55.35 5.01 4.58 4.84 0.706 0.645 0.682 
1.450 1.55 0.14 0.17 0.19 0.700 0.850 0.950 58.9 62.90 5.31 4.96 5.09 0.664 0.620 0.636 
1.650 1.77 0.18 0.2 0.22 0.783 0.870 0.957 66.9 71.45 5.57 5.31 5.24 0.612 0.584 0.576 
1.880 2.01 0.21 0.24 0.26 0.840 0.960 1.040 76 81.20 5.74 5.57 5.26 0.552 0.536 0.506 
2.130 2.28 0.24 0.28 0.3 0.828 0.966 1.034 86.4 92.25 5.74 5.7 5.13 0.491 0.487 0.438 
2.420 2.59 0.27 0.33 0.35 0.818 1.000 1.061 98.1 104.55 5.52 5.63 4.83 0.428 0.436 0.374 
2.750 2.94 0.3 0.38 0.41 0.811 1.027 1.108 111 119.00 5.07 5.34 4.38 0.317 0.334 0.274 
3.120 3.34 0.33 0.45 0.48 0.767 1.047 1.116 127 135.50 4.4 4.8 3.79 0.259 0.282 0.223 
3.550 3.79 0.36 0.54 0.57 0.750 1.125 1.188 144 153.50 3.58 4.04 3.12 0.188 0.213 0.164 
4.030 4.31 0.39 0.64 0.67 0.709 1.164 1.218 163 174.50 2.69 3.1 2.42 0.117 0.135 0.105 
4.580 4.90 0.41 0.75 0.79 0.651 1.190 1.254 186 198.50 1.83 2.1 1.75 0.073 0.084 0.070 
5.210 5.57 0.43 0.88 0.93 0.606 1.239 1.310 211 225.50 1.08 1.17 1.14 0.037 0.040 0.039 
5.920 6.32 0.46 1.03 1.09 0.575 1.288 1.363 240 256.00 0.51 0.46 0.66 0.016 0.014 0.021 
6.720 7.18 0.53 1.18 1.26 0.576 1.283 1.370 272 291.00 0.16 0.07 0.31 0.004 0.002 0.008 
7.640 8.16 0.63 1.34 1.45 0.606 1.288 1.394 310 331.00 0 0 0.1 0.000 0.000 0.002 
8.680 9.27 0.8 1.51 1.64 0.678 1.280 1.390 
9.860 10.53 1.05 1.69 1.84 0.784 1.261 1.373 
11.200 11.95 1.38 1.86 2.04 0.920 1.240 1.360 
12.700 13.60 1.78 2.03 2.24 0.989 1.128 1.244 
14.500 15.45 2.22 2.2 2.44 1.168 1.158 1.284 
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Chapter 7- Run 6 (Raw and mass balanced cenospheres size distribution) (is the same as Chapter 8 – Run 3) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.76 0.09   
18.70 19.95 0.00 0.21 0.00 0.00 0.08 0.00 0.00 0.00 0.00  1.00 
21.20 22.65 0.00 0.91 0.00 0.00 0.31 0.00 0.00 0.91 0.10 0.00 0.00 
24.10 25.75 0.00 2.21 0.15 0.00 0.67 0.05 0.00 1.57 0.18 0.00 0.11 
27.40 29.25 0.04 4.08 0.63 0.01 1.10 0.17 0.04 4.46 0.55 0.06 0.02 
31.10 33.20 0.46 6.29 1.49 0.11 1.50 0.35 0.48 6.83 1.22 0.35 0.04 
35.30 37.70 1.39 8.53 2.74 0.29 1.78 0.57 1.49 8.92 2.35 0.56 0.03 
40.10 42.85 2.93 10.44 4.33 0.53 1.90 0.79 3.11 10.61 3.98 0.69 0.01 
45.60 48.70 4.98 11.69 6.09 0.80 1.89 0.98 5.18 11.68 5.93 0.77 0.00 
51.80 55.35 7.34 12.06 7.83 1.03 1.70 1.10 7.47 11.93 7.98 0.83 0.00 
58.90 62.90 9.66 11.50 9.34 1.21 1.44 1.17 9.62 11.34 9.82 0.87 0.00 
66.90 71.45 11.57 10.13 10.38 1.27 1.11 1.14 11.31 9.98 11.16 0.90 0.01 
76.00 81.20 12.70 8.20 10.84 1.22 0.79 1.04 12.26 8.10 11.78 0.92 0.01 
86.40 92.25 12.80 6.06 10.62 1.09 0.52 0.91 12.29 6.00 11.57 0.94 0.01 
98.10 104.55 11.80 4.00 9.76 0.91 0.31 0.76 11.40 3.97 10.54 0.96 0.01 

111.00 119.00 9.83 2.29 8.38 0.61 0.14 0.52 9.69 2.28 8.84 0.97 0.00 
127.00 135.50 7.22 1.07 6.67 0.42 0.06 0.39 0.00 0.76 0.09 0.98 0.00 
144.00 153.50 4.48 0.34 4.86 0.24 0.02 0.26 0.00 0.00 0.00 0.99 0.02 
163.00 174.50 2.14 0.00 3.17 0.09 0.00 0.14 0.00 0.91 0.10 1.00 0.12 
186.00 198.50 0.62 0.00 1.77 0.02 0.00 0.07 0.00 1.57 0.18 1.00 0.43 
211.00 225.50 0.04 0.00 0.77 0.00 0.00 0.03 0.04 4.46 0.55 1.00 0.91 
240.00 256.00 0.00 0.00 0.21 0.00 0.00 0.01 0.48 6.83 1.22   
272.00 291.00 0.00 0.00 0.00 0.00 0.00 0.00 1.49 8.92 2.35   
Sum  99.99 100.00 100.01    100 100 100  2.74 
Yield to Product 0.89 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed averag

e size Product Tailings Feed 

17.55 0.00 0.00 0.00 55.35 1.71 -1.05 1.87 174.50 18.41 N/A -29.22 
19.95 0.00 0.00 0.00 62.90 -0.43 -1.40 5.15 198.50 19.77 N/A -62.79 
22.65 0.00 -0.07 N/A 71.45 -2.25 -1.44 7.44 225.50 4.38 N/A -95.22 
25.75 0.00 -28.86 17.42 81.20 -3.49 -1.25 8.68 256.00 N/A N/A -100.00 
29.25 0.66 9.23 -12.59 92.25 -3.95 -0.95 8.98 291.00 N/A N/A N/A 
33.20 5.26 8.57 -18.36 104.55 -3.42 -0.63 8.04 
37.70 7.05 4.61 -14.28 119.00 -1.39 -0.32 5.52 
42.85 6.14 1.62 -8.10 135.50 2.81 -0.07 0.37 
48.70 4.08 -0.12 -2.61 153.50 9.81 0.06 -9.56 
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Chapter 8 - Run 1 (Raw cenospheres size distribution)  

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume frequency 
(%/Δµm) 

Cumulative 
distribution 

(Vol.%) 
Size 

Interval 
Average 

size Product Tailings Feed Product Tailings Feed Feed 

10.00 9.33 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
11.48 10.72 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
13.18 12.30 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
15.14 14.13 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
17.38 16.22 0.00 0.54 0.00 0.00 0.24 0.00 0.00 
19.95 18.62 0.00 2.20 0.00 0.00 0.85 0.00 0.00 
22.91 21.38 0.00 4.16 0.04 0.00 1.41 0.01 0.04 
26.30 24.55 0.22 6.64 0.32 0.06 1.96 0.10 0.36 
30.20 28.18 1.30 9.13 1.48 0.33 2.34 0.38 1.84 
34.67 32.36 2.92 11.30 3.12 0.65 2.52 0.70 4.96 
39.81 37.15 5.18 12.69 5.36 1.01 2.47 1.04 10.32 
45.71 42.66 7.77 13.04 7.89 1.32 2.21 1.34 18.21 
52.48 48.98 10.28 12.26 10.30 1.52 1.81 1.52 28.50 
60.26 56.23 12.21 10.51 12.13 1.57 1.35 1.56 40.63 
69.18 64.57 13.17 8.13 13.01 1.48 0.91 1.46 53.64 
79.43 74.13 12.93 5.46 12.74 1.26 0.53 1.24 66.39 
91.20 85.11 11.55 3.39 11.38 0.98 0.29 0.97 77.76 
104.71 97.72 9.35 0.54 9.22 0.69 0.04 0.68 86.99 
120.23 112.20 6.74 0.00 6.66 0.43 0.00 0.43 93.65 
138.04 128.82 4.25 0.00 4.21 0.24 0.00 0.24 97.86 
158.49 147.91 1.89 0.00 1.90 0.09 0.00 0.09 99.76 
181.97 169.82 0.22 0.00 0.24 0.01 0.00 0.01 100.00 
208.93 194.98 0.00 0.00 0.00 0.00 0.00 0.00 100.00 
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Chapter 8 – Run 3 (Raw and mass balanced cenospheres size distribution) (is the same as Chapter 7- Run 6) 

Chapter 8 - Run 4 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.76 0.20   
18.70 19.95 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.06 0.28   
21.20 22.65 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.62 0.43   
24.10 25.75 0.00 0.32 0.00 0.00 0.10 0.00 0.00 0.32 0.08 0.00 0.00 
27.40 29.25 0.00 1.09 0.15 0.00 0.29 0.04 0.00 0.68 0.18 0.00 0.18 
31.10 33.20 0.00 2.39 0.59 0.00 0.57 0.14 0.00 2.30 0.61 0.00 0.00 
35.30 37.70 0.09 4.16 1.45 0.02 0.87 0.30 0.09 4.53 1.27 0.05 0.02 
40.10 42.85 0.61 6.21 2.73 0.11 1.13 0.50 0.63 6.79 2.26 0.20 0.04 
45.60 48.70 1.80 8.30 4.40 0.29 1.34 0.71 1.89 8.82 3.73 0.37 0.03 
51.80 55.35 3.72 10.12 6.30 0.52 1.43 0.89 3.92 10.41 5.64 0.51 0.01 
58.90 62.90 6.20 11.38 8.20 0.77 1.42 1.03 6.48 11.39 7.78 0.61 0.00 
66.90 71.45 8.88 11.87 9.86 0.98 1.30 1.08 9.12 11.67 9.80 0.68 0.00 
76.00 81.20 11.29 11.50 11.01 1.09 1.11 1.06 11.38 11.20 11.33 0.74 0.00 
86.40 92.25 12.92 10.33 11.46 1.10 0.88 0.98 12.79 10.03 12.06 0.78 0.00 
98.10 104.55 13.44 8.52 11.12 1.04 0.66 0.86 13.13 8.29 11.85 0.81 0.01 

111.00 119.00 12.69 6.36 10.03 0.79 0.40 0.63 12.32 6.22 10.70 0.85 0.01 
127.00 135.50 10.82 4.16 8.35 0.64 0.24 0.49 10.53 4.10 8.83 0.88 0.00 
144.00 153.50 8.19 2.25 6.32 0.43 0.12 0.33 8.09 2.23 6.54 0.91 0.00 
163.00 174.50 5.34 0.87 4.25 0.23 0.04 0.18 5.44 0.87 4.23 0.95 0.00 
186.00 198.50 2.81 0.15 2.43 0.11 0.01 0.10 3.01 0.15 2.25 0.98 0.01 
211.00 225.50 1.03 0.00 1.07 0.04 0.00 0.04 1.17 0.00 0.86 1.00 0.06 
240.00 256.00 0.17 0.00 0.28 0.01 0.00 0.01 0.00 0.00 0.00 1.00 1.97 
272.00 291.00 0.00 0.00 0.00 0.00   0.00 0.00 0.00   
Sum  100 99.98 100    100 100 100  0.39 
Yield to Product 0.73 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed average 

size Product Tailings Feed 

17.55 0.00 N/A N/A 55.35 5.50 2.83 -10.45 174.50 1.86 -0.11 -0.51 
19.95 0.00 N/A N/A 62.90 4.47 0.07 -5.14 198.50 7.02 0.10 -7.39 
22.65 0.00 N/A N/A 71.45 2.73 -1.71 -0.64 225.50 13.97 N/A -19.36 
25.75 0.00 -0.051 N/A 81.20 0.76 -2.64 2.89 256.00 -98.82 N/A -99.47 
29.25 0.00 -37.88 19.58 92.25 -0.98 -2.90 5.25 
33.20 0.00 -3.83 3.21 104.55 -2.31 -2.69 6.54 
37.70 0.60 8.93 -12.62 119.00 -2.93 -2.14 6.71 
42.85 2.98 9.36 -17.18 135.50 -2.65 -1.42 5.74 
48.70 5.06 6.31 -15.28 153.50 -1.19 -0.69 3.49 
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Chapter 8 - Run 5 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

16.40 17.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
18.70 19.95 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
21.20 22.65 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
24.10 25.75 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
27.40 29.25 0.00 0.09 0.00 0.00 0.02 0.00 0.00 0.09 0.00 0.00 0.00 
31.10 33.20 0.00 0.50 0.00 0.00 0.12 0.00 0.00 0.50 0.02 0.00 0.00 
35.30 37.70 0.00 1.40 0.04 0.00 0.29 0.01 0.00 1.31 0.04 0.00 0.01 
40.10 42.85 0.19 2.81 0.41 0.03 0.51 0.07 0.21 2.97 0.30 0.68 0.09 
45.60 48.70 1.00 4.68 1.37 0.16 0.75 0.22 1.09 4.74 1.20 0.87 0.02 
51.80 55.35 2.71 6.81 3.00 0.38 0.96 0.42 2.78 6.82 2.91 0.92 0.00 
58.90 62.90 5.30 8.93 5.23 0.66 1.12 0.65 5.21 8.91 5.33 0.95 0.00 
66.90 71.45 8.43 10.73 7.75 0.93 1.18 0.85 8.02 10.70 8.11 0.96 0.00 
76.00 81.20 11.48 11.90 10.18 1.10 1.14 0.98 10.74 11.86 10.78 0.96 0.01 
86.40 92.25 13.75 12.22 12.05 1.18 1.04 1.03 12.81 12.18 12.79 0.97 0.01 
98.10 104.55 14.66 11.60 12.99 1.14 0.90 1.01 13.78 11.57 13.71 0.97 0.01 
111.00 119.00 13.94 10.10 12.80 0.87 0.63 0.80 13.39 10.08 13.28 0.98 0.00 
127.00 135.50 11.74 7.95 11.50 0.69 0.47 0.68 11.68 7.94 11.56 0.98 0.00 
144.00 153.50 8.56 5.49 9.32 0.45 0.29 0.49 8.95 5.49 8.84 0.98 0.00 
163.00 174.50 5.18 3.16 6.68 0.23 0.14 0.29 5.76 3.17 5.68 0.98 0.04 
186.00 198.50 2.37 1.34 4.08 0.09 0.05 0.16 2.80 1.34 2.76 0.98 0.14 
211.00 225.50 0.64 0.30 1.96 0.02 0.01 0.07 2.75 0.31 2.68 1.00 11.05 
240.00 256.00 0.02 0.00 0.61 0.00 0.00 0.02 0.02 0.00 0.02 1.00 0.94 
272.00 291.00 0.00 0.00 0.04 0.00 0.00 0.00 0.00 0.00 0.00   
Sum  99.97 100.01 100.01    100 100 100  12.32 
Yield to Product 0.97 
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Relative errors (%)  
average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed average 

size 
Product Tailings Feed 

17.55 0.00 0.00 0.00 55.35 2.61 0.17 -2.94 174.50 11.25 0.22 -14.99 
19.95 0.00 0.00 0.00 62.90 -1.79 -0.18 1.82 198.50 18.25 0.35 -32.47 
22.65 0.00 0.00 0.00 71.45 -4.86 -0.30 4.61 225.50 330.38 1.99 36.48 
25.75 0.00 0.00 0.00 81.20 -6.43 -0.32 5.88 256.00 0.00 0.00 -96.83 
29.25 0.00 0.01 0.00 92.25 -6.81 -0.30 6.17 
33.20 0.00 -0.04 0.00 104.55 -6.02 -0.25 5.51 
37.70 0.00 -6.73 5.92 119.00 -3.95 -0.17 3.76 
42.85 11.80 5.86 -26.33 135.50 -0.50 -0.07 0.52 
48.70 8.54 1.32 -12.11 153.50 4.59 0.06 -5.15 
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Chapter 9 – Run 1 (Raw and mass balanced cenospheres size distribution) (is the same as Chapter 5 – Run 10) 

Chapter 9 - Run 2 (Raw and mass balanced cenospheres size distribution) (is the same as Chapter 6 – Run 7) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

11.48 10.74 0.00 0.00 0.11 0.00 0.00 0.08 0.00 0.00 0.00   
13.18 12.33 0.00 0.14 0.14 0.00 0.08 0.08 0.00 0.16 0.06 0.01 0.34 
15.14 14.16 0.00 0.55 0.21 0.00 0.28 0.11 0.00 0.55 0.21 0.00 0.00 
17.38 16.26 0.00 1.28 0.36 0.00 0.57 0.16 0.00 1.07 0.40 0.00 0.04 
19.95 18.67 0.00 2.41 0.64 0.00 0.94 0.25 0.00 1.96 0.73 0.00 0.05 
22.91 21.43 0.00 3.90 1.11 0.00 1.32 0.38 0.00 3.33 1.24 0.00 0.03 
26.30 24.61 0.00 5.69 1.82 0.00 1.68 0.54 0.00 5.24 1.95 0.00 0.01 
30.20 28.25 0.03 7.58 2.77 0.01 1.95 0.71 0.03 7.50 2.81 0.01 0.00 
34.67 32.44 0.25 9.34 3.96 0.06 2.09 0.89 0.25 9.75 3.79 0.04 0.00 
39.81 37.24 1.37 10.70 5.33 0.27 2.08 1.04 1.39 11.17 5.03 0.17 0.01 
45.71 42.76 3.05 11.43 6.77 0.52 1.94 1.15 3.13 11.88 6.39 0.31 0.01 
52.48 49.09 5.37 11.37 8.13 0.79 1.68 1.20 5.50 11.66 7.80 0.44 0.00 
60.26 56.37 8.02 10.54 9.24 1.03 1.36 1.19 8.17 10.67 9.10 0.56 0.00 
69.18 64.72 10.57 9.03 9.95 1.18 1.01 1.11 10.67 9.05 10.06 0.67 0.00 
79.43 74.31 12.50 7.13 10.14 1.22 0.70 0.99 12.46 7.10 10.46 0.75 0.00 
91.20 85.32 13.40 5.03 9.75 1.14 0.43 0.83 13.22 5.00 10.16 0.82 0.00 
104.71 97.96 13.04 3.23 8.82 0.96 0.24 0.65 12.77 3.22 9.21 0.87 0.00 
120.23 112.47 11.49 0.66 7.44 0.74 0.04 0.48 11.59 0.66 7.52 0.97 0.00 
138.04 129.13 9.14 0.00 5.80 0.51 0.00 0.33 9.26 0.00 5.81 1.00 0.00 
158.49 148.26 6.40 0.00 4.07 0.31 0.00 0.20 6.48 0.00 4.07 1.00 0.00 
181.97 170.23 3.91 0.00 2.37 0.17 0.00 0.10 3.85 0.00 2.42 1.00 0.00 
208.93 195.45 1.46 0.00 0.68 0.05 0.00 0.03 1.22 0.00 0.77 1.00 0.04 
239.88 224.41 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
Sum  100.01 100.01 100.00    100 100 100  0.55 
Yield to Product 0.63 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed averag

e size Product Tailings Feed 

12.33 0.26 20.39 -54.88 42.76 2.62 4.01 -5.64 129.13 1.32 0.00 0.22 
14.16 0.00 0.42 -0.35 49.09 2.42 2.55 -4.07 148.26 1.26 0.00 -0.16 
16.26 -0.02 -15.79 12.03 56.37 1.88 1.28 -1.48 170.23 -1.36 0.00 2.03 
21.43 -0.01 -14.56 11.42 64.72 0.87 0.21 1.13 195.45 -16.77 -0.01 12.68 
24.61 0.00 -8.01 7.21 74.31 -0.33 -0.38 3.18 
28.25 0.00 -0.99 1.43 85.32 -1.28 -0.54 4.17 
32.44 0.25 4.39 -4.44 97.96 -2.03 -0.45 4.43 
37.24 1.11 4.39 -5.67 112.47 0.87 -0.01 1.14 
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Chapter 9 – Run 3 (Raw and mass balanced cenospheres size distribution) 

Size (µm) Raw data size distribution 
(vol.%) 

Raw data - volume 
frequency (%/Δµm) 

Balanced data size 
distribution (vol.%)   

Size 
Interval 

Average 
size Product Tailings Feed Product Tailings Feed Product Tailings Feed Partition 

number SSE 

14.5 15.450 0.00 0.12 0.00 0.00 0.07 0.00 0.24 0.12 0.23   
16.40 17.55 0.00 0.31 0.08 0.00 0.13 0.03 0.00 0.37 0.05 0.00 0.14 
18.70 19.95 0.00 0.78 0.13 0.00 0.31 0.05 0.00 0.83 0.12 0.00 0.01 
21.20 22.65 0.00 1.63 0.21 0.00 0.56 0.07 0.00 1.51 0.22 0.00 0.01 
24.10 25.75 0.00 2.86 0.33 0.00 0.87 0.10 0.00 2.47 0.37 0.00 0.03 
27.40 29.25 0.00 4.42 0.50 0.00 1.19 0.14 0.00 3.77 0.56 0.00 0.04 
31.10 33.20 0.02 6.17 0.75 0.00 1.47 0.18 0.02 5.46 0.83 0.02 0.02 
35.30 37.70 0.09 7.92 1.09 0.02 1.65 0.23 0.09 7.38 1.17 0.07 0.01 
40.10 42.85 0.23 9.41 1.54 0.04 1.71 0.28 0.23 9.34 1.58 0.12 0.00 
45.60 48.70 0.57 10.44 2.16 0.09 1.68 0.35 0.58 10.83 2.10 0.23 0.00 
51.80 55.35 1.17 10.82 2.95 0.17 1.52 0.42 1.21 11.45 2.73 0.38 0.01 
58.90 62.90 2.11 10.51 3.94 0.26 1.31 0.49 2.23 11.11 3.55 0.54 0.02 
66.90 71.45 3.40 9.56 5.11 0.37 1.05 0.56 3.65 9.99 4.59 0.68 0.02 
76.00 81.20 4.99 8.12 6.42 0.48 0.78 0.62 5.40 8.37 5.84 0.79 0.02 
86.40 92.25 6.78 6.41 7.76 0.58 0.55 0.66 7.34 6.53 7.22 0.87 0.01 
98.10 104.55 8.59 4.65 8.98 0.67 0.36 0.70 9.25 4.70 8.57 0.92 0.01 

111.00 119.00 10.17 3.05 9.89 0.64 0.19 0.62 10.83 3.06 9.68 0.95 0.00 
127.00 135.50 11.27 1.73 10.31 0.66 0.10 0.61 11.83 1.74 10.33 0.98 0.00 
144.00 153.50 11.66 0.81 10.09 0.61 0.04 0.53 12.00 0.81 10.34 0.99 0.00 
163.00 174.50 11.19 0.26 9.15 0.49 0.01 0.40 11.21 0.26 9.58 1.00 0.00 
186.00 198.50 9.87 0.02 7.58 0.39 0.00 0.30 9.53 0.02 8.12 1.00 0.01 
211.00 225.50 7.84 0.00 5.56 0.27 0.00 0.19 7.18 0.00 6.11 1.00 0.02 
240.00 256.00 5.45 0.00 3.44 0.17 0.00 0.11 4.59 0.00 3.91 1.00 0.04 
272.00 291.00 3.11 0.00 1.62 0.08 0.00 0.04 2.24 0.00 1.91 1.00 0.11 
310.00 331.00 1.26 0.00 0.43 0.03 0.00 0.01 0.61 0.00 0.52 1.00 0.31 
352.00 376.00 0.23 0.00 0.00 0.00 0.00 0.00 0.03 0.00 0.02   
400.00 427.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00   
Sum  99.97 100.01 100.01    100 100 100  0.83 
Yield to Product 0.85 
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Relative errors (%)  
average 

size Product Tailings Feed average 
size Product Tailings Feed average 

size Product Tailings Feed 

17.55 0.00 18.42 -31.99 55.35 2.99 5.63 -7.68 174.50 -0.48 0.02 4.06 
19.95 0.00 5.25 -5.77 62.90 5.34 5.52 -10.12 198.50 -3.92 0.00 6.55 
22.65 0.00 -7.44 6.66 71.45 7.08 4.29 -10.46 225.50 -8.81 0.00 9.56 
25.75 0.00 -13.68 10.97 81.20 7.84 2.93 -9.31 256.00 -16.05 0.00 13.25 
29.25 0.00 -14.75 11.75 92.25 7.75 1.83 -7.32 291.000 -27.89 0.00 17.73 
33.20 -0.22 -11.59 10.23 104.55 7.02 1.07 -5.01 331.000 -51.66 0.00 20.84 
37.70 -0.49 -6.84 7.41 119.00 5.88 0.57 -2.71 376.000 0.13 0.00 0.00 
42.85 -0.24 -0.94 2.56 135.50 4.25 0.28 -0.46 
48.70 0.87 3.65 -2.99 153.50 2.19 0.10 1.75 
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Appendix D: Double fractionation data obtained from the RCTM 

In Chapter 4 the REFLUX™ Classifier was applied to fractionate fly ash feed to different size and density intervals. In a preliminary run, the 

feed was divided to 11 overflows in total, and each one was sieved to 4 different size intervals. No de-sliming was performed in this preliminary 

run. The mass and density of these 44 samples are shown in Tables D.1 to D.3. Then a main run was also conducted similar to the preliminary 

run, but in this run, all the overflow samples were wet screened at 38 microns to separate slimes, before more detailed dry sieving.  For this main 

run there were 56 samples, which are shown in Tables D.4 to D.6. 

Table D.1: Mass of dried solids obtained from the preliminary fractionation run 

Mass of dried solids (g) 

Size (µm) 
flow 1 
floats 

flow1 
sinks 

flow 2 flow 3 flow 4 flow 5 flow 6 flow 7 flow 8 flow 9 flow 10 

 
38 0.001 0.011 1.477 2.370 6.539 5.525 3.256 2.374 1.802 1.853 3.268 

38 90 0.400 0.127 0.148 0.076 1.337 1.562 2.159 2.234 4.239 15.707 12.727 
90 180 0.869 0.262 0.090 0.023 0.364 0.439 0.900 1.058 2.576 12.089 7.677 

180 
 

0.070 0.055 0.018 0.001 0.020 0.011 0.171 0.316 0.795 1.467 1.538 
 
 

Table D.2: Density of dried solids obtained from the preliminary fractionation run 

Density of dried solids (kg/m3) 

Size (µm) 
flow 1 
floats 

flow1 
sinks 

flow 2 flow 3 flow 4 flow 5 flow 6 flow 7 flow 8 flow 9 flow 10 

 
38 - 1560 2210 2150 2100 2160 2070 2070 2030 2240 2110 

38 90 770 1090 1040 1060 1630 1870 1650 1750 1860 2080 1910 
90 180 780 1130 1140 1080 1360 1790 1440 1600 1730 2140 1840 

180 
 

850 1390 1530 - 1310 1560 1720 1900 1950 2420 2030 
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Table D.3: Mass fraction and cumulative yield versus solids density 

Density 
(kg/m3) 

Mass 
fraction 
(wt.%) 

Cumulative 
yield (wt.%) 

Density 
(kg/m3) 

Mass 
fraction 
(wt.%) 

Cumulative 
yield 

770.0 0.40 0.40 1841.5 7.68 21.09 
780.0 0.87 1.27 1862.8 4.24 25.33 
850.0 0.07 1.34 1862.8 4.24 25.33 

1040.0 0.15 1.49 1868.6 1.56 26.90 
1060.0 0.08 1.56 1900.0 0.32 27.21 
1080.0 0.02 1.59 1905.6 12.73 39.94 
1090.1 0.13 1.71 1946.8 0.79 40.73 
1130.0 0.26 1.98 2027.3 1.54 42.27 
1140.0 0.09 2.07 2030.0 1.80 44.07 
1310.0 0.02 2.08 2070.0 3.26 47.33 
1360.0 0.36 2.45 2070.0 2.37 49.70 
1390.0 0.06 2.50 2076.4 15.71 65.41 
1440.0 0.90 3.40 2100.0 6.54 71.95 
1530.0 0.02 3.42 2110.0 3.27 75.22 
1560.0 0.01 3.43 2136.7 12.09 87.31 
1560.0 0.01 3.44 2150.0 2.37 89.68 
1600.0 1.06 4.50 2160.0 5.53 95.20 
1627.6 1.34 5.84 2210.0 1.48 96.68 
1650.0 2.16 8.00 2240.0 1.85 98.53 
1720.0 0.17 8.17 2417.7 1.47 100.00 
1726.9 2.58 10.75 
1750.0 2.23 12.98 
1790.0 0.44 13.42 
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Table D.4: Mass of dried solids obtained from the main fractionation run 

Mass of dried solids (g) 
Size 
(µm) 

flow 1 
floats 

flow1 
sinks 

flow 
2 

flow 
3 

flow 
4 

flow  
5 

flow 
6 

flow 
7 

flow 
8 

flow 
9 

flow 
10 

flow 
11 

flow 
12 

flow 
13 

 38 0.018 1.099 3.923 4.287 5.671 12.309 5.161 1.300 2.010 1.961 1.349 1.495 1.047 0.231 
38 75 0.382 0.177 0.084 0.116 0.177 3.204 3.155 1.340 2.765 3.652 3.483 5.449 2.907 0.106 
75 150 0.887 0.280 0.053 0.079 0.124 1.988 2.623 1.593 2.822 4.437 2.938 5.729 2.481 0.093 

150  
0.146 0.071 0.009 0.007 0.014 0.351 0.714 0.488 0.808 0.803 0.488 0.652 0.395 0.067 

 

Table D.5: Density of dried solids obtained from the main fractionation run 

Density of dried solids (kg/m3) 
Size 
(µm) 

flow 1 
floats 

flow1 
sinks 

flow 
2 

flow 
3 

flow 
4 

flow 
5 

flow 
6 

flow 
7 

flow 
8 

flow 
9 

flow 
10 

flow 
11 

flow 
12 

flow 
13 

 38 830 2180 2230 2150 2130 2070 2090 2110 2100 2120 2170 2310 2580 2440 
38 75 780 1020 1050 1100 1180 1640 1800 1830 1840 1880 1930 2090 2370 1950 
75 150 780 1050 1070 1070 1110 1500 1700 1750 1820 1870 1930 2110 2470 1680 

150  
810 1310 1330 1220 1200 1640 1820 1880 1920 1980 2030 2290 2520 1860 
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Table D.6: Mass fraction and cumulative yield versus solids density in the main fractionation run 

Density 
(kg/m3) 

Mass 
fraction 
(wt.%) 

Cumulative 
yield 

(wt.%) 

Density 
(kg/m3) 

Mass 
fraction 
(wt.%) 

Cumulative 
yield 

(wt.%) 

Density 
(kg/m3) 

Mass 
fraction 
(wt.%) 

Cumulative 
yield (wt.%) 

780.0 0.38 0.38 1830.0 1.34 20.51 2310.0 1.50 92.94 
780.0 0.89 1.27 1840.0 2.76 23.27 2370.0 2.91 95.85 
810.0 0.15 1.42 1860.0 0.07 23.34 2440.0 0.23 96.08 
830.0 0.02 1.43 1870.0 4.44 27.78 2470.0 2.48 98.56 

1020.0 0.18 1.61 1880.0 0.49 28.27 2520.0 0.39 98.95 
1050.0 0.28 1.89 1880.0 3.65 31.92 2580.0 1.05 100.00 
1050.0 0.08 1.97 1920.0 0.81 32.73 
1070.0 0.05 2.03 1930.0 3.48 36.21 
1070.0 0.08 2.11 1930.0 2.94 39.15 
1100.0 0.12 2.22 1950.0 0.11 39.25 
1110.0 0.12 2.35 1980.0 0.80 40.06 
1180.0 0.18 2.53 2030.0 0.49 40.54 
1200.0 0.01 2.54 2070.0 12.31 52.85 
1220.0 0.01 2.55 2090.0 5.16 58.01 
1310.0 0.07 2.62 2090.0 5.45 63.46 
1330.0 0.01 2.63 2100.0 2.01 65.47 
1500.0 1.99 4.61 2110.0 1.30 66.77 
1640.0 3.20 7.82 2110.0 5.73 72.50 
1640.0 0.35 8.17 2120.0 1.96 74.46 
1680.0 0.09 8.26 2130.0 5.67 80.14 
1700.0 2.62 10.88 2150.0 4.29 84.42 
1750.0 1.59 12.48 2170.0 1.35 85.77 
1800.0 3.15 15.63 2180.0 1.10 86.87 
1820.0 0.71 16.35 2230.0 3.92 90.79 
1820.0 2.82 19.17 2290.0 0.65 91.44 
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Appendix E: The concentration induced enhancement obtained in Chapter 
6, Runs 1-5 at different pulp densities 

In Chapter 6, the recovery of cenospheres at different feed solids concentrations was 

examined. The theoretical throughput advantage based on the geometry of the IRC™ was 

calculated and compared with the actual throughput advantage obtained in each run. The 

error bar was defined as the difference between the enhancement factor for d50 and those for 

d25 and d75. Tables E.1 to E.3 show the results of these calculations. Sample calculations are 

shown in Appendix H (sub-section H.15). 

Table E.1: The concentration induced enhancement for d50 

Pulp 
density 
(wt.%) 

d50 
(µm) 

Terminal rise 
velocity (ut) 

(m/h) 

Hindered rise 
velocity (uh) 

(m/h) 

Actual 
throughput 
advantage 

(U/uh) 

Theoretical  
throughput 
advantage 

Concentration 
induced 

enhancement 

10.1 48.0 0.89 0.67 10.47 15.61 0.67 
19.2 46.5 0.84 0.48 14.68 15.78 0.93 
30.7 41.0 0.65 0.23 30.99 16.8 1.84 
38.1 36.5 0.52 0.13 53.63 17.74 3.02 
46.4 58.5 1.33 0.20 30.67 13.96 2.20 

 

Table E.2: The concentration induced enhancement for d25 

Pulp 
density 
(wt.%) 

d25 
(µm) 

Terminal rise 
velocity (ut) 

(m/h) 

Hindered rise 
velocity (uh) 

(m/h) 

Actual 
throughput 
advantage 

(U/uh) 

Theoretical  
throughput 
advantage 

Concentration 
induced 

enhancement 

Positive 
deviation 

10.1 37.2 0.54 0.40 15.53 17.59 0.88 0.22 
19.2 35.5 0.49 0.28 25.18 17.96 1.40 0.47 
30.7 35.5 0.49 0.17 41.34 17.96 2.30 0.46 
38.1 31.5 0.39 0.10 72.31 18.92 3.82 0.80 
46.4 40.5 0.64 0.10 64.00 16.9 3.79 1.59 

 

Table E.3: The concentration induced enhancement for d75 

Pulp 
density 
(wt.%) 

d75 
(µm) 

Terminal rise 
velocity (ut) 

(m/h) 

Hindered rise 
velocity (uh) 

(m/h) 

Actual 
throughput 
advantage 

(U/uh) 

Theoretical  
throughput 
advantage 

Concentration 
induced 

enhancement 

Negative 
deviation 

10.10 73.5 2.10 1.58 3.98 12.21 0.33 0.34 
19.20 76.0 2.24 1.27 5.49 11.97 0.46 0.47 
30.70 53.0 1.09 0.38 18.55 14.74 1.26 0.59 
38.10 50.0 0.97 0.24 28.70 15.20 1.89 1.13 
46.40 94.0 3.43 0.53 11.88 10.46 1.14 1.06 
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Appendix F: Three different models in predicting cenosphere hindered rise 
velocity in suspensions at different solids concentrations  

This appendix presents the results of cenosphere hindered rise velocity calculations at 

different solids concentrations determined using three different models (Eqs. 2-33, 2-36 and 

2-39). These results were presented in Chapter 6. The sample calculations are presented in 

Section H.14. 

Pulp 

density 

(wt.%) 

Suspension 

density 

(kg/m3) 

Solids 

fraction 

(vol.%) 

α1 αf α2 

ut 

Stokes 

(mm/s) 

up 

Masliyah 

(mm/s) 

up 

R-Z 

(mm/s) 

up 

Asif 

(m/s) 

0.000 1000.000 0.000 0.000 1.000 0.000 0.847 0.847 0.085 0.815 

0.025 1011.628 0.014 0.000 0.986 0.013 0.863 0.886 0.080 1.060 

0.050 1023.531 0.028 0.001 0.972 0.027 0.877 0.921 0.074 1.367 

0.075 1035.720 0.042 0.001 0.958 0.041 0.887 0.952 0.070 1.749 

0.100 1048.204 0.056 0.001 0.944 0.055 0.892 0.978 0.065 2.222 

0.125 1060.994 0.071 0.002 0.929 0.070 0.894 1.000 0.060 2.805 

0.150 1074.102 0.087 0.002 0.913 0.085 0.893 1.017 0.056 3.520 

0.175 1087.539 0.102 0.002 0.898 0.100 0.887 1.029 0.052 4.394 

0.200 1101.319 0.118 0.003 0.882 0.116 0.879 1.037 0.047 5.457 

0.225 1115.455 0.135 0.003 0.865 0.132 0.867 1.041 0.043 6.748 

0.250 1129.960 0.152 0.004 0.848 0.148 0.852 1.039 0.040 8.309 

0.275 1144.849 0.169 0.004 0.831 0.165 0.834 1.033 0.036 10.191 

0.300 1160.138 0.187 0.004 0.813 0.183 0.814 1.023 0.033 12.456 

0.325 1175.842 0.206 0.005 0.794 0.201 0.791 1.008 0.029 15.175 

0.350 1191.980 0.225 0.005 0.775 0.219 0.765 0.988 0.026 18.431 

0.375 1208.569 0.244 0.006 0.756 0.238 0.735 0.964 0.023 22.324 

0.400 1225.629 0.264 0.006 0.736 0.258 0.703 0.936 0.021 26.970 

0.425 1243.180 0.284 0.007 0.716 0.278 0.667 0.904 0.018 32.507 

0.450 1261.243 0.305 0.007 0.695 0.298 0.626 0.868 0.016 39.097 

0.475 1279.841 0.327 0.008 0.673 0.320 0.581 0.828 0.014 46.930 

0.500 1298.998 0.350 0.008 0.650 0.342 0.530 0.785 0.012 56.232 

0.525 1318.740 0.373 0.009 0.627 0.364 0.475 0.739 0.010 67.267 

0.550 1339.094 0.397 0.009 0.603 0.387 0.414 0.690 0.008 80.349 

0.575 1360.090 0.421 0.010 0.579 0.411 0.351 0.639 0.007 95.849 

0.600 1381.756 0.446 0.010 0.554 0.436 0.287 0.586 0.006 114.204 

0.625 1404.128 0.473 0.011 0.527 0.462 0.226 0.531 0.004 135.931 

0.650 1427.239 0.500 0.012 0.500 0.488 0.171 0.476 0.004 161.644 

0.675 1451.126 0.528 0.012 0.472 0.515 0.124 0.421 0.003 192.072 

0.700 1475.830 0.556 0.013 0.444 0.544 0.086 0.366 0.002 228.077 
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Appendix G: Cumulative size distribution of cenospheres and fly ash in the 
preliminary and main feeds used in multi-stage study in Chapter 8. 

In Chapter 8, two fly ash feeds with different cenosphere concentrations were examined using 

the multi-stage process. The following figure shows that there was no significant difference 

between the feeds’ size distributions. 

 

 
Figure G.1: The size distributions of cenospheres and fly ash in the preliminary and main 

feeds used in Chapter 8. 
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Appendix H: Sample calculations 

 

H.1 Free settling ratio 

In Section 5.2, the free settling ratio was calculated to vary from 5 down to 2.2 as conditions 

varied from the Newtonian regime to the Stokes regime.   

Based on Eq. 2-59: 

dp2/dp1 = [(ρp1 – ρf) / (ρp2 – ρf)] n              (2-59) 

 

when ρp1 = 2000 kg/m3, ρp2 = 800 kg/m3 and ρf  = 1000 kg/m3,  

for Stokes regime n = 0.5,  dp2/dp1 = [(2000 – 1000) / (800 – 1000)]0.5 = 2.2, 

and for Newtonian regime n = 1, dp2/dp1 = [(2000 – 1000) / (800 – 1000)]1 = 5 

 

H.2 Throughput advantage 

For a cenosphere of 800 kg/m3 density and 50 µm size, the throughput advantage of the 

REFLUX™ Classifier over the conventional fluidized bed was calculated to be 31.  

Based on Eqs. 3-11 & 2-13: 

 

U/ut = 7.5 Rep
-1/3                           (3-11) 

Rep = [(14.51 + 1.83(g(ρp – ρf) ρf)0.5 dp
1.5/µ)0.5 - 3.81]2                  (2-13) 

 

So Rep = [(14.51 + 1.83(9.806(800 – 1000) 1000)0.5 (50 × 10-6)1.5/0.001)0.5 ‒ 3.81]2 = 0.014, 

and hence: 

U/ut = 7.5 (0.014)-1/3 = 31 

 

H.3 Volumetric flux 

The volumetric flux was calculated by dividing the volumetric flow rate to the horizontal 

cross section area of the IRC™. For example, in Chapter 5.4.1, the feed rate was 1.0 L/min 

equal to: 

 

Flux = flow rate/ horizontal cross section = (1.0 × 60 /1000)/(86 × 10-4) = 7.0 m3/(m2 h) 
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H.4 Rise velocity of a typical cenosphere 

In Section 5.4.1, the rise velocity of a cenosphere 75 µm size and the density of 300 kg/m3 

was calculated as: 

Based on Eq. 2-13: 

 

Rep = [(14.51 + 1.83(9.806(300 – 1000) 1000)0.5 (75 × 10-6)1.5/0.001)0.5 ‒ 3.81]2 = 0.16, and 

hence, 

ut = Rep × µ / (ρf × dp) = 0.16 × 0.001 / (1000 × 75 × 10-6) = 7.23 m/h 

 

H.5 Grade and Recovery (wt.%) using the sink-float test 

In each experiment, samples were taken from each stream and poured in sink-float funnels. 

The separated cenospheres and dense particles were dried and hence their mass was used for 

calculation of grade and recovery. For example in Run 1 in Chapter 5 (refer to Appendix A): 

 

Product grade = (cenospheres mass in product)/( mass of total solids in product) × 100 = 0.45 

/ (0.45 + 0.18) × 100 = 71 

 

Upgrade = (cenospheres grade in product) / (cenospheres grade in feed) = 71/0.9 = 80 

 

Recovery = (cenospheres mass in product) / (cenospheres mass in feed) × 100 = 0.45/0.74 

×100 = 61 

 Pulp densityproduct = (solids mass / total mass)product  = (0.45 + 0.18)/48.4 × 100 = 1.3  

 

The similar procedure was used to calculate grades in different streams and the recovery of 

other components. It is noted that the grade and recovery values were calculated based on the 

reconciled data. 

 

H.6 Mass balance reconciliation on raw experimental data 

The inlet mass of cenospheres, dense silica or fly ash and slurry is not always balanced with 

the masses of outlet flows. Therefore these masses were adjusted using the Solver function in 

Excel in order to make a balance between the inlet and outlet (i.e. in/out = 1) and minimize 

the errors between the raw data and the adjusted data. For example in Chapter 5, Run 1: 
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The experimental mass of cenosphere in product and underflow was 0.36 and 0.29, 

respectively, while the mass in the feed was 0.75. Therefore out/in = 0.75/(0.36 + 0.29) = 

1.16. So the values were changed in order to obtain out/in = 1 and minimize the error. The 

adjusted values for cenospheres in product, underflow and feed were 0.45, 0.29 and 0.74. At 

the same time, the similar procedure was done on all the mass of all components.  

 

For cenospheres in product: 

 

Square Standard Error (SSE) = (adjusted data – experiment data)2/( experiment data)2 = (0.45 

– 0.36)2 / (0.36)2 =  0.06 

 Relative error = (adjusted data – experiment data)/( experiment data) = (0.45 – 0.36)/(0.45) × 

100 = 25 

 

H.7 Error bars on recovery data 

The error bars show the span of the three recovery values that can be calculated using the raw 

experimental data for the mass of cenospheres in the feed, tailings and product (i.e. recovery 

= P/F, (F – T)/F and P/(P + T)), and their difference with that calculated using the balance 

data. 

 

For example in Chapter 5, Run 1, Cp , Cf and Ct are assumed to be the mass of cenospheres in 

product, feed and tailings, respectively. So, 

 

Recovery (1) = Cp / Cf × 100 = 0.36/0.75 × 100 = 48 

Recovery (2) = (Cf - Ct) / Cf × 100 = (0.75 – 0.29)/0.75 × 100 = 61 

Recovery (3) = Cp / (Cp + Ct) × 100 = 0.45/(0.45 + 0.29) × 100 = 61 

Recovery using balance data = 61 

 

Therefor the positive difference is 61 – 61 = 0, and negative difference = 48 – 61 = 13. 
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H.8 Size distribution and partition curve 

In this thesis, the size distributions of the particles were measured and then reconciled using 

the error minimization method. The raw size data and the balance data are shown in 

Appendix B. Sample calculations for Chapter 1, Run 1, and the size interval 22.91 – 26.30 

µm is shown below: 

Arithmetic average size = (22.91 + 26.30)/2 = 24.61 µm.    

(Volume frequency)product = (Volume distribution)product / interval width = 9.11/(26.30-22.91) 

= 2.68 %/Δµm 

 

H.9 Mass balance reconciliation technique on size data 

All size data were adjusted in order to make the inlet and outlet balanced, and also to 

minimize the errors between the adjusted values and experimental data. The volume 

distribution of cenospheres in each size interval in product, tailings and feed can be related as 

below: 

Volume fraction in product = xp 

Volume fraction in tailings = xT 

Volume fraction in feed = xF 

yield to product = Y 

xp × Y + xT × (1 – Y) = xF 

 So 9.71 × 0.674 + (10.90 × (1 – 0.674)) = 10.10 which is xF. 

 

In this formula, the yield to product value also needs to be known. Therefore, Solver in Excel 

adjusts the yield as well as the size values. Here, the constraints are the in/out ratios which 

should all equal 1, and also the sum of size fractions for each stream which should add to 100 

%. 

 

Constraints: in/out values = 1  

Sum (volume fractions in all size intervals for each stream) = 100 

 

For example in Chapter 1, Run 1, volume fractions in all size intervals as well as the yield 

(shown in red in Appendix C) were adjusted by Solver. Using the balanced data, partition 

number for each size interval was calculated: 
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Partition number = Y × xP / xF = 0.674 × 9.71/10.90 = 0.65   

 

SSE and relative errors were also defined as described above. 

 

The yield or total recovery in volume basis can be calculated directly using the size balanced 

data as: 

 

Y = (xF – xT)/( xP – xT) = (10.1 – 10.9)/(9.7 – 10.9) = 0.67  

 

To calculate the recovery for particles larger than 20 µm,  

xF for 20+ = ∑ xFi
+20 = 87.2  

xP for 20+ = ∑ xPi
+20 = 99.5  

xT for 20+ = ∑ xTi
+20 = 61.7  

 

The volume based recovery is actually the partition number, so based on the equation above, 

 

Recovery+20 µm = Y × xP / xF = (87.2 – 61.7)/(99.5 – 61.7) × 99.5/87.2 = 0.77 

 

Volume based recovery can be also calculated using Equation 5-3:  

RVc = (ρcF/ρcP)RMc                  (5-3) 

 

So for Run 1 in Chapter 1,  

RVc = (353/257) × 60.6 = 83.2 vol.% 

 

H.10 Imperfection (I) 

In Chapter 5, Run 1, 

Using Figure 5.7, d25 = 19 µm, d50 = 21 µm and d75 = 27 µm, so 

I = (d75  - d25)/(2 d50) = (27 – 19)/(2 × 21) = 0.19 
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H.11 Volumetric split ratio 

The ratio of product volumetric rate to the feed volumetric rate, for example in Chapter 1, 

Run 7,  product and feed fluxes are 0.7 and 7, respectively. So the split ratio is: 

 

Split ratio = 0.7/7 × 100 = 10 % 

 

H.12 Grade and recovery using pycnometry method 

 In section 5.4.2.3, the grade and recovery values were calculated using the density of 

cenospheres, dense fly ash and total solids. Equations 5-1 & 5-2 were used to calculate the 

grade and recovery of cenosphers. For instance, in Chapter 5, Run 10: 

 

Xc = (ρsolids – ρs)/(ρc – ρs) × ρc/ ρsolids                (5-1) 

 

R = (Xc Msolid)product /(Xc Msolid)feed                (5-2) 

 

Assuming ρs = 1600 kg/m3, 

Xc-product = (ρsolids – ρs)/(ρc – ρs) = (980 – 1600)/(775 – 1600) × 775/980 = 0.59 

Xc-Feed = (ρsolids – ρs)/(ρc – ρs) = (1860 – 1873)/(775 – 1860) × 775/1860 = 0.0049 

R = (0.594 × 1.26) /(0.0049 × 328.1) = 0.46 

 

For sensitivity analysis, the above calculations were repeated assuming different densities for 

the dense fly ash in product. 

 

H.13 Curve fit on the solid mass and density data (pycnometry data)  

In Chapter 5, in order to generate more data point, curves were fitted to the solids mass data 

and solids density data. In fact the constants A, B, C and D in following equation were 

adjusted using Solver routine in EXCEL in order to minimize the sum of square errors (i.e. the 

difference between the experimental and fitted data).   

 

y = A/(1 + exp(B × x – C))) + D  
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For example, in Figure 5.11(A), A = 27478.50, B = 2.98, C = 4.18 and D = 4.88 were fixed 

by Solver and the sum of square error was obtained about 0.036. This curve fitting procedure 

was performed for the solids density as well.  

 

H.14 Prediction of hindered rise velocity of cenospheres by three different models 

In Section 2.3.3, an analysis was done to show the complexity in multi-component 

suspensions. In a mixture of light particle and heavy particles with the density of 800 kg/m3 

and 2000 kg/m3, respectively, and average size of 100 µm,  for the case of 2 vol.% light 

particles and 25 vol.% heavy ones, the hindered rise velocity of light particles was calculated 

using three models: 

Based on Equation 2.13, the rise velocity of light particles is calculated to be 1.04 m/s. Now 

using Richardson-Zaki equation: 

up = utεn = ut(1 – φ)n                            (2-33) 

up = 1.04 × 0.734.6 = 0.24 m/s                          

 

Based on equation 2-36: 

ur = ut[(ρp – ρsusp)/(ρp – ρf)]n-1                           (2-36) 

ρsusp = ∑ (φpi ρpi) + φf ρf  =   0.02 × 800 + 0.25 × 2000 +0.73 × 1000 = 1246 kg/m3 

up = 1.04 [(800 – 1246)/(800 – 1000)]4.6  = 41.6 m/s 

 

and based on equation 2-39: 

 

upi = g φf 2.7 /18 µ [di
2 (1 – φpi) (ρpi – ρsusp) – dj

2 φpj (ρpj – ρsusp)]                     (2-39)  

 

upi = 9.806 × 0.73 2.7 /(18 × 0.001) [0.00012 (1 – 0.02) (800 – 1246) – 0.00012 × 0.25 (2000 – 

1246] = 1.46 m/s     

 

Here the solids concentration was about 0.27. In Chapter 6, Figure 6.1 shows the predictions 

by these three models for a range of suspension solids concentrations. In fact, in that chapter, 

the same calculations as above were carried out for the suspensions with different feed solids 

concentrations.                     
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H.15 Concentration induced enhancement                         

Sample calculations are shown for Chapter 6, Run 4. Reading d50 = 36.5 µm from Figure 6.9, 

and using Equation 3.10, the theoretical throughput advantage was calculated.  

U/ut = [1 + cosθ sinθ (L/z)]/[1 + 0.133 Rep
1/3 cosθ (L/z)]           (3-10) 

 

Rep = ((14.51 + (9.8 × (1000 – 802) × 1000) 0.5 × 1.83 × (0.0365/1000) 1.5 /0.001) 0.5 – 3.81)2 

= 0.052 

U/ut = [1 + cos(70 π/180) sin(70 π/180) (1/0.095)]/[1 + 0.133 × 0.0521/3 cos(70 π/180) 

(1/0.095)] = 18.9  

Considering area fraction of 0.95, actual throughput advantage (U/ut) is obtained 17.8. 

From the experimental conditions, feed velocity was 6.98 m/h. the rise velocity of the 

cenosphere was also calculated to be 0.13 m/h using Equation 2-13. Therefore the actual 

throughput advantage is 6.98/0.13 = 54. The concentration induced enhancement is 54/18 = 

3. 

 

For other experiments (different pulp densities), the same procedure as explained above was 

used to calculate the concentration induced enhancement.  

 

H.16 Error bars on the concentration induced enhancement results 

To show the possible error in the results, the enhancement factor was also calculated for d25 

and d75. Therefore the difference between the factors calculated for d50 and those calculated 

for d25 and d75 was defined as the error bars.  For example for Run 4 in Chapter 6, the 

enhancement factor was calculated to be 1.9 and 3.8 for d25 = 31.5 µm and d75 = 50 µm. 

Therefore the difference between these factors and that calculated for d50 was defined as 

positive and negative errors. 

 

Positive deviation = 3.8 – 3.0 = 0.8 

Negative deviation = 3.0 – 1.9 = 1.1 

 

The same procedure was used for the other results in Figure 6.10. 
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H.17 Whole process performance in multi-stage study 

The product grade in whole process is the last stage product grade, and the whole recovery is 

calculated by multiplying the recovery values obtained at all stages. For example, in Chapter 

8, in the three-stage process, 

Product grade = product grade in stage 3 = 96.9 wt.% 

Whole recovery = 0.8 × 0.69 × 0.92 = 0.50 or 50 wt.%  
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Appendix I: Photos of the experiments and laboratory and pilot scale 
Inverted REFLUX™ Classifier 

In this appendix, the photos taken from the laboratory and pilot scale devices are presented. 

Figure I.16 shows the porous black particles floated in a water-fly ash mixture. As mentioned 

in Chapters 4 and 6, if the feed is not mixed for sufficient time to allow water to penetrate all 

the pores, then the air trapped inside the particle pores leads to the floating of porous 

particles. Figures I.18 and I.19 show cloudy areas through the inclined channels, which were 

believed to be the streams. The two following sections show the photos from the laboratory 

and pilot scale IRC™ runs. 

I.1 Laboratory scale photos 

 
Figure I.1: The laboratory scale IRC™. 

 
Figure I.2: Feed tank used in the lab scale runs. 
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Figure I.3: The vertical section of the IRC™. 

 
Figure I.4: The inclined section of the IRC™. 

 
 

 
Figure I.5: The pressure transducer tubes. 

 

 
Figure I.6: Overflow pump used in the lab 

IRC™. 
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Figure I.7: Product exit and the tube 

connected to the atmosphere in the lab 
IRC™. 

 
Figure I.8: Fluidization chamber in the 

IRC™. 

 

 
Figure I.9: Inlets to the fluidization chamber. 

 
Figure I.10: Pressure transducer, feed inlet 

and fluidization chamber. 
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Figure I.11: Feed pump and feed sampling 

tube. 

 
Figure I.12: The tube extended to 1 m above 

the IRC™ to make the system pressure 
balanced. 

 

 
Figure I.13: Feed inlet and pressure 

transducer. 

 
Figure I.14: The location of pressure transducer 

tubes. 
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Figure I.15: The junction of inclined and 

vertical sections. 

 
Figure I.16: Black porous particles floated in 

a fresh fly ash-water mixture. 
 

 
Figure I.17: No sign of the white streams 

through the inclined channel near the 
underflow exit. 

 
Figure I.18: The white streams developed 

within the inclined channel near the vertical 
sections. 
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Figure I.19: The white streams developed 

within the inclined channel near the vertical 
section. 

 
Figure I.20: Interface between light and 

heavy particles in the vertical section of the 
IRC™. 

 

 
Figure I.21: The porous particles recovered 
with cenospheres in the double fractionation 

run. 

 
Figure I.22: The spherical cenosphere 

particles in the feed used in the IRC™ runs. 
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I.2 Pilot scale photos 

 
Figure I.23: The pilot scale IRC™. 

 
Figure I.24: The feed tank and feed pump 

used in the pilot scale runs.  
 

 
Figure I.25: The inclined channels used at the 
side of the pilot scale IRC™ to remove solids 

from underflow. 

 
Figure I.26: The underflow exit and the 
underflow pump in the pilot scale runs. 
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Figure I.27: Upper pressure sensor and 

fluidization chamber in the pilot scale IRC™. 

 
Figure I.28: The two feed tanks used in the 

pilot scale runs. 
 

 
Figure I.29: Fly ash and cenospheres volume 
fraction comparison between two tanks used 

in the pilot runs. 

 
Figure I.30: Product cenospheres obtained 

from the multi-stage IRC™ process. 
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Figure I.31: Final cenospheres powder product obtained from 

the multi-stage IRC™ process. 
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